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“SIPS-IPS” is on the board here??
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Today’s Talk

• CCA is generalized to multiview graph embedding

• Further generalization to non-linear multiview graph 
embedding with neural networks

• A theory of representation learning: “new” similarity 
models beyond inner product (IPS, SIPS, WIPS)
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CCA and Multiview graph 
embedding
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Canonical Correlation Analysis (CCA) 
has been used in pattern recognition
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[Socher+ 2010], [Bruni+ 2014], [Lazaridou+ 2014], etc.



CCA maximizes the correlations or 
minimizes the distances
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Equivalent formulations of CCA
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Many-to-many relations
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CCA is generalized to graph-
embedding (two or more views)
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Cross-domain matching correlation analysis (CDMCA) generalizes several multivariate analysis 
methods such as CCA, multiset-CCA,  and PCA.  Shimodaira (2016).  Neural Networks.
“Cross-validation of matching correlation analysis by resampling matching weights”
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CDMCA (2-view case)
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MNIST handwritten digits
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Bilingual word representations
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Figure 2: Eigenwords are CCA-based spectral
monolingual word embeddings. CL-Eigenwords
are CDMCA-based spectral cross-lingual word
embeddings, where the two (or more) languages
are linked by sentence-alignment.

CL-Eigenwords (with L = 2) are shown in Fig. 2.
In the same way as the monolingual Eigen-

words, we denote the word matrix and the context
matrix for �-th language by V(�) � RT (�)�V (�)

+ and
C(�) � RT (�)�2h(�)V (�)

+ respectively, where V (�) is
the size of vocabulary, T (�) is the number of to-
kens, and h(�) is the size of context window. There
are D sentences (or paragraphs) in the multilin-
gual corpora, and each token is included in one
of the sentences. The sentence-alignment is repre-
sented in the matrix J(�) � RT (�)�D

+ whose (i, j)-
element J (�)

i,j is set to 1 if the i-th token t(�)i of �-th
language corpus comes from the j-th sentence or
0 otherwise. We also define document matrix D
whose j-th row encodes j-th sentence by 1-of-D
representation; D = ID, where ID represents D-
dimensional identity matrix.

The goal of CL-Eigenwords is to construct vec-
tor representations of words of two (or more)
languages from multilingual corpora at the same
time. This problem is formulated as an example
of Cross-Domain Matching Correlation Analysis
(CDMCA) (Shimodaira, 2016), which deals with
many-to-many relationships between data vectors
from multiple sources. CDMCA is based on
the spectral graph embeddings (Yan et al., 2007),
and attempts to find optimal linear projections of
data vectors so that associated transformed vec-
tors are placed in close proximity to each other.
The strength of association between two vectors
is specified by a nonnegative real value called
matching weight. Since CDMCA includes CCA

and a variant of Latent Semantic Indexing (LSI)
(Deerwester et al., 1990) as special cases, CL-
Eigenwords can be interpreted as LSI-equipped
Eigenwords (See Appendix).

In CL-Eigenwords, the data vectors are given
as v(�)

i , c(�)
i ,di, namely, the i-th row vectors of

V(�),C(�),D, respectively. The matching weights
between row vectors of V(�) and C(�) are speci-
fied by the identity matrix IT (�) because the data
vectors are in one-to-one correspondence. On the
other hand, the matching weights between row
vectors of V(�) and D as well as those between
C(�) and D are specified by J̃

(�) = b(�)J(�), the
sentence-alignment matrix multiplied by a con-
stant b(�). Then we will find linear transformation
matrices A(�)
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with a scale constraint for projection matrices.
Note that the first term in (1) is equivalent to that
of CCA between words and contexts, namely the
objective of monolingual Eigenwords, and there-
fore word vectors of two languages are obtained
as row vectors of A(�)

V (� = 1, 2, . . . , L).
Hereafter, we assume L = 2 for notational sim-

plicity. A generalization to the case L > 2 is
straightforward; redefine X, W, A below by re-
peating the submatrices, such as V(�) and C(�), for
L times. For solving the optimization problem, we
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X =

�

���

V(1) O O O O
O C(1) O O O
O O V(2) O O
O O O C(2) O
O O O O D

�

��� ,

W =

�

�����

O IT (1) O O J̃
(1)

IT (1) O O O J̃
(1)

O O O IT (2) J̃
(2)

O O IT (2) O J̃
(2)

J̃
(1)�

J̃
(1)�

J̃
(2)�

J̃
(2)�

O

�

�����
,

A� = (A(1)�
V ,A(1)�

C ,A(2)�
V ,A(2)�

C ,A�
D).

495

Proceedings of the 54th Annual Meeting of the Association for Computational Linguistics, pages 493–498,
Berlin, Germany, August 7-12, 2016. c�2016 Association for Computational Linguistics

Cross-Lingual Word Representations via Spectral Graph Embeddings

Takamasa Oshikiri, Kazuki Fukui, Hidetoshi Shimodaira
Division of Mathematical Science, Graduate School of Engineering Science

Osaka University, Japan
1-3 Machikaneyama-cho, Toyonaka, Osaka

{oshikiri, fukui, shimo}@sigmath.es.osaka-u.ac.jp

Abstract

Cross-lingual word embeddings are used
for cross-lingual information retrieval or
domain adaptations. In this paper, we
extend Eigenwords, spectral monolin-
gual word embeddings based on canoni-
cal correlation analysis (CCA), to cross-
lingual settings with sentence-alignment.
For incorporating cross-lingual informa-
tion, CCA is replaced with its general-
ization based on the spectral graph em-
beddings. The proposed method, which
we refer to as Cross-Lingual Eigenwords
(CL-Eigenwords), is fast and scalable for
computing distributed representations of
words via eigenvalue decomposition. Nu-
merical experiments of English-Spanish
word translation tasks show that CL-
Eigenwords is competitive with state-
of-the-art cross-lingual word embedding
methods.

1 Introduction

There have been many methods proposed for word
embeddings. Neural network based models are
popular, and one of the most major approaches
is the skip-gram model (Mikolov et al., 2013b),
and some extended methods have also been devel-
oped (Levy and Goldberg, 2014a; Lazaridou et al.,
2015). The skip-gram model has many interest-
ing syntactic and semantic properties, and it can
be seen as the factorization of a word-context ma-
trix whose elements represent pointwise mutual
information (Levy and Goldberg, 2014b). How-
ever, word embeddings based on neural networks
(without neat implementation) can be very slow
in general, and it is sometimes difficult to under-
stand how they work. Recently, a simple spectral
method, called Eigenwords, for word embeddings

+ +

+

+

+

+

+

+

+

+

+

+

+ +

+

+

+

+

+

+

+

+

+

+

−10 −5 0 5 10

−6
−4

−2
0

2
4

6
8

PC1

P
C
2

italia

suecia

grecia

austria

francia

finlandia

italy

sweden

greece

austria

france

finland

roma

estocolmoatenasvienaparís

helsinki

rome

stockholmathensviennaparis

helsinki

Figure 1: PCA projections (PC1 and PC2) of CL-
Eigenwords of countries (bold) and its capitals
(italic) in Spanish (red) and English (blue). Word
vectors of the two languages match quite well,
although they are computed using sentence-level
alignment without knowing word-level alignment.
100-dim word representations are used for PCA
computation.

is proposed (Dhillon et al., 2012; Dhillon et al.,
2015). It is based on canonical correlation anal-
ysis (CCA) for computing word vectors by maxi-
mizing correlations between words and their con-
texts. Eigenword algorithms are fast and scalable,
yet giving good performance comparable to neural
network approaches for capturing the meaning of
words from their context.

The skip-gram model, originally proposed for
monolingual corpora, has been extended to cross-
lingual settings. Given two vector representa-
tions of two languages, a linear transformation be-
tween the two spaces is trained from a set of word
pairs for translation task (Mikolov et al., 2013a),
while other researchers use CCA for learning lin-
ear projections to a common vector space where

493
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Flickr image-tag search and 
“linguistic regularities” 

Fukui, Oshikiri, Shimodaira (2017). Spectral Graph-Based Method of Multimodal Word Embedding. TextGraphs-11, the 
Workshop on Graph-based Methods for Natural Language Processing, ACL 2017.
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Graph embedding with 
Neural Networks
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PMvGE: Probabilistic Multi-view 
Graph Embedding
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Non-linear transformations 
via Neural Networks
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Optimization of PMvGE
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PMvGE generalizes CCA and CDMCA 
to non-linear transformations

A probabilistic framework for multi-view feature learning with many-to-many associations via neural networks
Akifumi Okuno1,2, Tetsuya Hada3, and Hidetoshi Shimodaira1,2

1Graduates school of Informatics, Kyoto University, Kyoto, Japan, 2RIKEN Center for Artificial Intelligence Project (AIP), Tokyo, Japan, 3Recruit Technologies Co., Ltd., Tokyo, Japan.

Introduction to Multi-view feature learning

Di�erent types of data,
such as user information,
posted images, and their
tags, etc. in Social Net-
working Service (SNS)
is called multi-view
data.
The number of view is D œ N, and i-th data vi

belongs to view-di(œ {1, 2, . . . , D}). i-th data vi

has pdi
-dimensional vector representation xi œ Rpdi,

which we call data vector. The strength of asso-
ciation between xi, xj is dentoed as wij = wji Ø 0,
and is called matching weight. {xi} and {wij}
are observed variables in our setting.
These multi-view data is hard to analyze, because
their dimension may di�er depending on the view.
To get over the problem, data vector is transformed
into feature vector yi := f

(di)
Â (xi) œ RK by con-

tinuous maps f
(d)
Â : Rpd æ RK

, (d = 1, 2, . . . , D)
so that the inner product similarity of {yi} in RK

represents matching weights {wij}. The dimension
K is the same among di�erent views.

We call the procedure
in general to transform
multi-view data vectors
{xi} into feature vec-
tors {yi} as multi-
view feature learn-
ing (MvFL).

However, every existing methods for MvFL has at
least one of following drawbacks: (i)Limited to
linear setting, (ii) Limited to one-to-one associ-
ation, (iii)Requires high computational cost.

Proposed probabilistic model
To realize MVFL simultaneously solving above
mentioned problems (i)–(iii), we propose a novel
probabilsitic model of link weights:

wij | xi, xj

indep.≥ Po(exp(µ(xi, xj; ◊))), (1)
where µ(xi, xj; ◊) := –

(di,dj) exp(Èf (di)
Â (xi), f

(dj)
Â (xj)Í) and

◊ := (Â, {–
(d,e)}) is to be estimated.

As the continuous map f
(d)
Â : Rpd æ RK, we use

• Neural network (NN). Any deterministic NN can be
used, but we basically consider multi layer perceptron (MLP).

• Linear transformation (LT). By applying identity
activation function, MLP reduces to LT; LT is a special case of NN.

Probabilistic Multi-view Graph Embedding

To find the optimal ◊ = (Â, {–
(d,e)}), we consider to

maximize the log-likelihood based on (1),
¸(◊) :=

X

1Æi<jÆn

(wij log µ(xi, xj; ◊) ≠ µ(xi, xj; ◊)) ,

by gradient-descent (GD). However, using a plain
GD requires summing up O(n2) terms for com-
puting the gradient. To reduce the high compu-
tational complexity, we alternatively utilize

ˆ

ˆ◊

8
><

>:

X

(i,j)œW Õ
n

wij log µ(xi, xj; ◊) ≠ ⁄
X

(i,j)œI Õ
n

µ(xi, xj; ◊)
9
>=

>;

as an approximation of the gradient, where ⁄ Ø 0
is a tuning parameter and I Õ

n
, W Õ

n
contain ele-

ments re-sampled from In := {(i, j) | 1 Æ i < j Æ n},
Wn := {(i, j) œ In | wij > 0} uniformly so that they
contain m1, m2 elements, respectively.
Using ◊̂ = (Â̂, {–̂

(d,e)}) obtained by minibatch SGD,
we have optimal feature vector

yi := f
(di)
Â̂

(xi) œ RK
. (2)

We call the above mentioned procedure to obtain
feature vectors as Probabilistic Multi-view
Graph Embedding (PMvGE).

Comparison
(Nv): Number of views, (MM): Many-to-many, (NL): Non-linear, (Ind): Inductive, (Lik): Likelihood-based.
PMvGE has all the properties. Nv = D represents that the method can deal with arbitrary number of views.

(Nv) (MM) (NL) (Ind) (Lik)
CCA (Hotelling 1936) 2 X
Deep CCA (Andrew et al. 2013) 2 X X
MCCA (Kettenring 1971) D X
SGE (Belkin et al. 2001) 0 X
LINE (Tang et al. 2015) 0 X X
LPP (He et al. 2004) 1 X X
CvGE (Huang et al. 2013) 2 X X
CDMCA (Shimodaira 2016) D X X
DeepWalk (Perozzi et al. 2014) 0 X X
SBM (Holland et al. 1983) 1 X X X
GCN (Kipf et al. 2017) 1 X X X
GraphSAGE (Hamilton et al. 2017) 1 X X X X
IDW (Dai et al. 2018) 1 X X X X
PMvGE (Proposed) D X X X X

Representation power of PMvGE with NN

Theorem 1
f

(d)
ú : [≠M, M ]pd æ [≠M

Õ
, M

Õ]Kú, (d = 1, 2, . . . , D) are continuous
maps and gú : [≠M

Õ
, M

Õ]2Kú æ R is a positive-definite kernel for
some M, M

Õ
> 0 and Kú œ N. For arbitrary Á > 0, by spec-

ifying large T, K, there exist MLPs f
(d)
Â : Rpd æ RK with T

hidden untis and ReLU or sigmoid activation s.t.
�����gú

⇣
f

(d)
ú (x), f

(e)
ú (xÕ)

⌘
≠

D
f

(d)
Â (x), f

(e)
Â (xÕ)

E����� < Á,

’(x, xÕ) œ [≠M, M ]pd+pe, ’d, e.

We visualize Theorem 1. With cosine similarity gú, we define
Gú(s, t) := gú(fú(se1), fú(te2)), ĜK(s, t) := ÈfÂ(se1), fÂ(te2)Í,

where fú(x) = (x1, cos x2, exp(≠x3), sin(x4 ≠x5)), e1, e2 œ R5

are directions, fÂ : R5 æ RK is ReLU-based MLP with T =
103 hidden units and K output units.

(a) Ĝ2(s, t) (b) Ĝ50(s, t) (c)Gú(s, t)

Figures (a)–(c) show that ĜK(s, t) with su�ciently large T, K

approximates Gú(s, t) well.
• Our new paper [ Okuno and Shimodaira (2018). “On representation power of

neural network-based graph embedding and beyond.” arXiv:1805.12332 ] will
be presented at TADGM workshop in ICML2018!!

PMvGE with Linear Transformation approximately
generalizes various existing methods

As the closest approach, Cross-Domain Matching Correlation
Analysis (CDMCA; Shimodaira, 2016) obtains linear transfor-
mation (LT) yi := Â(di)€xi by

arg . max .

{Â(d)}

nX

i=1

nX

j=1
wijÈÂ(di)€xi, Â(dj)€xjÍ,

with a quadratic constraint on Â, where Â is a concatenation
of {Â(d)}D

d=1. The obtained matrix is denoted as Â̂CDMCA.
Here, we approximate PMvGE with LT. ˜̧

Q(Â) denotes a
quadratic approximation of the log-likelihood ¸(◊) around Â
with –

(d,e) = 1, ’(d, e). The maximizer of ˜̧
Q(Â) is denoted

as Â̂Apr.PMvGE.

Then, there exist “1, . . . , “K Ø 0 such that
Â̂Apr.PMvGE = Â̂CDMCA diag(“1/2

1 , . . . , “
1/2
K

).

Since CDMCA generalizes various existing methods such as
HIMFAC (Nori et al., 2012), CvGE (Huang et al., 2013), CCA,
PCA, thus PMvGE with LT approximately generalizes these
methods as well.

Experiments

Dataset: We use Cora citation dataset (Sen et al., 2008, C-
cite) for task 1 and 2, and Animal with Attribute dataset (Lam-
pert et al., 2009, AwA) for task 3.
• C-cite is (D =)1-view dataset consisting of 2,708 nodes with 1,433-dim

bag-of-words vectors. Each node has a class label of 7 classes.
• AwA is (D =)2-view dataset, which consists of resampled 2,500 images

with 4,096-dim DeCAF features (Donahue et al., 2014), and 85
attributes with 300-dim GloVe (Pennington et al., 2014) features.

For each dataset, we preliminary compute feature vectors. Then several
existing methods are applied for the following tasks:
• Task-1: Nodes in C-cite is classified into 7-classes using multi-class

logistic regression. Results are evaluated by classification accuracy.
• Task-2: We made 7 clusters of nodes in C-cite by k-means clustering.

Results are evaluated by Normalized Mutual Information (NMI).
• Task-3: For each query image, we rank attributes according to the

cosine similarity of feature vectors across views. Results are evaluated
by Average Precision (AP).

Results are listed in the form [Ave. ± std.dev] over 10 times experiments.
(A) (B)

Task 1
(D = 1)

ISOMAP 54.5 ± 1.78 54.8 ± 2.43
LLE 30.2 ± 1.91 31.9 ± 2.62
SGE 47.6 ± 1.64 -
MDS 29.8 ± 2.25 -
DeepWalk 54.2 ± 2.04 -
GraphSAGE 60.8 ± 1.73 57.1 ± 1.61
PMvGE 74.8 ± 2.55 71.1 ± 2.10

Task 2
(D = 1)

SBM 4.37 ± 1.44 2.81 ± 0.10
ISOMAP 13.0 ± 0.36 14.3 ± 1.98
LLE 7.40 ± 3.40 9.47 ± 3.00
SGE 1.41 ± 0.34 -
MDS 2.81 ± 0.10 -
DeepWalk 16.7 ± 1.05 -
GraphSAGE 19.6 ± 0.93 12.4 ± 3.00
PMvGE 35.9 ± 0.88 30.5 ± 3.90

Task 3
(D = 2)

CCA 45.5 ± 0.20 42.4 ± 0.30
Deep CCA 41.4 ± 0.30 41.2 ± 0.35
SGE 43.5 ± 0.39 -
DeepWalk 71.3 ± 0.57 -
PMvGE 71.5 ± 0.48 70.5 ± 0.53

Conclusion

We proposed Probabilistic Multi-view Graph Embed-
ding (PMvGE) that simultaneously realizes (i)Non-linear,
(ii)many-to-many, (iii)computationally e�cient multi-view
feature learning. Experiments demonstrated that PMvGE
outperformed existing methods.

References
Okuno, A. and Shimodaira, H. (2018). On representation power of neural network-based graph
embedding and beyond. In Proceedings of the ICML2018 workshop on Theoretical Foundations
and Applications of Deep Generative Models (TADGM).

Shimodaira, H. (2016). Cross-validation of matching correlation analysis by resampling matching
weights. Neural Networks, 75:126–140.

Andrew, G., Arora, R., Bilmes, J., and Livescu, K. (2013). Deep Canonical Correlation Analysis.
In Proceedings of the International Conference on Machine Learning (ICML), pages 1247–1255.
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Representation learning
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Similarities are expressed via 
vector representations

19

user embeddings
in a vector space

Representation Learning on graphs aims to learn useful 
vector representations of nodes (e.g., words, users) in a 
graph-structured data.

2

users 
in a social network

Geewook Kim, Akifumi Okuno, Kazuki Fukui and Hidetoshi Shimodaira. “Representation Learning with Weighted Inner Product for Universal Approximation of General Similarities.”

xi
<latexit sha1_base64="zCbASIl/fcHKavasIBuV6p0T490="></latexit>

sij
<latexit sha1_base64="Hkpin3nvwZ+x037jAmMJT9mLlcw="></latexit>

Similarity:

Attributes:

wij
<latexit sha1_base64="Crwvf2FTSm/REwKCr7Eu3i3JtHg="></latexit>

E(wij |xi,xj) = exp(sij)
<latexit sha1_base64="D89KbR9F9a51mVZoLUKvmdyoUrw="></latexit>

sij = hyi,yji
<latexit sha1_base64="F+kCsRBij8mfDnx8/QCUkknWRqk="></latexit>

Embedding:
(vector representation)

y1,y2, . . .
<latexit sha1_base64="0nmFfSVuIxdxamguzrF+ZL7S5Nk="></latexit>

yi
<latexit sha1_base64="rc3nzlE8m4jTggxyS5GNqQk1cjE="></latexit>



NN-based similarity learning: 
Siamese (twin) neural networks

740 Bromley, Guyon, Le Cun, Sackinger, and Shah 

TARGET 

..... t ?---------' :01 fltt be- 11 . 
2OOu .... • -.... ... beUli 

Figure 1: Architecture 1 consists of two identical time delay neural networks. Each 
network has an input of 8 by 200 units, first layer of 12 by 64 units with receptive 
fields for each unit being 8 by 11 and a second layer of 16 by 19 units with receptive 
fields 12 by 10. 

4 NETWORK ARCHITECTURE AND TRAINING 

The Siamese network has two input fields to compare two patterns and one output 
whose state value corresponds to the similarity between the two patterns. Two 
separate sub-networks based on Time Delay Neural Networks (Lang and Hinton, 
1988, Guyon et al. 1990) act on each input pattern to extract features, then the 
cosine of the angle between two feature vectors is calculated and this represents the 
distance value. Results for two different subnetworks are reported here. 

Architecture 1 is shown in Fig 1. Architecture 2 differs in the number and size 
of layers. The input is 8 by 200 units, the first convolutional layer is 6 by 192 
units with each unit's receptive field covering 8 by 9 units of the input. The first 
averaging layer is 6 by 64 units, the second convolution layer is 4 by 57 with 6 by 8 
receptive fields and the second averaging layer is 4 by 19. To achieve compression in 
the time dimension , architecture 1 uses a sub-sampling step of 3, while architecture 
2 uses averaging. A similar Siamese architecture was independently proposed for 
fingerprint identification by Baldi and Chauvin (1992). 

Training was carried out using a modified version of back propagation (LeCun, 1989). 
All weights could be learnt, but the two sub-networks were constrained to have 
identical weights. The desired output for a pair of genuine signatures was for a 
small angle (we used cosine=l.O) between the two feature vectors and a large angle 

Bromley, Guyon, Le Cun, Sackinger, Shah (1994). "Signature verification using a  
“Siamese” time delay neural network." NIPS.
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(K-dim vector) (K-dim vector)

hy,y0i = y1y
0
1 + · · ·+ yKy0K

<latexit sha1_base64="kUxgMF2BCkIpWd1qqe5RSlFfTFo="></latexit>

y = fNN(x)
<latexit sha1_base64="RKZS2KBJQQK8SUFxMURH4RDd9kM="></latexit>

y0 = fNN(x
0)

<latexit sha1_base64="oHRZ3fGXwM1pEAqbzvR764TvKDI="></latexit>

x
<latexit sha1_base64="2ptzoVRHxvFMUR4RqT+eo3Xum2c="></latexit> x0

<latexit sha1_base64="Wi87PqDxFBjhHOm1jTXS1EbXHsM="></latexit>



Why many methods are based on inner 
product of vector representations?

21

2

6664

s11 s12 · · · s1n
s21 s22 · · · s2n
...

. . .
...

sn1 sn2 · · · snn

3

7775
approx.
⇡

2

6664

h11 h12 · · · h1n

h21 h22 · · · h2n
...

. . .
...

hn1 hn2 · · · hnn

3

7775

<latexit sha1_base64="S79tvTed2dqwfz+6fSb5pFJZfow="></latexit>

sij = s(xi,xj)
<latexit sha1_base64="CQPZajglPObWk0z1clyYOpoo/ag="></latexit>

The true underlying similarity

s(x,x0)
<latexit sha1_base64="o0YTNIOd2gDHdIPd6s6QnAagbAs="></latexit>

Inner Product Similarity (IPS)
“Neural networks + Inner product”

hij = hIPS(xi,xj)
<latexit sha1_base64="0wHrzirBzV6wOpzw3n2n/e1VHOI="></latexit>

hIPS(x,x
0) := hfNN(x),fNN(x

0)i
<latexit sha1_base64="Hbs0joCD5F8DJBjtSMBRawTybr4="></latexit>



Inner product is a key to good 
vector representations
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<latexit sha1_base64="/WpzfbJQ/f7tN/RlEoIuscf6kHc="></latexit>

The distributive law

“linguistic regularities”

<latexit sha1_base64="W5P+7tUoYbJnVMH8bbDoqwJWa9s="></latexit>

<latexit sha1_base64="FtNBfUmNriDn6z1aXfbX9PEL3JM="></latexit>

will be maximized by



Inner Product Similarity (IPS) can 
approximate any Positive Definite 
(PD) similarity

23

Theorem 1 (Okuno, Kim, Shimodaira 2018)

there exists such that

✏ > 0
<latexit sha1_base64="G/+g4VX9wY+30NR62Y40HmyBhlY="></latexit>For arbitrary small 

is a positive definite (PD) similarity.

Proof: assuming sPD is continuous on a compact set X, the 
theorem follows by combining Mercer’s theorem of kernels 
and  Universal approximation theorem of NN (Funahashi, 
1989; Cybenko, 1989; Yarotsky, 2017; Telgarsky, 2017)

sPD(x,x
0) , hIPS(x,x

0)
<latexit sha1_base64="RVvrT3q+ssqgRENV4ceKzhnHGcI="></latexit>

|sPD(x,x
0)� hIPS(x,x

0)| < ✏ for any x,x0 2 X
<latexit sha1_base64="f9nf2ZVpWFA5Umi0j2YGhTBboVE="></latexit>

sPD(x,x
0)

<latexit sha1_base64="kh9zrznj6HexcmgKHAFw/iXs2Ok="></latexit>

hIPS(x,x
0) = hfNN(x),fNN(x

0)i
<latexit sha1_base64="UZGzIBAkdvH7ISgWBEbnwfj3TP4="></latexit>



Positive definite kernel

24

for arbitrary

(example)

(counter example)

c1, c2, . . . , cn 2 R, x1,x2, . . . ,xn 2 X
<latexit sha1_base64="T0oAqu9On185/DcvdXrfvZECY+k="></latexit>

g(y,y0) = hy,y0i
<latexit sha1_base64="Y3aL2baGmYIhc20ncnaOLBbneT4="></latexit>

g(y,y0) =

⌧
y

kyk ,
y0

ky0k

�

<latexit sha1_base64="8FHEx/6BWpnvzr88FZcb5KVIM/M="></latexit>

g(y,y0) = �ky � y0k2
<latexit sha1_base64="70CcyjZvRbp67wIEUTdfTkYYbV0="></latexit>

It is obvious that IPS is PD.

nX

i=1

nX

j=1

cicjsPD(xi,xj) � 0

<latexit sha1_base64="4cC8DaUOTrU9sLkbKC/IkTxEqFk="></latexit>

y = f(x), y0 = f(x0); sPD(x,x
0) = g(y,y0)

<latexit sha1_base64="IOjVZXpgzYu7WyWfy7gtpQl0rB0="></latexit>



A hierarchy of similarity models
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Inner product

Propose “new” models

sgeneral(x,x
0) , fNN(x,x

0)
<latexit sha1_base64="63gUvNr6mWC8pkd7W38Itb265PQ="></latexit>

Note: we are not attempting



Adding bias terms to IPS
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Inner product similarity (IPS)

Shifted Inner product similarity (SIPS)

Bias terms have been used in some applications 
(e.g. recommender systems)

Okuno, Kim, Shimodaira (2019).  Graph Embedding with Shifted Inner Product Similarity and Its 
Improved Approximation Capability. AISTATS2019.

hIPS(x,x
0) := hfNN(x), fNN(x

0)i
<latexit sha1_base64="edDt4x+/kH4sAjFPrH+o0Vaq/7w="></latexit>

hSIPS(x,x
0) := hfNN(x),fNN(x

0)i+ uNN(x) + uNN(x
0)

<latexit sha1_base64="zSdUoPzUWR5zX5vrkfjVH+TRjF8="></latexit>



Shifted Inner Product Similarity (SIPS) can 
approximate any Conditionally Positive 
Definite (CPD) similarity
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Theorem 2 (Okuno, Kim, Shimodaira 2019)

there exists

such that

✏ > 0
<latexit sha1_base64="G/+g4VX9wY+30NR62Y40HmyBhlY="></latexit>For arbitrary small 

is a conditionally positive definite (CPD) similarity.

Proof: combining Mercer’s theorem + the Universal 
approximation theorem + Berg et al. (1984)

|sCPD(x,x
0)� hSIPS(x,x

0)| < ✏ for any x,x0 2 X
<latexit sha1_base64="24j9fkTaJIjD9r19V2wrSWOpqGQ="></latexit>

sCPD(x,x
0)

<latexit sha1_base64="HdxL0f0YbCi3YCHrFb6O7TPtNik="></latexit>

sCPD(x,x
0) , hSIPS(x,x

0)
<latexit sha1_base64="DrcV6Qe8cWDuErSN0663EYTcxRU="></latexit>

hSIPS(x,x
0) := hfNN(x),fNN(x

0)i+ uNN(x) + uNN(x
0)

<latexit sha1_base64="zSdUoPzUWR5zX5vrkfjVH+TRjF8="></latexit>



Conditionally Positive Definite 
(CPD) kernel
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for arbitrary

(example)

c1, c2, . . . , cn 2 R, x1,x2, . . . ,xn 2 X
<latexit sha1_base64="T0oAqu9On185/DcvdXrfvZECY+k="></latexit>

nX

i=1

nX

j=1

cicjsCPD(xi,xj) � 0

<latexit sha1_base64="O7+SJagmzeGTKtI9A4KX78Vpn6o="></latexit>

nX

i=1

ci = 0
<latexit sha1_base64="lalaZ4CcbykTxcTL5Jmo76YgeFk="></latexit>

with the condition

y = f(x), y0 = f(x0); sCPD(x,x
0) = g(y,y0)

<latexit sha1_base64="rm/JuV2WDBhyoNT1uGrKS3WUXKA="></latexit>

g(y,y) = �distance(y,y0)
<latexit sha1_base64="0pZkOphBv11Kp3zE+jTU/NgsV28="></latexit>

dEuclid(y,y
0) = ky � y0k↵2 , 0 < ↵  2

<latexit sha1_base64="oeGPk/3lIgtTcHJVpDMFZi470tM="></latexit>

dPoincaré(y,y
0) = cosh�1

✓
1 + 2

ky � y0k2

(1� kyk2)(1� ky0k2)

◆
, kyk, ky0k < 1

<latexit sha1_base64="S22OUUv4Jwz5a25dQbQjjoTDRFY="></latexit>

dWasserstein-p(y,y
0) = inf

⇡2⇧(y,y0)

⇣Z Z

Z⇥Z
dZ(z, z

0)pd⇡(z, z0)
⌘1/p

<latexit sha1_base64="2Cc4TUhYqWBCR/H+kHN2rd2thG0="></latexit>

p=1 if –dZ is CPD
p=2 if Z = R



The reason why bias terms are 
necessary for CPD kernel
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A tree structure is easily expressed 
in Poincaré Nickel & Kiela (NIPS 
2017)

30

p1

p2

p3

p4

p5

(a) Geodesics of the Poincaré disk (b) Embedding of a tree in B2 (c) Growth of Poincaré distance

Figure 1: (a) Due to the negative curvature of B, the distance of points increases exponentially (relative to their
Euclidean distance) the closer they are to the boundary. (c) Growth of the Poincaré distance d(u,v) relative to
the Euclidean distance and the norm of v (for fixed kuk = 0.9). (b) Embedding of a regular tree in B2 such that
all connected nodes are spaced equally far apart (i.e., all black line segments have identical hyperbolic length).

how typical properties such as heterogeneous degree distributions and strong clustering emerges
by assuming an underlying hyperbolic geometry to these networks. Adcock et al. [1] proposed a
measure based on Gromov’s �-hyperbolicity [10] to characterize the tree-likeness of graphs.

In machine learning and artificial intelligence on the other hand, Euclidean embeddings have become
a popular approach for learning from symbolic data. For instance, in addition to the methods
discussed in Section 1, Paccanaro and Hinton [22] proposed one of the first embedding methods to
learn from relational data. More recently, Holographic [21] and Complex Embeddings [29] have
shown state-of-the-art performance in Knowledge Graph completion. In relation to hierarchical
representations, Vilnis and McCallum [31] proposed to learn density-based word representations, i.e.,
Gaussian embeddings, to capture uncertainty and asymmetry. Given information about hierarchical
relations in the form of ordered input pairs, Vendrov et al. [30] proposed Order Embeddings to model
visual-semantic hierarchies over words, sentences, and images.

3 Poincaré Embeddings

In the following, we are interested in finding embeddings of symbolic data such that their distance in
the embedding space reflects their semantic similarity. We assume that there exists a latent hierarchy
in which the symbols can be organized. In addition to the similarity of objects, we intend to also
reflect this hierarchy in the embedding space to improve over existing methods in two ways:

1. By inducing an appropriate bias on the structure of the embedding space, we aim at learning
more parsimonious embeddings for superior generalization performance and decreased
runtime and memory complexity.

2. By capturing the hierarchy explicitly in the embedding space, we aim at gaining additional
insights about the relationships between symbols and the importance of individual symbols.

However, we do not assume that we have direct access to information about the hierarchy, e.g.,
via ordered input pairs. Instead, we consider the task of inferring the hierarchical relationships
fully unsupervised, as is, for instance, necessary for text and network data. For these reasons – and
motivated by the discussion in Section 2 – we embed symbolic data into hyperbolic space H. In
contrast to Euclidean space R, there exist multiple, equivalent models of H such as the Beltrami-Klein
model, the hyperboloid model, and the Poincaré half-plane model. In the following, we will base
our approach on the Poincaré ball model, as it is well-suited for gradient-based optimization.2 In

2It can be seen easily that the distance function of the Poincare ball in Equation (1) is differentiable. Hence,
for this model, an optimization algorithm only needs to maintain the constraint that kxk < 1 for all embeddings.
Other models of hyperbolic space however, would be more more difficult to optimize, either due to the form
of their distance function or due to the constraints that they introduce. For instance, the hyperboloid model is
constrained to points where hx,xi = �1, while the distance function of the Beltrami-Klein model requires to
compute the location of ideal points on the boundary @B of the unit ball.

3

Hyperbolid model and Poincare disk model (from Wikipedia) Circle Limit III (from Wikipedia)



Inner-Product Difference Similarity (IPDS) 
can approximate any general similarities
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Theorem 3 (Okuno, Kim, Shimodaira 2019)

Vector representation: 

hIPDS(x,x
0) := hf+

NN(x),f
+
NN(x

0)i � hf�
NN(x),f

�
NN(x

0)i
<latexit sha1_base64="WlGcagM++emq965kjCuHnGoZsYQ="></latexit>

sgeneral(x,x
0) = s+PD(x,x

0)� s�PD(x,x
0)

<latexit sha1_base64="dqHh8FLDtzmo3bz+hEw8i8VnIYg="></latexit>

(Indefinite kernel: Ong et al., 2004)

sgeneral(x,x
0) , hIPDS(x,x

0)
<latexit sha1_base64="koCZdee3rv7J2qiegiEeqgrJ76Y="></latexit>

y = (f+
NN(x),f

�
NN(x)) 2 RK

<latexit sha1_base64="jLMqMy3/PbUa1VVc9VUGKZQW/74="></latexit>

f+
NN(x) 2 RK�q, f�

NN(x) 2 Rq
<latexit sha1_base64="0i5nj6xQW+RVh1W77whmWCaZyDs="></latexit>

Choosing q from (0,K) is important but it can be difficult in practice



Weighted Inner Product Similarity (WIPS) 
avoids model selection
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Theorem 4 (Kim, Okuno, Fukui, Shimodaira 2019)

G. Kim, A. Okuno, K. Fukui & H. Shimodaira (2019). Representation Learning with Weighted Inner 
Product for Universal Approximation of General Similarities.  Proceedings of 28th International Joint 
Conference on Artificial Intelligence (IJCAI-19).

hWIPS(x,x
0) := hfNN(x),fNN(x

0)i�
<latexit sha1_base64="z+rCbz0Q8skMYs0O2+T2+6C8mT4="></latexit>

sgeneral(x,x
0) , hWIPS(x,x

0)
<latexit sha1_base64="xQYv8/2gEdO6MWHdH7VV5wvC74A="></latexit>

hy,y0i� = �1y1y
0
1 + �2y2y

0
2 + · · ·+ �KyKy0K
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Weighted inner product allows negative weight values
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are parameters to be learned 



WIPS performs very well
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Experiments - datasets

22

3 graph-structured datasets are used. 

node : webpage,
attr. : 1703 dim. 
bag-of-words

edge : hyperlink relation

877 nodes and 1480 links 41328 nodes and 210320 links 37623 nodes and 312885 links

node : word,
attr. : 300 dim. pretrained 
Google’s word embedding

edge : hyponymy-hypernymy 
relation

animal

mammal reptile

cat dog

Geewook Kim, Akifumi Okuno, Kazuki Fukui and Hidetoshi Shimodaira. “Representation Learning with Weighted Inner Product for Universal Approximation of General Similarities.”

Hypertext Network Co-authorship Network Taxonomy Tree

node : author,
attr. : 43 dim. 
data vector 

edge : co-author relation

Each webpage has 
A. semantic label in {Student, Faculty, Staff, Course, Project}
B. university label in {Cornell, Texas, Washington, Wisconsin}

From presentation slides of Kim, Okuno, Fukui, Shimodaira (IJCAI 2019) 
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Visualization of Hypertext Network

27

The hypertexts are colored by its semantic labels (upper) for Student 
(navy) and Course (pink), and also university labels (lower) for Cornell (red), 
Texas (orange), Washington (green) and Wisconsin (blue). 

Both class labels are clearly identified with IPDS and WIPS, whereas they 
become obscure in the other embeddings.

Geewook Kim, Akifumi Okuno, Kazuki Fukui and Hidetoshi Shimodaira. “Representation Learning with Weighted Inner Product for Universal Approximation of General Similarities.”
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Hypertext Classification

26

Each webpage in Hypertext Network has 
A. semantic label      {Student, Faculty, Staff, Course, Project}
B. university label     {Cornell, Texas, Washington, Wisconsin}

test set (invisible) is used for evaluation

train set (observed) is used to train the embedder and classifiers

Geewook Kim, Akifumi Okuno, Kazuki Fukui and Hidetoshi Shimodaira. “Representation Learning with Weighted Inner Product for Universal Approximation of General Similarities.”
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Graph Reconstruction

23

At training, assume that all nodes and links are visible. Use all data to 
train the model (    and    ).

Then, at evaluation,

Embed all nodes

Predict (reconstruct) all links

1

3

2 4

5 6

ROC-AUC for prediction errors are calculated ▶

Geewook Kim, Akifumi Okuno, Kazuki Fukui and Hidetoshi Shimodaira. “Representation Learning with Weighted Inner Product for Universal Approximation of General Similarities.”
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25

Embed all nodes

Predict (reconstruct) all 
unobserved links

ROC-AUC for prediction errors are calculated ▶

1

3

2 4

5 6

Geewook Kim, Akifumi Okuno, Kazuki Fukui and Hidetoshi Shimodaira. “Representation Learning with Weighted Inner Product for Universal Approximation of General Similarities.”

Link Prediction
At training, assume that some nodes (and its links) are invisible. 
Use only observed sub-graph to train the model (    and    ).

Then, at evaluation,
 



Summary of similarity models
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hIPS(x,x
0) := hfNN(x),fNN(x

0)i
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0) := hfNN(x),fNN(x

0)i�
<latexit sha1_base64="z+rCbz0Q8skMYs0O2+T2+6C8mT4="></latexit>

hSIPS(x,x
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