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“SIPS-IPS” is on the board

here??

— General similarities
Negative Jeffrey’s divergence, ...

— CPD similarities
Negative Poincare distance, ...
PD similarities

Cosine sim., Gauss kernel, ...
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Today’s Talk

« CCA is generalized to multiview graph embedding

« Further generalization to non-linear multiview graph
embedding with neural networks

* A theory of representation learning: “new” similarity
models beyond inner product (IPS, SIPS, WIPS)



CCA and Multiview graph
embedding



Canonical Correlation Analysis (CCA)
has been used in pattern recognition

cat

fox

pizza

Image Tag / Label

[Socher+ 2010], [Bruni+ 2014], [Lazaridou+ 2014], etc.



CCA maximizes the correlations or
minimizes the distances
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Hotelling (1936). Biometrika: "RELATIONS BETWEEN TWO SETS OF VARIATES"” ©



Equivalent formulations of CCA
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This formulation is generalized to graph embedding



Many-to-many relations

=== animal

Image Tag / Label

mI-CCA [Ranjan+ 2015], cluster CCA [Rasiwasia+ 2014], etc.



CCA 1s generalized to graph-
embedding (two or more views)
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Cross-domain matching correlation analysis (CDMCA) generalizes several multivariate analysis
methods such as CCA, multiset-CCA, and PCA. Shimodaira (2016). Neural Networks.
“Cross-validation of matching correlation analysis by resampling matching weights”



CDMCA (2-view case)

AWM wan w2 AL
A= [A(z)] W = [W(m) W(m)} M = M(2)] mi =) wij

. I, 1,
CCA is given by W = [In ] M = _ In]
- o B XOTwal) x(1) xOTyA2) x(2)]
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CDMCA is solved as a generalized eigenvalue problem
G Y2PTHG Y?u; = \u; A > Xy > -
A = G_1/2(U1, ce ,’U,K)



MNIST handwritten digits

3-views: {0,1,...,9} - images - {prime,even,odd}
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Bilingual word representations
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T. Oshikiri, K. Fukui, H. Shimodaira (2016). Cross—Lingual Word Representations via Spectral Graph
Embeddings, The 54th Annual Meeting of the Association for Computational Linguistics, ACL 2016



Flickr image-tag search and
“linguistic regularities”

3-views Query search results
Eigenwords |
Context Word Image = squirrel
pretty ... is | €AL ol L ’En
the ... and = animal <17 | s
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Fukui, Oshikiri, Shimodaira (2017). Spectral Graph-Based Method of Multimodal Word Embedding. TextGraphs-11, the
Workshop on Graph-based Methods for Natural Language Processing, ACL 2017.
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Graph embedding with
Neural Networks



PMVGE: Probabilistic Multi-view
Graph Embedding
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0000 0000 @000 Non-linear transformations
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Yi = JINN il?z) Likelihood is optimized by SGD
Cq. oy without the constraints on y’s
ij ~ Po(a(dzadj)€<yzayg>) Y

Okuno, Hada, Shimodaira (2018). A probabilistic framework for multi-view feature learning with many-
to-many associations via neural networks. The International Conference on Machine Learning, ICML 2018.
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Optimization of PMvGE

Log-likelihood:  £,(8) = > wiyiy;) — > exp((yi,y;))

Pn: (i,j):wij>0,1§i<j§n}

{
T ={(i,j):1<i<j<n}

In each iteration, Stochastic Gradient Decent with mini-batch uses:
loini(0) = > wiyiy) =7 > exp((yi,y;))
(4,7) € Pmini (,7) ELmini
Prmini, Zmini are mini-batch sampling of P,,, Z,,

MLE estimates the true similarity up to a constant factor

lim exp({y;,y;)) = const x E(w;;|z;, z;)

n—oo

Okuno and Shimodaira (arXiv 2019) Hyperlink Regression via Bregman Divergence



PMvVGE generalizes CCA and CDMCA
to non-linear transformations

(Nv): Number of views, (MM): Many-to-many, (NL): Non-linear, (Ind): Inductive, (Lik): Likelihood-based.
PMvGE has all the properties. Nv = D represents that the method can deal with arbitrary number of views.

(Nv) (MM) (NL) (Ind) (Lik)
CCA (Hotelling 1936) 2 v
Deep CCA (Andrew et al. 2013) 2 v
MCCA (Kettenring 1971) D
SGE (Belkin et al. 2001) 0
LINE (Tang et al. 2015) 0
LPP (He et al. 2004) 1
CvGE (Huang et al. 2013) 2
CDMCA (Shimodaira 2016) D
0
1
1
1
1
D

v
v

ESENEN

DeepWalk (Perozzi et al. 2014)
SBM (Holland et al. 1983)

GCN (Kipf et al. 2017)
GraphSAGE (Hamilton et al. 2017)
IDW (Dai et al. 2018)

PMvGE (Proposed)
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Representation learning



Similarities are expressed via
vector representations

Representation Learning on graphs aims to learn useful
vector representations of nodes (e.g., words, users) in a
graph-structured data.

users
in a social network

E(wsj|x:, ;) = exp(si;)

Similarity: S;;
Attributes: I;

)
HE;;

4
oz

-

user embeddings
in a vector space R¥X

Embedding: Y
(vector representation)

Yi1,Y2, ...
b oo
o @O

19



NN-based similarity learning:
Siamese (twin) neural networks

v, y") =yl + -+ Yy

Yy = fan(2)
(K-dim vector)

Yy = fan(z)
(K-dim vector)

PREPROCESSING| ~ {PREPROCESSING |

L Fhn Bran T Brwn x’

Bromley, Guyon, Le Cun, Sackinger, Shah (1994). "Signature verification using a
“Siamese” time delay neural network." NIPS.



Why many methods are based on inner
product of vector representations?

The true underlying similarity Inner Product Similarity (IPS)
“"Neural networks + Inner product”

s(x, ') hips(z, x) == (fxn(z), fun(x'))
sij = s(x;, ;) hij = hips(xi, ;)

(s11 S12 Sln_ hir hig - hln_

So1 S22+ S2n | approx. |P21 h22 - hop

a4
Y




Inner product is a key to good
vector representations

The distributive law

(a +b,c) = (a,c)+ (b, c)

“linguistic reqgularities”
<yking ~ Yman T Ywoman> y,> — <yking7 y/> R <yman7 y/> + <ywoman7 y/>

will be maximized by y’ = Yqueen



Inner Product Similarity (IPS) can
approximate any Positive Definite

(PD) similarity

Theorem 1 (Okuno, Kim, Shimodaira 2018)
SPD (w, -’B/) is a positive definite (PD) similarity.
For arbitrary small € > 0

there exists hips(x, ') = (fun(x), fun(x')) such that
lspp(x, ") — hips(x, 2’)| < e forany =, ' € X

spp (T, x') < hips(z, ')

Proof: assuming spp is continuous on a compact set X, the
theorem follows by combining Mercer’s theorem of kernels
and Universal approximation theorem of NN (Funahashi,
1989; Cybenko, 1989; Yarotsky, 2017; Telgarsky, 2017)



Positive definite kernel

n n
Z Z Cz'CjSPD(CIZZ', CIZj) Z 0

i=1 j=1

for arbitrary c¢i,c2,...,¢, €R, @1, x9,...,x, € X

(example) y = f(x), ¥’ = f(z'); sep(z,z') = g(y,y')
g(y,y) = (y,y’) Itis obvious that IPS is PD.

y vy
g(y,y') = < , >
lyll " [Jy’|]

(counter example) g(y7 y/) — _Hy — y/HZ




A hierarchy of similarity models

— General similarities 4 IPDS and WIPS

Negative Jeffrey’s divergence, ...

— CPD similarities SIPS

Negative Poincare distance, ...

Propose “new” models

PD similarities IPS
Cosine sim., Gauss kernel, ... ‘ - Inner prod uct

Note: we are not attempting

Sgeneral(ma $/) g fNN(w7 CU/)

25



Adding bias terms to IPS

Okuno, Kim, Shimodaira (2019). Graph Embedding with Shifted Inner Product Similarity and Its
Improved Approximation Capability. AISTATS2019.

Inner product similarity (IPS)
hirs(z, ') = (fun (), fan(z'))

\ 4

Shifted Inner product similarity (SIPS)
hstps(x, ') == (fan (), fian(x')) + unn () + unn ()

Bias terms have been used in some applications
(e.g. recommender systems)



Shifted Inner Product Similarity (SIPS) can
approximate any Conditionally Positive
Definite (CPD) similarity

Theorem 2 (Okuno, Kim, Shimodaira 2019)
scpp(x, ") is a conditionally positive definite (CPD) similarity.
For arbitrary small € > 0

there exists hgips (w, $/) = <fNN($), fNN(w,)> + ’U,NN(QB) + uNN(a:’)

such that |scpp(x, ') — hgps(x, x')| <€ forany x,x’ € X

scpp(x, ') & hsips(x, ')

Proof: combining Mercer’s theorem + the Universal
approximation theorem + Berg et al. (1984)



Conditionally Positive Definite
(CPD) kernel

n n
Z Z cicjscpp(@i; ;) > 0

i=1 j=1
for arbitrary c¢1,¢2,...,¢, € R, ®1,xo,..., T, € X
T

with the condition Z c; =0
i=1

(example) y = f(x), y' = f(x'); scep(z,z') =g(y,y)
9(y,y) = —distance(y, y')
dEuclid(y7y/) — Hy T y/HSv 0 < < 2

@MWmum—mm*Q+z lv — v'|F ),umwwwd
A= Tyl =y

/p 4 .

p=1 if -dz is CPD

dWassestenpyy inf // dZZZ pdﬂ'zz ) p=2ifZ=R
7TEH(yy) ZxXZ



The reason why bias terms are
necessary for CPD kernel

—ly — Y I? = (v, v) — LylI* - 3]|¥'|]7



A tree structure 1s easily expressed
in Poincaré Nickel & Kiela (NIPS
2017)

/J

(a) Geodesics of the Poincaré disk (b) Embedding of a tree in B2 (c) Growth of Poincaré distance

Jlu=v|?

Figure 1: (a) Due to the negative curvature of 13, the distance of points increases exponentially (relative to their
Euclidean distance) the closer they are to the boundary. (c) Growth of the Poincaré distance d(u, v) relative to
the Euclidean distance and the norm of v (for fixed ||u|| = 0.9). (b) Embedding of a regular tree in 3 such that
all connected nodes are spaced equally far apart (i.e., all black line segments have identical hyperbolic length).

Hyperbolid model and Poincare disk model (from Wikipedia) Circle Limit III (from Wikipedia)

30



Inner-Product Difference Similarity (IPDS)
can approximate any general similarities

Sgeneral(wa wl) — S;D (CB, CL‘/) — Spp (CB, ZB/)
(Indefinite kernel: Ong et al., 2004)

Theorem 3 (Okuno, Kim, Shimodaira 2019)
hIPDS(wa wl) = <f1jI_N(w)7 fJN(w,» — <f1\?N(w)7 .fl\?N(w,»

Sgeneral(wa wl) <~ hIPDS ((E, (IJ,)

Vector representation: Yy = (Ffun (), fan(x)) € RE

fun(z) € R™ 4, fan(x) € RY

Choosing g from (0,K) is important but it can be difficult in practice



Weighted Inner Product Similarity (WIPS)
avolds model selection

G. Kim, A. Okuno, K. Fukui & H. Shimodaira (2019). Representation Learning with Weighted Inner
Product for Universal Approximation of General Similarities. Proceedings of 28th International Joint
Conference on Artificial Intelligence (IJCAI-19).

Weighted inner product allows negative weight values

(Y, Yy Yx = My1y] + Aoyays + -+ + Ak YK YK

A1, A2,...,\g € R are parameters to be learned

Theorem 4 (Kim, Okuno, Fukui, Shimodaira 2019)
hwips(x, ') := (fan(x), fan(z'))a

Sgeneral(wa wl) <~ hWIPS (wa wl)



WIPS performs very well

Experiments - datasets
3 graph-structured datasets are used.

Hypertext Network Co-authorship Network Taxonomy Tree
877 nodes and 1480 links 41328 nodes and 210320 links 37623 nodes and 312885 linl
node : webpage, node : author, node : word,
attr. : 43 dim. attr. : 300 dim. pretrained

attr. : 1703 dim.
Google’s word embedding

data vector

bag-of-words -
— ) ;
o] / & animal
/ \ i > N | ol
Py mamma reptile
= - AN 2~ \
: cat dog
edge : hyperlink relation edge : co-author relation edge : hyponymy-hypernymy
relation

Each webpage has
A. semantic label in {Student, Faculty, Staff, Course, Project}

B. university label in {Cornell, Texas, Washington, Wisconsin}

From presentation slides of Kim, Okuno, Fukui, Shimodaira (IJCAI 2019)



Visualization of Hypertext Network

Student/Course

Universities

Hyperbolic
¥.
s
- W
By " b
i e opp .,
- -3 -~
4V e ’
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¥ ¥
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- X -
‘3’ k7S o o
.- =¥ Pl
{,~

SIPS

IPDS

Lo
e wo .
- X
R2X SE

The hypertexts are colored by its semantic labels (upper) for Student
(navy) and Course (pink), and also university labels (lower) for Cornell (red),
Texas (orange), Washington (green) and Wisconsin (blue).

Both class labels are clearly identified with IPDS and WIPS, whereas they
become obscure in the other embeddings.
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Hypertext Classification

Each webpage in Hypertext Network has
A. semantic label € {Student, Faculty, Staff, Course, Project}
B. university label € {Cornell, Texas, Washington, Wisconsin}

train set (observed) is used to train the embedder and classifiers

test set (invisible) is used for evaluation

IPS  Poincaré Hyperbolic SIPS IPDS WIPS

A 56.08  46.19 47.22 69.09 71.70 73.35
B 91.59 30.17 93.12 93.81 93.81 96.31




Graph Reconstruction

At training, assume that all nodes and links are visible. Use all data to

train the model (fgand gx).

Then, at evaluation,

T, o T4 Embed all nodes
fe . X —> y
’ Yo Ya

Y1
Yys Ys Yo

oo D) e >
oY= R
© o0

Predict (reconstruct) all links

Zr
x3 L5 6

ROC-AUC for prediction errors are calculated P

Reconstruction

10 50 100
o APS 91.99 9423 94.24
£ Poincaré 94.09 94.13 94.11
5 SIPS 95.11 95.12 95.12
& IPDS 95.12 95.12 95.12
= WIPS 9511 9512 95.12
O |- 85.01 86.02 85.80
g Poincaré 86.84 86.69 86.72
= SIPS 90.01 91.35 91.06
& IPDS 90.13 91.68 91.59
O WIPS 90.50 9244 92.95
.. IPS 7995 75.80 74.97
g Poincaré 91.69 89.10 88.97
£ SIPS 98.78 9975 99.77
Z IPDS 99.65 99.89 99.90
= WIPS 99.64 99.85 99.87
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Link Prediction

At training, assume that some nodes (and its links) are invisible.
Use only observed sub-graph to train the model (fgand ga).

Then, at evaluation,

T 4 ) T4 Embed all nodes

fo:X|—>y
Y Ya

T
xr3 Is 6

Y
Dys Us Yo

@ ' --y2 R g
@’@ gx:

Predict (reconstruct) all
unobserved links

ROC-AUC for prediction errors are calculated »

Link prediction

10 50 100
s PS 1793 7162 7716
£  Poincaré 82.21 79.64 79.48
5 SIPS 82.01 81.84 81.13
S IPDS 82.59 82.75 82.19
T WIPS 8238 82.68 8293
. IPS 83.83 84.41 84.02
£ Poincaré 8582 8592 85.93
= SIPS 88.24 88.69 88.67
& IPDS 88.42 88.97 88.85
©  WIPS 88.16 89.43 89.40
5 B8 67.25 6571 65.38
E Poincaré 83.04 79.52 7897
£ SIPS 90.42 92.12  92.09
% IPDS 95.99 9637 96.41
= WIPS  95.07 96.36 96.51
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Summary of similarity models

— General similarities

Negative Jeffrey’s divergence, ...

— CPD similarities
Negative Poincare distance, ...

PD similarities
Cosine sim., Gauss kernel, ...

vy

hwips(x, ') := (fun (), fun (')A
hieps (@, ') == (fin (@), Fin (@) = (Fan (@), Fan(@))
hsips(z, ') == (fan (@), fun(@')) + unn (@) + unn ()
hips(z, x') == (fxn(z), fun(x'))

A 1PDS and WIPS

A SIPS

IPS

38
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