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What is Multiscale Bootstrap?
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The bootstrap resampling (Efron 1979) uses n’ = n.
The “m-out-of-n”’ bootstrap or subsampling (Politis and Romano 1994, Bickel et al. 1997)
typically uses n’<<n for reducing computation. Rescaling the result back ton’ = n.

Multiscale bootstrap (Shimodaira 2002, 2004, 2008) uses n’ =0.5n, 1.0n, 1.5n, say, and
rescaling the result to n’ = -n (i.e., negative sample size).
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Multiscale bootstrap has been use
for p-values of trees and clusters

Hidetoshi Shimodaira
Kyoto University 24
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Today’s talk

* Multiscale bootstrap has been used for computing
(non-selective) approximately unbiased p-values,
and applied to phylogenetic inference and
hierarchical clustering

* It is based on a scaling-law of bootstrap probability
with geometric view of hypothesis testing

* We are going to extend the theory and method of
multiscale bootstrap for selective inference (post-
selection inference)



Model Selection



Post-selection inference of

variable selection by Lasso
y = Bo+ Brx1+ -+ Bprp + €

6 selected variables (coefficients) out of 8 variables:

{Blcavola Blweighta 6age7 Blbpha stia 6pgg45}

95% Confidence Intervals
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i Green: Lee et al. (2016) for model

T Blue: Liu et al. (2018) for variable

? - Red: Terada and Shimodaira (2019) for
n variable (via multiscale bootstrap)
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Selective sets are polyhedra and

unions of polyhedra

M= {1,2},
o= {+.+}

§={-,+}

{leM, 3 =+}

M = {1},
M= {1,2}




Hypothesis set and selective
region
argmin | X8 - y|1* + A8

{5lcavola Blweighta Bagea Blbpha stiy Bpgg45}
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AU: Approximately Unbiased. Shimodaira (2002, 2004, 2008) (via multiscale bootstrap)
Sl: Selective Inference. Terada and Shimodaira (arXiv 2017) (via multiscale bootstrap)

BP: Bootstrap Probability.
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pvclust is used in biology

* install.packages("pvclust")

* library(pvclust); data(lung)
* result <- pvclust(lung, nb00t=1000)1

* plot(result) N

Cited by 1522

_-.llllllllll

2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019

Pvclust: an R package for assessing the uncertainty in hierarchical clustering
R Suzuki, H Shimodaira - Bioinformatics, 2006
Cited by 1522 Related articles All 14 versions 10



The “Problem of Regions

Correction

7)

Proc. Natl. Acad. Sci. USA 93 (1996) 13429

Evolution. The following article, which appeared in number 14, July 1996, of Proc. Natl. Acad. Sci. USA (93,
7085-7090) is reprinted in its entirety with the author’s corrections incorporated.

Bootstrap confidence levels for phylogenetic trees

BRADLEY EFRON, ELIZABETH HALLORANY, AND SUSAN HOLMES$

*Department of Statistics, Stanford University, Stanford, CA 94305; and 1:Departmenl of Biostatistics, Rollins School of Public Health,

Emory University, Atlanta, GA 30322

Contributed by Bradley Efron, January 26, 1996
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Pfad

F1G.2. Phylogenetic tree based on the malaria data matrix; species
are numbered as in Fig. 1. The numbers at the branches are confidence
values based on Felsenstein’s bootstrap method. B = 200 bootstrap

replications.

9-10
Boundary

Fi1G. 3. Schematic diagram of tree estimation; triangle represents
the space of all possible 7 vectors in the multinomial probability
model; regions R, Ry. . correspond to the different possible trees.
In the case shown 7 and ar lie in the same region so TREE =
TREE, but ar* lies in a region where TREE* does not have the 9-10
clade.

Efron, Halloran and Holmes (1996)
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The “Problem of Regions”

1688 B. EFRON AND R. TIBSHIRANI
Rauaa
R.on
R, .
s 0® Ry,
V2, V2)
R

@ [i =(274,-255)

FI1G. 1. An example of the problem of regions: a normally distributed vector y = @, with covari-
ance 1, is observed to lie in the region Hgu.q. With what confidence can we say that the true expec-
tation vector . lies in Rgyaq? This example, which concerns the choice of a polynomial regression
model using the C, criterion, is discussed in Section 5.

y = Po (constant)
y = Bo + Pix (linear)
y = Bo + Brz + Paz? (quadratic)

Efron and Tibshirani (1998)

12



The “Problem of Regions”

The regions in multiple comparisons are
polyhedral convex cones (considers the
least favorable distribution at the vertex)

Table 1
Log-Likelihood Differences and p-Values for the 15 Bifurcating Topologies of the
Mammal Data Set

Multiscale bootstrap is applied to
multiple comparisons to improve
the power

P-VALUES
a L, — L BP KH MC MS TorpoLOGY
) B 0.0 0.583 0.640 0.941 0.944 (((H, (P, B)), 0), M, D)
2., 2.7 0317 0.360 0.811 0.805 ((H, ((P, B), 0)), M, D)
3o 74 0.038 0.121 0.577 0.422 (((H, 0), (P, B)), M, D)
4o 17.6 0.012 0.040 0.169 0.203 ((H, (P, B)), (O, M), D)
5o, 18.9 0.030 0.066 0.139 0.296 (H, (P, B), (O, M)), D)
(R 20.1 0.006 0.050 0.109 0.100 (H, (((P, B), O), M), D)
Tovennnn. 20.6 0011 0.048 0.107 0.248 ((H, (O, M)), (P, B), D)
8.iin 222 0.001 0.032 0.070 0.048 ((H, M), ((P, B), O), D)
9., 254 0.000 0.001 0.029 0.013 (((H, (P, B)), M), O, D)
10........ 263 0.002 0.018 0.032 0.124 (((H, M), O), (P, B), D)
... 289 0.000 0.008 0.017 0.069 (((H, 0), M), (P, B), D)
12 31.6 0.000 0.003 0.006 0.032 (((H, M), (P, B)), O, D)
13........ 31.7 0.000 0.003 0.006 0.035 (H, (((P, B), M), O), D)
4. 347 0.000 0.001 0.002 0.012 ((H, O0), (P, B), M), D)
15........ 36.2 0.000 0.000 0.001 0.007 ((H, ((P, B), M)), O, D)

NoTE.—BP is the bootstrap selection probability of Felsenstein (1985) estimated by the RELL method (Kishino,
Miyata, and Hasegawa 1990), KH is the p-value of the KH test, MC is the p-value of the multiple-comparisons method
with w,., = 1, and MS is that with w,., = G.!,. See Remark 4 in text. The number of replicates is N = 10*. The labels
for the taxa are as follows: H = Homo sapiens (human), P = Phoca vitulina (harbor seal), B = Bos taurus (cow), O =

Oryctolagus cuniculus (rabbit), M = Mus musculus (mouse), and D = Didelphis virginiana (opossum).

“Shimodaira-Hasegawa test” in phylogenetics

Shimodaira and Hasegawa (1999)

d

H,

oH,
(a)

FIGURE 1. Region H; with boundary 0H,. Y is the
data point, i is the projection, and d is the signed dis-
tance. The asymptotic theory behind the AU test as-
sumes (a) a smooth boundary, which approximates (b)
a nonsmooth boundary. In fact, the boundary is not
smooth for the selection problem, where region H, forms
a polyhedral convex cone in M-dimensional space. The
curvature is zero everywhere but becomes infinite at the
vertex and the edges where 1; = p; for more than one

£

Shimodaira (2002)
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Hypothesis Testing



A general setting

Boundary of Hypothesis Region

Y ~ N1 (p, Irg1)

If Y c S then

test null hypothesis I € H

against alternative hypothesis

Hypothesis Region Selective Region M g H

Unbiased p-value:

p(H|S,y) |y €S, u € OH ~ Uniform(0, 1)

This p-value can be computed by multiscale bootstrap ..



A trivial case: Normal distribution

V ~N(n,1)
Ho={n:n<mn} ]
S ] H p(H’S,U)

S={v:—0<v<+x} N

o v

p(H S, U) = IP)(V > ’U) =1 — (I)(?J — 770) one-tailed test

p(H|S,V) | n = ng ~ Uniform(0, 1)

P(p(H|S,V)<a)=P(V —-n>® '1-a))=1-(1-a)=qa

16



Truncated normal distribution

V ~ N(n,1) : \\\
H={n:n<m} : p(H|S,jv)

s1 H
S={v:v_<v<wv,} - | | v

PV <o) =F ) = 5o = = =)

p(H|S,v) =1—F, " (v) i
p(H|S,V) |V € §,n=mno ~ Uniform(0,1) = |

Example: v_ =0,v; =400 p(H|S,v) =2 x (1 —P(v —1p)) two-tailed test
17



The “polyhedral lemma”

u e R™

OH

Y ~ N1 (py Imt1)
H={p:n<mno}
S={y:v_(u) <v<uvy(u);
Lee et al. (2016) showed it for a polyhedron

and a union of polyhedra;
This is used for the lasso confidence intervals.

It works for more general regions of S (say, a
union of convex regions), but its computation
cost can be very large.

p(?—[ S,u,’U) — 1 — F%JO— (u), vy (u) (’U)
p(HIS,U,V) | (U,V)eS,n=ny,U =u ~ Uniform(0, 1)

p(H|S, U, V) | (U,V)eS,n=mny ~ Uniform(0, 1)

18




Curved boundary surface of H

u e R™
Y ~ Nppg1 (4, Trg1)

H={(0,n):1<n(0)}

The polyhedral lemma is not valid for
general regions H with curved boundary
surface, because we do not know etaO.

p(?—”S, u, U) -1 — F:O—Ebu),v—k(u) (U)

p(H|S, U, V) | (U,V) € S,n=n(0),U = u o Uniform(0,1)

It is valid only when 77()('“1) — 770(9)

19



Limitation of “polyhedral lemma”

Hypothesis region H Selective region S “polyhedral lemma”

Flat boundary Polyhedron Good (used for Lasso)

Flat boundary Union of polyhedra, or Slow
General regions

Curved boundary either of above Invalid

We develop a new method based on multiscale bootstrap

20



Signed distance and pivot statistic

u € R™

OH ={(u,v):v=—u'Du+---}
v =tr(D) =0(n %) at
g = tr(D) = Op(n™""?) at fa(y)

Mean curvature of the boundary surface

Efron (1986), Efron & Tibshirani (1998)

Y ~ Npt1(p, Int1)
assume 1 € OH. ther
t(y) ~ N(v,1)

t(y) —75 ~ N(0,1)

Second order accurate: 1
. . O,(n™")
asymptotic error is p

21




mean curvature

v = 5, if the surface is sphere of radius r in R™ 1

22



Selective inference for curved 0H

H={y:t(y) £ 0}

N

s

p(H|S,y) = DL >171)

P(Z>3—7)

{y: 1

(y) > 5}

11 . Z

—y §=7 t—%

p(H|S,y) |y €S, u € OH ~ Uniform(0, 1)

Terada and Shimodaira (arXiv 2017)

23



Approximately unbiased p-values

Selective inference: Terada and Shimodaira (arXiv 2017)

pHISY) = g0 yes

Non-selective inference: Shimodaira (2002, 2004, 2008)

¥ ~ 1
p(Hl|y) = 2(t — %) S=R""
Geometric quantities: OH oS
t is signed distance from y to H t Y
S is signed distance from dS to H ~ —®

y is mean curvature of dH S



Multiscale bootstrap



Multiscale Bootstrap Probability
Yyl ~ N1 (6, Liyn)

y*‘yNNm+1(y70'2Im_|_1), 0'2 > (

. >|<1’”.7 *x B cH
oz (Hy) = P (y* € H|y) = 7Y oY )

B

K52 (H\y), Q2 (H!y), Q2 (’H’y% o

26



Bootstrap resampling

Model space

Data space

’] Xn =" (21, .-, Zn)
e
o2 =
n/
(example)
Xoo = (x1,...) FulXso) = VRAE(2)
Xy, = (z1,...,20) falXy) = VnAZ
X* = (zf,..,a%) (X)) = VnAT

Y = fn(Xn)
®

*p' E Rm+l

OH

27



Bootstrap probability (% = 1)

Y .
/\‘/* A’ /

V ~~—

™ 1) <0 {
)| W) v L e
0ty +7
H = - 1 y) < O} Efron (1986), Efron & Tibshirani (1998)
ty")ly ~ N(t(y) +7,1)
Yy |y ~ Nm—l—l(y7 Im—l-l) al(']-[‘y) — Pl(t(y*) < Oly)
= ®(t(y) +7)
®(1.64) = 1 — ®(1.64) = 0.05 Second order accurate: 1
@_1(0 05) = 1.64 asymptotic error is Op(n ) .




Bootstrap probability (% > 0)
H / () v ’ ﬂ > — g/0:1

-

|

Yy
0_7

Yy ~ Npp1 (=, It

0o (Hly) = an( 1Y) = 21 4 50)

Shimodaira (2002, 2004, 2008) 29

Y |y ~ Npt1(y, 0% L i1)



Computing approximately unbiased
p-values via multiscale bootstrap

ooooo
pppppp

Shimodaira (2002, 2004, 2008): non-selective inference
= Uy) .

o (ly) = 3("Y 4 50)

PAU N o2 (H]y) = 0@ (a2 (H]y)) = t(y) + 507 L

p(Hly) = @t —4) = 2(Y-1(H|y))

Terada and Shimodaira (arXiv 2017): selective inference
Yo(Sly) =5—1

PsSI Ci)(t
Sy = —
p(H|S,y) 5




Pvclust example

Terada and Shimodaira (arXiv 2017)



Sl: Selective Inference: New in this talk

AU: non-selective inference (Approximately Unbiased)

BP: Bootstrap Probability
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2: default value of pvclust)

pvclust analysis of lung dataset (k

Distance: correlation
Cluster method: average
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Applying the method to lung data

n = 916
n = 8244, 5716, 3963, 2748, 1905, 1321, 916, 635, 440, 305, 211, 146, 101

0% = n/n’ ranges from 1/9 to 9 in log-scale

B = 10000

The 2-th cluster is NOT true:
H;, =5;

Region of 7-th cl

data\point: y e, | ¢ true point: [



Cluster id =57

I Plotting the bootstrap probabilities

Crre = 9962, 9878, 9657, 9271, 8551, 7773, 6807, 5676, 4622, 3695, 2650, 1955, 1381

Cy Crye s M extrapolation k=2,3
ozgg(H\y):le— 7 7= poly.3

_ Yor(Hy) = 0@ (a0 (Hly))

- Fitting models to psi o -

SOH(UQW) = By + 5102
By = 0.998, 3, = —0.545

(signed distance and mean curvature)

y(c%)
1

" Extrapolationto o* < 0 i

zm = ou(—1]8) = 0.998 — (=0.554) = 1.543 o, , 5 4
zs = pue(0]8) = —pmu(0[8) = —0.998 L
<H + 28 = 0.554 cluster id = 57




Cluster id =57 (cont.)

Sl approximately unbiased p-value for selective inference (Terada and Shimodaira 2017)

B(zy)  B(1.543)
PSU = G oy + 25)  B(0.554) bst

" The numerator is AU: approximately unbiased p-value for non-selective inference
(Shimodaira 2002-)

pau = ®(zx) = ®(1.543) = 0.061 1 — pau = 0.939

' The denominator is the selection probability under the null

O(zp + 2zg) = ©(0.554) = 0.293

" BP: bootstra_p probabiIiAty is exrlressed as B
pep = (@i (118)) = ®(0.998 + (—0.554)) = $(0.453) = 0.325
1 — PBP — 0.675
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AU: non-selective inference (Approximately Unbiased)
BP: Bootstrap Probability

Sl: Selective Inference: New in this talk
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pvclust analysis of lung dataset (k
Distance: correlation
Cluster method: average



The linear model (k=2) fits well

extrapolation k=2,3

poly.3
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cluster id = 62
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Signed distance and mean curvature
of clusters in lung data (H = S¢)

Small

Large

g Size of S

q

Mean curvature
V_1(H|y) — vo(H|y)

= -5

1.5

<
ai

1.0

0.5

0.0

65 &~
o7

p is smaller

q

é‘é’s/ 40
55 42
E 36 2 81 20
14 19 8 15 ’
"""" 61 TN 4"11'61'21"'12
I I I I I I I
0 1 2 3 4 5 6
~ Yo(Hly) =t
Signed distance
Close Far

@ From the boundary =l

Each/S =R is a region for cluster

38



Phylogenetic inference

Shimodaira and Terada (2019)



105 unrooted trees

Mitochondrial protein sequences of six mammalian species (n =3414 amino acids)
Shimodaira and Hasegawa (1999), Shimodaira (2002), Shimodaira and Terada (2019)

2 seal

5 mouse

e

4 rabbit

3 cow

1 human
N

4 rabbit

2 seal

6 opssum 0.1

6 opssum
T1 T7

T1: maximum likelihood tree T7: “True” tree

((human, rabbit), mouse) ((rabbit, mouse), human)
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Trees (top 20)

TABLE 1 | Three types of p-values (BP, AU, SI) and geometric quantities (8g, 81) for the best 20 trees.

Tree BP AU Sl Bo B1 Topology Edges
Tt 0.559 (0.001) 0.752 (0.001) 0.372 (0.001) -0.41 (0.00) 0.27 (0.00) (1(23))4)56) E1, E2, E3
T2 0.304 (0.000) 0.467 (0.001) 0.798 (0.001) 0.30 (0.00) 0.22 (0.00) ((1((23)4))56) E1,E2, E4
T3 0.038 (0.000) 0.126 (0.002) 0.202 (0.003) 1.46 (0.01) 0.32 (0.00) ((14)(23))56) E1, E2,E5
T4 0.014 (0.000) 0.081 (0.002) 0.124 (0.003) 1.79 (0.01) 0.40 (0.01) (1(23))(45)6) E1, E3, E6
T5 0.032 (0.000) 0.127 (0.002) 0.199 (0.003) 1.50 (0.01) 0.36 (0.00) (1((23)(45))6) E1, EG, E7
T6 0.005 (0.000) 0.032 (0.002) 0.050 (0.002) 2.21 (0.02) 0.35 (0.01) (1((23)4)5)6) E1, E4, E7
T7t 0.015 (0.000) 0.100 (0.003) 0.150 (0.003) 1.72 (0.01) 0.44 (0.01) (1(45))(23)6) E1, E6, E8
T8 0.001 (0.000) 0.011 (0.001) 0.016 (0.002) 2.74 (0.03) 0.43 (0.02) (15)((23)4)6) E1, E4, E9
T9 0.000 (0.000) 0.001 (0.000) 0.001 (0.000) 3.67 (0.09) 0.46 (0.04) (1(23))5)46) E1, E3, E10
T10 0.002 (0.000) 0.022 (0.002) 0.033 (0.002) 2.43 (0.02) 0.42 (0.01) (15)4)(23)6) E1, E8, E9
T11 0.000 (0.000) 0.004 (0.001) 0.006 (0.002) 3.14 (0.07) 0.51 (0.09) (14)5)(23)6) E1, E5, E8
T12 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 3.78 (0.09) 0.41 (0.04) ((15)(23))46) E1, E9, E10
T13 0.000 (0.000) 0.000 (0.000) 0.001 (0.001) 3.96 (0.19) 0.54 (0.09) (1((23)5)4)6) E1, E7, E11
T14 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.66 (0.31) 0.65 (0.12) ((14)((23)5)6) E1, E5, E11
T15 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.28 (0.34) 0.43 (0.11) (1((23)5))46) E1, E10, E11
T16 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 3.63 (0.04) 0.23 (0.01) ((13)2)4)56) E2, E3, E12
T17 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.81 (0.04) 0.22 (0.01) ((12)3)4)56) E2, E3, E13
T18 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.33 (0.10) 0.34 (0.09) (13)2)(45)6) ES3, EG, E12
T19 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.36 (0.11) 0.32 (0.04) (12)3)(45)6) E3, E6, E13
T20 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.90 (0.12) 0.44 (0.05) (1(45))2)36) E6, E8, E14
Standard errors are shown in parentheses. Boldface indicates significance (p < 0.05) for the null hypothesis that the tree is true (outside mode). For the rest of trees (T21, ..., T105),

p-values are very small (o < 0.001). T T1 is the ML tree, i.e., the tree selected by the ML method based on the dataset of Shimodaira and Hasegawa (1999). ¥ T7 is presumably the
true tree as suggested by later researches; see section 4.3.
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Edges (i.e., clusters)

TABLE 2 | Three types of p-values (BP, AU, SI) and geometric quantities (8, 81) for all the 25 edges of six taxa.

Edge BP AU sl Bo B4 Clade
E1TH 1.000 (0.000) 1.000 (0.000) 1.000 (0.000) -3.87 (0.03) 0.16 (0.01) S
E2f 0.930 (0.000) 0.956 (0.001) 0.903 (0.001) -1.59 (0.00) 0.12 (0.00) St
Eaf 0.580 (0.001) 0.719 (0.001) 0.338 (0.001) -0.39 (0.00) 0.19 (0.00) T
E4 0.318 (0.000) 0.435 (0.001) 0.775 (0.001) 0.32 (0.00) 0.16 (0.00) b
E5 0.037 (0.000) 0.124 (0.002) 0.198 (0.002) 1.47 (0.01) 0.32 (0.00) T
E6t 0.060 (0.000) 0.074 (0.001) 0.141 (0.002) 1.50 (0.00) 0.05 (0.00) SE—
E7 0.038 (0.000) 0.091 (0.002) 0.154 (0.002) 1.56 (0.01) 0.22 (0.00) RS
Est 0.018 (0.000) 0.068 (0.002) 0.110 (0.008) 1.80 (0.01) 0.31(0.01) SR
E9 0.003 (0.000) 0.014 (0.001) 0.023 (0.002) 2.48 (0.02) 0.27 (0.02) TE—
E10 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 3.72 (0.07) 0.29 (0.03) TS
E11 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.31(0.10) 0.35 (0.03) S
E12 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.68 (0.05) 0.17 (0.02) TR
E13 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.90 (0.04) 0.15 (0.02) T
E14 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.03 (0.09) 0.30 (0.04) e
E15 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.03 (0.13) 0.38 (0.06) TR
E16 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.44 (0.05) 0.12 (0.01) S
E17 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.70 (0.07) 0.19(0.02) SR
E18 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.94 (0.09) 0.26 (0.04) S
E19 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.23 (0.43) 0.57 (0.13) SR
E20 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.66 (0.29) 0.28 (0.09) T
E21 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 6.38 (0.39) 0.24 (0.08) o
E22 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.62 (0.21) 0.17 (0.07) S
E23 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.86 (0.43) 0.70 (0.13) 4ot
E24 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.61(0.17) 0.23 (0.04) SRR
E25 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 6.32 (0.71) 0.52 (0.20) T—

Standard errors are shown in parentheses. Boldface without underline indicates significance (p < 0.05) for the null hypothesis that the edge is true (outside mode). Boldface with 42
underline indicates significance (o > 0.95) for the null hypothesis that the edge is not true (inside mode). T Edges included in T1. ¥ Edges included in T7.



Regions for trees

A Projection of data point X to tree models B Regions for trees with data point X
-6 -4 -2 0 2 4 6

Region for T2
o | ° T2
5 .
I ¢ Region for T3
S 4 .

Region for T1

I T T I I I
-0.2 -0.1 0.0 0.1 0.2 0.3

PC1
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Geometric quantities for regions

Each R is a region for tree or cluster
Estimated 3, and 3, for Mammal Dataset

1.2

B, Mean curvature
0.8 1.0

0.6

0.4

c60=d8

_____ K. is x€lected.

Y g g g g

2 4
Bo Signed distanc

T
6

e

H=RCS=RforyeR
1-p is shown when signed distance < 0
E1l = (seal, cow)

E2 = (human, seal, cow, rabbit)
T1 = ML tree

E3 = (human, seal, cow)

H=R,S=Rfory¢R

p is shown when signed distance >0

All other regions
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Confidence intervals of
regression coefficients

Terada and Shimodaira (arXiv 2019)



Post-selection inference of

variable selection by Lasso
y = Bo+ Brx1+ -+ Bprp + €

6 selected variables (coefficients) out of 8 variables:

{Blcavola Blweighta 6age7 Blbpha stia 6pgg45}

95% Confidence Intervals

(e}

; ”“ Black: non-selective Cl

(e}

= S | “ _____ il L‘” _____ ”” _____ IH Selective Inference CI

i Green: Lee et al. (2016) for model
T Blue: Liu et al. (2018) for variable
? - Red: Terada and Shimodaira (2019)
| (via multiscale bootstrap)

|
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Y2

Complicated selective regions

Lasso

é N N\
M={r2}  {leM, 8; = +}
=Rt}

___________ Mo={1}

- SN
3 = {2}, ERRR
i={+) AL TR

- ;—o/ |

M = {1,2}, M = {2},
§={—,+} g
M = {1},
i={-} M= {1,2},
N =)
| | | | |
-4 -2 0 2 4
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Computing CI

* For hypothesis region H, signed distance t is easily
computed by projection. Curvatureisy = 0.

* For selective region S, sighed distance is estimated
by multiscale bootstrap of “resampling residuals”
with scales.

y* = XB + oé*

* For each hypothesis f; = ¢, p-values are computed
and Cl is defined as the set of non-rejected c values.



Selective rejection probability for
hypotheses 5; = 0

B=(2,...,2,0,...,0)"

“ >, n=50, p=25
%r pt5
Lasso MCP
=R j t I
Py % I 1 Iﬁ S - EEI Hiﬁiﬁﬁ%ﬂ%
a1 )

5 10 15 20 25 5 10 15 20 25
Variable Index Variable Index



Main results

Terada and Shimodaira (arXiv 2017)
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[main result 1] Selective inference via
multiscale bootstrap

(Terada and Shimodaira 2017)

psi(H|S,y) O(y_1(Hly))

(-1 (Hly) + vo(Sly))
upper tail of N(0,1): ®(z) =1 — ®(x)
The normalized bootstrap z-values for 02 > 0 are
Yo2(Sly) = 0@ (ay2(S]y))
Vo2 (Hly) = 0@ (a,2(H|y))

Theorem (large sample theory): If the boundary surfaces of H and S are smooth
and “nearly parallel”, this p-value is second order accurate with error O(n1).

Theorem (nearly flat surfaces): If the boundary surfaces of H and S are “nearly
flat”, approaching flat but allowing non-smooth such as cones and polyhedra
(Shimodaira 2008), this p-value is justified as unbiased with error O(lambda?)



“Selective unbiased test” controls
the conditional rejection probability

We want to compute a p-value of selective inference for
the problem of regions

p-value: p(H|S,y) A
regions: H, S C R™*!

New setting in
model: Y ~ Nm_|_1(,LL, Im_|_1) this work
P(p(H|S.Y) <a|p)

=a, VuecoH
P(Y € 5| p) J

In the literature, we have been working on non-selective inference
for the problem of regions

Pp(HY) <a|w) =a, YuedH



TWO asymptOtiC theories 0S = OH for pvclust
s € R S = {(u,v)|v = —s(u)}

\ pd -u € R™
\\ —h(u)

OH = {(u,v)|lv=—h(u)}

“local alternatives”

h( = ho + h;u; + hwuzuw 7 \/
h() = O(]_), h,,L = O(n_1/2), h@.? — O(n_1/2)’ hz]k: — O(n_1)7 . Quadratic surface

(u,v) are O(y/n) and hg = O(n'/?), h; = O(1), but multiplied by O(n~1/?)

(1) Tf\ilarge sample theory with “"nearly parallel surfaces” : n —
u)

(2) Another asymptotic theory of "nearly flat surfaces” : X\ — 0

SUp,erm [A(w)] = O(N)} [om [R(0)]| du < 00, [pn |[Fh(w)]dw < oo
(ShimOdaira 2008) \/\/ Higher degree terms, even non-smooth surfaces 53




Algorithm 1 Computing approximately unbiased p-values

1: Specify several n’ € N values, and set 02 = n/n’. Set the number of bootstrap replicates

B, say, 1000.

2: For each n’, perform bootstrap resampling to generate Y* for B times and compute
a,2(Hly) = Cg/B and a2 (S|y) = Cs/B by counting the frequencies Cy = #{Y* € H}
and Cs = #{Y* € S}. (We actually work on X, instead of Y*.) Compute 2 (H|y) =
0@ (a2 (Hly)) and P,2 (Sly) = 0@~ (a,2(S]y)).

3: Estimate parameters B8z (y) and B¢ (y) by fitting models

o2 (Hly) = pr(0|Bx) |and

1700'2 (Sly) - 303(0-2’65)7

Model fitting to psi

respectively. The parameter estimates are denoted as S (y) and Ss(y). If we have several

candidate models, apply above to each and choose the best model based on AIC value.
4: Approximately unbiased p-values of selective inference (psy) and non-selective inference

(pau) are computed by one of (A) and (B) below.

(A) Extrapolate 1,2 (H|y) and 2 (S|y) to 0> = —1 and 0, respectively, by

zn = o (—1|Bu(y)

and then compute p-values by

Selective p-value

ang zg = SOS(0|BS(?J))’

Extrapolation

H|S,y) = —
ps1(H|S,y) 3

D(zp)

(ze + 23

and|pAU<H|y> — B(zp).

(B) Specify k € N, 02,02, > 0 (e.g., k = 3 and 02| = 02 = 1). Extrapolate ¢U§@|y)
and v _2(S|y) to 2 = —1 and 0, respectively, by

zmk = pre(—1Bu(y), 02 1) and z5 ), = ¢s,5(0|Bs(y), o),

where the Taylor polynomial approximation of pg at 72 > 0 with k terms is:

@H,k(02|3H(y)a7’2) = Z

k—1 (0_2

—7°) 8 or(0°8u (y))

Jj=0

ji 9(c2)i

o2=12

and that of g is defined similarly. Then compute p-values by

pst,k(H|S,y) = =

@(2m,k)

O(zH, K + 25 k)

and pavuk(Hly) = ®(2m,1)-

n
0'2:—/
n
2 !
c°=1&n =n
c’l=—-1an=-n

0’ =0« |n/| =0

Non-selective p-value

For non-smooth surfaces
(such as cones and
polyhedra)
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The theory of nearly flat surfaces
for smooth surfaces

There are more terms considered in nearly flat surfaces than
the large sample theory (Shimodaira 2008)

Vo2 (H|y) =~ Bo + B10% + Boc* + B30° + Byo® + - -

p(Hy) = (8o — B1 + Bo — s + fat -+ ) =~ &(v_1(H]y))

1 j! 0% h
i)=Y - : . —, j=0.
J il oo i 1A 2] 2 jm

2 .]' _]1++]m:_] ]1' ]n’l‘@l/ll "'aum

‘~ ignores O(\?)

Note: the expansion series will take a different form for the large sample theory of

fourth order-accuracy (Shimodaira 2014)
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We can’t compute psi(-1) for cones

xl smooth surface
’ Bo
= oo (Hly) = (22 + pro)

Vo2 (H|y) = Bo + Bio?

cone

VT a7 et =a(2a)
Vo2 (H|y) = Bo + Bio
= 0o + 51\/§

So, the Taylor series approximationsis used



Models of the psi
(normalized bootstrap z-value)

‘70p01y,1((72 B) = Bo A
Ppoly,2 (02 5) — Bo -+ 5102 > Smooth surface
Ppoly,3(0°|B) = Bo + Bio” + Ba(c?)” )

B10? h
1+ Ba(o—1)

Psing,3(0°]8) = Bo + BiVo?, Py = 1/

(This form comes from the fact that cones are scale invariant)

Spsing,?)(O-2 B) — BO =+

> Nonsmooth surface




Extrapolation using Taylor
polynomial approximation

Model fitting
or(0%) = pu(o®|Buly)) is fitted to 1,2(H|y)

Taylor expansion L

e k(0%T7) =

|
[

(0% = 7%)? & pu(0?)
J! d(a?)!

1

o2=12

-}

| DN
= <.

k=3,05=0

Extrapolation to sigma?=-1or0

ng,k(—l]a%l) replaces @ (—1)
5.k(0log) replaces ©g(0)



[main result 2] Taylor series
extrapolation and iterated bootstrap

Extrapolation using Taylor polynomial approximation; B bootstrap replicates

_ (T)(SOH,k(_HO-%l))
®(pmr(—1lo?1) + 0s,k(0]0F))

psrie(H|S,y) =

Bootstrap iteration; BX bootstrap replicates

®(1o2 (Hly)) 2
H = 0
_ Pi(pepx(H|S,Y™) <pepi(H|S,y) | i(Hly))
pBP,k—l—l(H‘Sa y) - Pl(Y* cS ‘ [L(H‘y))

Theorem (large sample theory): pg is equivalent to pgp, with error O,(nt)

Theorem (nearly flat surfaces): ps x and pgpi are asymptotically unbiased as k
goes infinity. They are unbiased if h and s are polynomials of degree 2k-1 or less.

Here unbiasedness allows error of O(lambda?).



Related works

The selective inference is a direct extension of the previous
result on multiscale bootstrap developed in Shimodaira
(2002, 2004, 2008, 2014) for non-selective inference

No result of selective inference for the problem of regions in
the literature. In selective inference literature, variable
selection in regression has been discussed

Our large sample theory is based on Efron (1985), Efron and
Tibshirani (1998) with geometry of signed distance and
curvature

Multiscale bootstrap adjusts the bias caused by curvature of
the boundary surface. This is easier than the previous
methods. BCa (Efron 1987) needs access to parameter.
ET1998 needs the null distribution.
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Related works (cont.)

e Exponential family is considered instead of normal in
Shimodaira (2004). The “acceleration constant” of BCa is
estimated by another mechanism (two-step bootstrap), but
the effect is not so large compared to the curvature. So we
ignore it in this work (a=0 in normal distribution).

* Multiple comparisons procedures are conservative, and our
approximately unbiased approach improves the power (but
type-l error is controlled only approximately). No unbiased
test exists for cones (Lehmann 1952). Counter-intuitive
examples in Perlman and Wu (1999).

* Large sample theory scales all parameters by sqrt(n) which
works only for smooth surface. Our nearly flat surface
theory (Shimodaira 2008) scales only the normal direction
and fixing the tangent directions; it works also for non-
smooth surfaces.



Examples in R?



Sl adjusts AU by the selection
probability

k=3 and a = 0.1

— 7

pst =~ (3/2)pav

PSI =~ 2pAU

pst &~ 3pau oH

Rejection surfaces (p = const)
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P, is approximately unbiased,
and better than 2p,,

Stk = Slik=3)
Slik= Slik=2) !
______ AU (k=3 : et e AL (i 3)
AU ik =2) AUk=2) °
............ 3P
BI s BP . Stk =3)
s.|vA—;: Slk =2)
Sl (k = 2) —————— AUk =3)
—————— AU (k=3) AU (k=2)
::,I T - BP

Note: For p of one-tailed test, 2p is the p-value for two-tailed test 64



Bias reduces by increasing k, but
the shape behaves bad (convex)

o2=02,=1/4

k=1 k=2 k=3 k=4
1 2.077 0.618 0.432 0.380
172 0.825 0.610 0.561 0.489
1/4 0.515 0.544 0.505 0.239
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Bias reduces by increasing k, but
the shape behaves bad (concave)

k=1 k=2 k=3 k=4
1 2.730 1.239 0.855 0.960
172 1.971 0.909 0.690 1.030
1/4 1.848 0.942 1.370 - 66




The Emperor’s New Tests

Xz

Perlman and Wu (1999)

Ry

R,

R

Ry

Ry

Perlman and Wu (2003)

——
gt 4

H

Fic. 1. The rejection region for the LRT for testing problem (6) is R,. The rejection regions for Berger’s tests I and II are

Ry

Ry

Ry

R,UR,U--UR; and R; UR, U --- U Ry, respectively.

X

H

Fig. 11. The size o adaptive test (64) for (54) = (55) (p=2, «

.

al,a

Note: No unbiased test exists for cones (Lehmann 1952)

\
\
\
| .
! YZ
/
/

=005, ay,=1.64,

ay, =233).
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Final Remarks

* We developed selective inference p-values for the
problem of regions

* Multiscale bootstrap computes the p-values

* The p-values are justified by two asymptotic theories:
the large sample theory, and the nearly flat surfaces

* For non-smooth surfaces, the choice of k and sigma,,
sigma_; would be an issue. We recommend k=2 or 3,
sigmagy =sigma_; =1

* The method seems working ok in pvclust and also in
the simple simulations

* We have just started the research on selective
inference . Any comments are very welcome

Thank you
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