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What is Multiscale Bootstrap?
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• The bootstrap resampling (Efron 1979) uses n’ = n.
• The ``m-out-of-n’’ bootstrap or subsampling (Politis and Romano 1994, Bickel et al. 1997)  

typically uses  n’<<n for reducing computation. Rescaling the result back to n’ = n.
• Multiscale bootstrap (Shimodaira 2002, 2004, 2008) uses n’ = 0.5n, 1.0n, 1.5n, say, and 

rescaling the result to n’ = -n (i.e., negative sample size).



Multiscale bootstrap has been used 
for p-values of trees and clusters
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Today’s talk

• Multiscale bootstrap has been used for computing 
(non-selective) approximately unbiased p-values, 
and applied to phylogenetic inference and 
hierarchical clustering
• It is based on a scaling-law of bootstrap probability 

with geometric view of hypothesis testing
• We are going to extend the theory and method of 

multiscale bootstrap for selective inference (post-
selection inference)
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Model Selection
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Post-selection inference of 
variable selection by Lasso
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6 selected variables (coefficients) out of 8 variables:

y = �0 + �1x1 + · · ·+ �pxp + ✏
<latexit sha1_base64="Xe7+swedyx/iqcp+ZVc+w9gRNQc="></latexit>

{�lcavol,�lweight,�age,�lbph,�svi,�pgg45}
<latexit sha1_base64="5kCPBuQE5PWUmtcePQhQ1Y/6vbg="></latexit>

95% Confidence Intervals

Black: non-selective CI

Selective Inference CI
Green: Lee et al. (2016) for model
Blue: Liu et al. (2018) for variable
Red: Terada and Shimodaira (2019) for 
variable (via multiscale bootstrap)
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Selective sets are polyhedra and 
unions of polyhedra
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Hypothesis set and selective 
region
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Hierarchical Clustering (pvclust)
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AU: Approximately Unbiased.   Shimodaira (2002, 2004, 2008)
SI: Selective Inference.   Terada and Shimodaira (arXiv 2017)

Selected in advance Selected by clustering

(via multiscale bootstrap)
(via multiscale bootstrap)



pvclust is used in biology

• install.packages("pvclust")
• library(pvclust); data(lung)
• result <- pvclust(lung, nboot=1000)
• plot(result)
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coefficient between the first two malaria species, Pre and Pme,
at the 221 sites, with (A, G, C, T) interpreted as (1, 2, 5, 6): û 5
0.616. How accurate is û as an estimate of the true correla-
tion u? The nonparametric bootstrap answers such questions
without making distributional assumptions.

Each bootstrap data set x* gives a bootstrap estimate û*, in
this case the sample correlation between the first two rows of
x*. The central idea of the bootstrap is to use the observed
distribution of the differences û* 2 û to infer the unobservable
distribution of û 2 u; in other words to learn about the accuracy
of û. In our example, the 200 bootstrap replications of û* 2 û
were observed to have expectation 0.622 and standard devi-
ation 0.052. The inference is that û is nearly unbiased for
estimating u, with a standard error of about 0.052. We can also
calculate bootstrap confidence intervals for u. A well-
developed theory supports the validity of these inferences [see
Efron and Tibshirani (1)].

Felsenstein’s application of the bootstrap is nonstandard in
one important way: the statistic TRÊE, unlike the correlation
coefficient, does not change smoothly as a function of the data
set x. Rather, TRÊE is constant within large regions of the
x-space, and then changes discontinuously as certain bound-
aries are crossed. This behavior raises questions about the
bootstrap inferences, questions that are investigated in the
sections that follow.

A Model For The Bootstrap

The rationale underlying the bootstrap confidence values
depends on a simple multinomial probability model. There are
K 5 411 2 4 possible column vectors for x, the number of
vectors of length 11 based on a 4-letter alphabet, not counting
the 4 monotypic ones. Call these vectors X1, X2, . . ., XK, and
suppose that each observed column of x is an independent

selection from X1, X2, . . ., XK, equaling Xk with probability pk.
This is the multinomial model for the generation of x.

Denote
˜
p 5 (p1, p2,. . ., pK), so the sum of

˜
p ’s coordinates

is 1. The data matrix x can be characterized by the proportion
of its n 5 221 columns equalling each possible Xk, say

p̂k 5 #$columns of x equalling Xk%yn,

with
˜
p̂ 5 (p̂1, p̂2, . . ., p̂K). This is a very inefficient way to

represent the data, since 411 2 4 is so much bigger than 221,
but it is useful for understanding the bootstrap. Later we will
see that only the vectors Xk that actually occur in x need be
considered, at most n of them.

Almost always the distance matrix D̂ is a function of the
observed proportions

˜
p̂, so we can write the tree-building

algorithm as

p̂
˜
3 D̂ 3 TRÊE.

In a similar way the vector of true probabilities
˜
p gives a true

distance matrix and a true tree,

p
˜
3 D 3 TREE.

D would be the matrix with ijth element {(kpk(Xki 2 Xk j)2}1
y2

in our example, and TREE the tree obtained by applying the
maximizing connection algorithm to D.

Fig. 3 is a schematic picture of the space of possible
˜
p

vectors, divided into regions 51, 52, . . .. The regions corre-
spond to different possible trees, so if p

˜
[ 5j the jth possible

tree results. We hope that TRÊE 5 TREE, which is to say

FIG. 1. Part of the data matrix of aligned nucleotide sequences for the malaria parasite Plasmodium. Shown are the first 20 columns of the 11
3 221 matrix x of polytypic sites used in most of the analyses below. The final analysis of the last section also uses the data from 1399 monotypic
sites.

FIG. 2. Phylogenetic tree based on the malaria data matrix; species
are numbered as in Fig. 1. The numbers at the branches are confidence
values based on Felsenstein’s bootstrap method. B 5 200 bootstrap
replications.

FIG. 3. Schematic diagram of tree estimation; triangle represents
the space of all possible

˜
p vectors in the multinomial probability

model; regions 51, 52. . . correspond to the different possible trees.
In the case shown

˜
p and

˜
p̂ lie in the same region so TREE 5

TRÊE, but
˜
p̂ * lies in a region where TRÊE* does not have the 9-10

clade.

13430 Correction Efron et al. Proc. Natl. Acad. Sci. USA 93 (1996)

Evolution. The following article, which appeared in number 14, July 1996, of Proc. Natl. Acad. Sci. USA (93,
7085–7090) is reprinted in its entirety with the author’s corrections incorporated.

Bootstrap confidence levels for phylogenetic trees
BRADLEY EFRON, ELIZABETH HALLORAN‡, AND SUSAN HOLMES†§

†Department of Statistics, Stanford University, Stanford, CA 94305; and ‡Department of Biostatistics, Rollins School of Public Health,
Emory University, Atlanta, GA 30322

Contributed by Bradley Efron, January 26, 1996

ABSTRACT Evolutionary trees are often estimated from
DNA or RNA sequence data. How much confidence should we
have in the estimated trees? In 1985, Felsenstein [Felsenstein,
J. (1985) Evolution 39, 783–791] suggested the use of the
bootstrap to answer this question. Felsenstein’s method,
which in concept is a straightforward application of the
bootstrap, is widely used, but has been criticized as biased in
the genetics literature. This paper concerns the use of the
bootstrap in the tree problem. We show that Felsenstein’s
method is not biased, but that it can be corrected to better
agree with standard ideas of confidence levels and hypothesis
testing. These corrections can be made by using the more
elaborate bootstrap method presented here, at the expense of
considerably more computation.

The bootstrap, as described in ref. 1, is a computer-based
technique for assessing the accuracy of almost any statistical
estimate. It is particularly useful in complicated nonparametric
estimation problems, where analytic methods are impractical.
Felsenstein (2) introduced the use of the bootstrap in the
estimation of phylogenetic trees. His technique, which has
been widely used, provides assessments of ‘‘confidence’’ for
each clade of an observed tree, based on the proportion of
bootstrap trees showing that same clade. However Felsen-
stein’s method has been criticized as biased. Hillis and Bull’s
paper (3), for example, says that the bootstrap confidence
values are consistently too conservative (i.e., biased down-
ward) as an assessment of the tree’s accuracy.

Is the bootstrap biased for the assessment of phylogenetic
trees? We will show that the answer is no, at least to a first
order of statistical accuracy. Felsenstein’s method provides a
reasonable first approximation to the actual confidence levels
of the observed clades. More ambitious bootstrap methods can
be fashioned to give still better assessments of confidence. We
will describe one such method and apply it to the estimation of
a phylogenetic tree for the malaria parasite Plasmodium.

Bootstrapping Trees

Fig. 1 shows part of a data set used to construct phylogenetic
trees for malaria. The data are the aligned sequences of small
subunit RNA genes from 11 malaria species of the genus
Plasmodium. The 11 3 221 data matrix we will first consider
is composed of the 221 polytypic sites. Fig. 1 shows the first 20
columns of x. There are another 1399 monotypic sites, where
the 11 species are identical.

Fig. 2 shows a phylogenetic tree constructed from x. The
tree-building algorithm proceeds in two main steps: (i) an 11
3 11 distance matrix D̂ is constructed for the 11 species, mea-
suring differences between the row vectors of x; and (ii) D̂ is
converted into a tree by a connection algorithm that connects

the closest two entries (species 9 and 10 here), reduces D̂ to a
10 3 10 matrix according to some merging rule, connects the
two closest entries of the new D matrix, etc.

We can indicate the tree-building process schematically as

x 3 D̂ 3 TRÊE,

the hats indicating that we are dealing with estimated quan-
tities. A deliberately simple choice of algorithms was made in
constructing Fig. 2: D̂ was the matrix of the Euclidean distances
between the rows of x, with (A, G, C, T) interpreted numer-
ically as (1, 2, 5, 6), while the connection algorithm merged
nodes by maximization. Other, better, tree-building algorithms
are available, as mentioned later in the paper. Some of these,
such as the maximum parsimony method, do not involve a
distance matrix, and some use all of the sites, including the
monotypical ones. The discussion here applies just as well to
all such tree-building algorithms.

Felsenstein’s method proceeds as follows. A bootstrap data
matrix x* is formed by randomly selecting 221 columns from
the original matrix x with replacement. For example the first
column of x* might be the 17th column of x, the second might
be the 209th column of x, the third the 17th column of x, etc.
Then the original tree-building algorithm is applied to x*,
giving a bootstrap tree TRÊE*,

x* 3 D̂* 3 TRÊE*,

This whole process is independently repeated some large
number B times, B 5 200 in Fig. 2, and the proportions of
bootstrap trees agreeing with the original tree are calculated.
‘‘Agreeing’’ here refers to the topology of the tree and not to
the length of its arms.

These proportions are the bootstrap confidence values. For
example the 9-10 clade seen in Fig. 2 appeared in 193 of the
200 bootstrap trees, for an estimated confidence value of 0.965.
Species 7-8-9-10 occurred as a clade in 199 of the 200 bootstrap
trees, giving 0.995 confidence. (Not all of these 199 trees had
the configuration shown in Fig. 2; some instead first having 8
joined to 9-10 and then 7 joined to 8-9-10, as well as other
variations.)2

Felsenstein’s method is, nearly, a standard application of the
nonparametric bootstrap. The basic assumption, further dis-
cussed in the next section, is that the columns of the data matrix
x are independent of each other and drawn from the same
probability distribution. Of course, if this assumption is a bad
one, then Felsenstein’s method goes wrong, but that is not the
point of concern here nor in the references, and we will take
the independence assumption as a given truth.

The bootstrap is more typically applied to statistics û that
estimate a parameter of interest u, both û and u being single
numbers. For example, û could be the sample correlation

The publication costs of this article were defrayed in part by page charge
payment. This article must therefore be hereby marked ‘‘advertisement’’ in
accordance with 18 U.S.C. §1734 solely to indicate this fact.

§Permanent address: Biometrie–Institut National de la Recherche
Agronomique, Montpellier, France.

Correction Proc. Natl. Acad. Sci. USA 93 (1996) 13429
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coefficient between the first two malaria species, Pre and Pme,
at the 221 sites, with (A, G, C, T) interpreted as (1, 2, 5, 6): û 5
0.616. How accurate is û as an estimate of the true correla-
tion u? The nonparametric bootstrap answers such questions
without making distributional assumptions.

Each bootstrap data set x* gives a bootstrap estimate û*, in
this case the sample correlation between the first two rows of
x*. The central idea of the bootstrap is to use the observed
distribution of the differences û* 2 û to infer the unobservable
distribution of û 2 u; in other words to learn about the accuracy
of û. In our example, the 200 bootstrap replications of û* 2 û
were observed to have expectation 0.622 and standard devi-
ation 0.052. The inference is that û is nearly unbiased for
estimating u, with a standard error of about 0.052. We can also
calculate bootstrap confidence intervals for u. A well-
developed theory supports the validity of these inferences [see
Efron and Tibshirani (1)].

Felsenstein’s application of the bootstrap is nonstandard in
one important way: the statistic TRÊE, unlike the correlation
coefficient, does not change smoothly as a function of the data
set x. Rather, TRÊE is constant within large regions of the
x-space, and then changes discontinuously as certain bound-
aries are crossed. This behavior raises questions about the
bootstrap inferences, questions that are investigated in the
sections that follow.

A Model For The Bootstrap

The rationale underlying the bootstrap confidence values
depends on a simple multinomial probability model. There are
K 5 411 2 4 possible column vectors for x, the number of
vectors of length 11 based on a 4-letter alphabet, not counting
the 4 monotypic ones. Call these vectors X1, X2, . . ., XK, and
suppose that each observed column of x is an independent

selection from X1, X2, . . ., XK, equaling Xk with probability pk.
This is the multinomial model for the generation of x.

Denote
˜
p 5 (p1, p2,. . ., pK), so the sum of

˜
p ’s coordinates

is 1. The data matrix x can be characterized by the proportion
of its n 5 221 columns equalling each possible Xk, say

p̂k 5 #$columns of x equalling Xk%yn,

with
˜
p̂ 5 (p̂1, p̂2, . . ., p̂K). This is a very inefficient way to

represent the data, since 411 2 4 is so much bigger than 221,
but it is useful for understanding the bootstrap. Later we will
see that only the vectors Xk that actually occur in x need be
considered, at most n of them.

Almost always the distance matrix D̂ is a function of the
observed proportions

˜
p̂, so we can write the tree-building

algorithm as

p̂
˜
3 D̂ 3 TRÊE.

In a similar way the vector of true probabilities
˜
p gives a true

distance matrix and a true tree,

p
˜
3 D 3 TREE.

D would be the matrix with ijth element {(kpk(Xki 2 Xk j)2}1
y2

in our example, and TREE the tree obtained by applying the
maximizing connection algorithm to D.

Fig. 3 is a schematic picture of the space of possible
˜
p

vectors, divided into regions 51, 52, . . .. The regions corre-
spond to different possible trees, so if p

˜
[ 5j the jth possible

tree results. We hope that TRÊE 5 TREE, which is to say

FIG. 1. Part of the data matrix of aligned nucleotide sequences for the malaria parasite Plasmodium. Shown are the first 20 columns of the 11
3 221 matrix x of polytypic sites used in most of the analyses below. The final analysis of the last section also uses the data from 1399 monotypic
sites.

FIG. 2. Phylogenetic tree based on the malaria data matrix; species
are numbered as in Fig. 1. The numbers at the branches are confidence
values based on Felsenstein’s bootstrap method. B 5 200 bootstrap
replications.

FIG. 3. Schematic diagram of tree estimation; triangle represents
the space of all possible

˜
p vectors in the multinomial probability

model; regions 51, 52. . . correspond to the different possible trees.
In the case shown

˜
p and

˜
p̂ lie in the same region so TREE 5

TRÊE, but
˜
p̂ * lies in a region where TRÊE* does not have the 9-10

clade.

13430 Correction Efron et al. Proc. Natl. Acad. Sci. USA 93 (1996)
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y = �0 (constant)

y = �0 + �1x (linear)

y = �0 + �1x+ �2x
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Table 1
Log-Likelihood Differences and p-Values for the 15 Bifurcating Topologies of the
Mammal Data Set

a L 2 Lâ â

P-VALUES

BP KH MC MS TOPOLOGY

1. . . . . . . .
2. . . . . . . .
3. . . . . . . .
4. . . . . . . .
5. . . . . . . .
6. . . . . . . .
7. . . . . . . .
8. . . . . . . .
9. . . . . . . .
10. . . . . . . .
11. . . . . . . .
12. . . . . . . .
13. . . . . . . .
14. . . . . . . .
15. . . . . . . .

0.0
2.7
7.4
17.6
18.9
20.1
20.6
22.2
25.4
26.3
28.9
31.6
31.7
34.7
36.2

0.583
0.317
0.038
0.012
0.030
0.006
0.011
0.001
0.000
0.002
0.000
0.000
0.000
0.000
0.000

0.640
0.360
0.121
0.040
0.066
0.050
0.048
0.032
0.001
0.018
0.008
0.003
0.003
0.001
0.000

0.941
0.811
0.577
0.169
0.139
0.109
0.107
0.070
0.029
0.032
0.017
0.006
0.006
0.002
0.001

0.944
0.805
0.422
0.203
0.296
0.100
0.248
0.048
0.013
0.124
0.069
0.032
0.035
0.012
0.007

(((H, (P, B)), O), M, D)
((H, ((P, B), O)), M, D)
(((H, O), (P, B)), M, D)
((H, (P, B)), (O, M), D)
(H, ((P, B), (O, M)), D)
(H, (((P, B), O), M), D)
((H, (O, M)), (P, B), D)
((H, M), ((P, B), O), D)
(((H, (P, B)), M), O, D)
(((H, M), O), (P, B), D)
(((H, O), M), (P, B), D)
(((H, M), (P, B)), O, D)
(H, (((P, B), M), O), D)
((H, O), ((P, B), M), D)
((H, ((P, B), M)), O, D)

NOTE.—BP is the bootstrap selection probability of Felsenstein (1985) estimated by the RELL method (Kishino,
Miyata, and Hasegawa 1990), KH is the p-value of the KH test, MC is the p-value of the multiple-comparisons method
with wa · b 5 1, and MS is that with wa · b 5 . See Remark 4 in text. The number of replicates is N 5 104. The labels21ŝa · b

for the taxa are as follows: H 5 Homo sapiens (human), P 5 Phoca vitulina (harbor seal), B 5 Bos taurus (cow), O 5
Oryctolagus cuniculus (rabbit), M 5 Mus musculus (mouse), and D 5 Didelphis virginiana (opossum).

is approximated by the centering in step 3. This l.f.c.
usually does not correspond to a tree topology, but
to a mixture of models specified by topologies by
concatenating the sequences generated under several
topologies. This may be an artifact, but it is a good
representation of the misspecification of the substi-
tution process. The uncertainty of topology selection
is often attributed to this misspecification for long
sequence length.

2. It follows from the nonnegativity of the Kullback-
Leibler relative entropy that the correct topology
maximizes the expected log-likelihood if the substi-
tution process is correctly specified. Therefore, a* is
the correct topology provided that it is included
among the candidates and that the substitution pro-
cess is not terribly wrong.

3. Our method is different from another type of testing
of nonnested models, such as that described in Cox
(1962). The former tests which model is better than
the other, while the object of the latter is to find the
correct model. Since the model is specified by both
the substitution process and the topology, all of the
models (topologies) are often rejected in the latter
approach because of the misspecification of the sub-
stitution process.

4. The procedure is valid, and the coverage probability
(1) holds even if we replace Ta with Ta 5 maxb±a

wa·b(Lb 2 La) in step 1 and S̃a·i with S̃a·i 5 maxb±a

wa·b(R̃b·i 2 R̃a·i) in step 4, where wa·b is a prespecified
weight matrix. Shimodaira (1998) used wa·b 5 21ŝa·b
to standardize Lb 2 La. In the KH test, the weight
matrix is specified after the selection, since wa·b 5 0
except for b 5 .â

5. PC 5 1 2 P* holds only at the l.f.c., and PC . 1 2
P* in general. This can lead to an unnecessarily large
T if many topologies are compared simultaneously.
We should make M as small as possible by elimi-

nating extremely unlikely topologies from the set of
candidates. All possible topologies are not necessar-
ily to be included among the candidates when we are
interested in biological hypotheses represented by
their typical topologies.

6. Our procedure to test Ha is conditioned on the shape
of the joint distribution function of Lb 2 La, b 5 1,
... , M except for the means, and we did not consider
the effect of this approximation here. A detailed anal-
ysis is given in Shimodaira (1997) for the case in
which M 5 2.

As an example of an application of our method,
mitochondrial protein sequences of 3,414 amino acids
for six mammal species were analyzed and the results
are shown in table 1. These data are a subset of the data
used in Waddell et al. (1999). The program AAML in
PAML (Yang 1997) is used to calculate the sitewise log-
likelihoods for each topology, and the RELL method of
Kishino, Miyata, and Hasegawa (1990) is used to resam-
ple L̃a·i. The mtREV model (Adachi and Hasegawa
1996) is used for amino acid substitutions, and site het-
erogeneity is modeled by the discrete gamma distribu-
tion (Yang 1996). The clade (P, B) is significantly sup-
ported in a preliminary analysis, and thus only the 15
bifurcating tree topologies containing this clade are con-
sidered here.

According to table 1, the bootstrap selection prob-
ability (BP) and the KH test suggest that the confidence
limit consists of the best three trees at P* 5 0.1. On the
other hand, the multiple-comparisons (MC) method sug-
gests that the confidence limit consists of the best seven
trees at the same level, and the multiple comparisons of
the standardized statistics (MS) method includes tree 10
also. The MC and MS methods appear to be conserva-
tive, and indeed they are so. The BP and KH lead to

Shimodaira and Hasegawa (1999)

The regions in multiple comparisons are 
polyhedral convex cones (considers the 
least favorable distribution at the vertex) 496 SYSTEMATIC BIOLOGY VOL. 51

Hi , it is desirable for Pi to be ¸ ® so that
tree-i is included in the conédence set. This
probability

1 ¡ ¯i (π), π 2 Hi (5)

is called the coverage probability of the con-
édence set. The coverage probability should
not be smaller than the conédence coefécient
1 ¡ ®. In other words, the probability of false
rejection should satisfy

¯i (π) · ®, π 2 Hi : (6)

The test controls for type-1 error when in-
equality 6 holds.

The test can be very conservative, even if
it controls for the type-1 error, when the re-
jection probability is small for the false hy-
potheses. When π is not included in Hi , that
is, π 62 Hi , it is desirable for ¯i (π) to be as
large as possible. The test of Hi is said to be
unbiased when

¯i (π) ¸ ®, π 62 Hi (7)

and when inequality 6 holds at the same
time. Often ¯i (π) changes continuously as
π moves, and thus the unbiasedness im-
plies “similarity” (Lehmann, 1986) on the
boundary

¯i (π) D ®, π 2 @ Hi , (8)

where @ Hi denotes the boundary of Hi . @ Hi
is the hypersurface of Hi facing the outside
of Hi (Fig. 1). If this is the case, Pi is a ran-
dom variable distributed uniformly on [0, 1]
when π 2 @ Hi . The similarity is checked
rather easily and is used as a substitute for
unbiasedness. Unbiasedness is one of the de-
sired properties, though not a mandatory
one, of P-values.

The SH test and the WSH test satisfy in-
equality 6 as explained in Shimodaira and
Hasegawa (1999). However, the equality pos-
sible in inequality 6, that is, ¯i (π) D ®, oc-
curs only at the least favorable conéguration
where π1 D ¢ ¢ ¢ D πM, the inequality holding
strictly for the other π 2 Hi . The power can
be much smaller than ® for general values of
π 62 Hi , and Eq. 8 does not hold at all. This
effect is multiplied as M increases, which
makes the SH test and the WSH test look

FIGURE 1. Region H1 with boundary @ H1. Y is the
data point, π̂ is the projection, and d is the signed dis-
tance. The asymptotic theory behind the AU test as-
sumes (a) a smooth boundary, which approximates (b)
a nonsmooth boundary. In fact, the boundary is not
smooth for the selection problem, where region H1 forms
a polyhedral convex cone in M-dimensional space. The
curvature is zero everywhere but becomes inénite at the
vertex and the edges where π j D π1 for more than one
j 6D 1.

conservative. The AU test described next
takes this problem into consideration.

Approximately Unbiased Test
The AU test for regions with general

smooth boundaries has been developed
based on the theory of Efron et al. (1996). Con-
sider a simpliéed model of the multivariate
normal distribution with an identity covari-
ance matrix

Y ª NM(π, IM), (9)

or equivalently, Yi , i D 1, : : : , M are indepen-
dently distributed as N(πi , 1), the normal
distribution with mean πi and variance 1.
This model appears to be oversimpliéed,
because the log-likelihoods Yi are corre-
lated with each other in practice. The
transformation-invariant property of the BP,
however, justiées the following argument.
For example, the normal model with an ar-
bitrary covariance matrix is brought back to
Eq. 9 by linear transformation, yet the BP val-
ues are invariant. One has only to assume the
existence of such a smooth, possibly nonlin-
ear, transformation to bring the problem back
to Eq. 9; it is not necessary to know what the
transformation is.

Suppose for the moment that region H1 has
smooth boundary @ H1, as shown in Figure 1a,
where vector Y is indicated as a point. The
“signed distance,” denoted d , is the distance

Shimodaira (2002)

Multiscale bootstrap is applied to 
multiple comparisons to improve 
the power

“Shimodaira-Hasegawa test” in phylogenetics
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y ⇠ Nm+1(µ, Im+1)
<latexit sha1_base64="3v8o7CTDeVlGGGIJGtVeaoq2v84="></latexit>

y
<latexit sha1_base64="ry7vmF1dTq+2l22AKnhuKq9V4R8="></latexit>

µ
<latexit sha1_base64="mlxbqV0nchaH1X5JFAlJrmsoens="></latexit>

S
<latexit sha1_base64="GZE8LsNWqIM0t67fZTHgxFMLy5Y="></latexit>

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY="></latexit>

@H
<latexit sha1_base64="fPlBkR29zSr9Lb01Oarxn0+iBBo="></latexit>

y 2 S
<latexit sha1_base64="jvc+UC1DN7P5K1ZxKi/lou+B8zc="></latexit>

If then

test null hypothesis

against alternative hypothesis

µ 62 H
<latexit sha1_base64="fR18BcJMZQHTTDVOAoW2DGP+oqE="></latexit>

µ 2 H
<latexit sha1_base64="UV6+XlZJaNgb5MvJiFIIkc5TZXg="></latexit>

p(H|S,y) | y 2 S,µ 2 @H ⇠ Uniform(0, 1)
<latexit sha1_base64="4uMJcEOotHxZQwPew79CKh5Sob4="></latexit>

This p-value can be computed by multiscale bootstrap

Selective RegionHypothesis Region

Boundary of Hypothesis Region

Unbiased p-value:
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V ⇠ N(⌘, 1)
<latexit sha1_base64="Uj/PIxFwgLpA/JH8jMdKPLgzGJs="></latexit>

H = {⌘ : ⌘  ⌘0}
<latexit sha1_base64="P4/YKQYuW6O1tbprwCQDKTB05hs="></latexit>

S = {v : �1 < v < +1}
<latexit sha1_base64="GP17jz18FwdO8RKQd487KaskkO8="></latexit>

p(H|S, V ) | ⌘ = ⌘0 ⇠ Uniform(0, 1)
<latexit sha1_base64="sbUmHr6z5oX1YtgC6E87qcVvbFU="></latexit>

v
<latexit sha1_base64="Ct84sJJVO2tVM+MhrrVwwg9MCC8="></latexit>

p(H|S, v) = P(V > v) = 1� �(v � ⌘0)
<latexit sha1_base64="Y/4eyZ4DZXKR9yDXDZO26BinoqM="></latexit>

one-tailed test

⌘0
<latexit sha1_base64="1l68A+D6u0gevwMwhh1VA7vgej0="></latexit>

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY="></latexit>
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V ⇠ N(⌘, 1)
<latexit sha1_base64="Uj/PIxFwgLpA/JH8jMdKPLgzGJs="></latexit>

S = {v : v�  v  v+}
<latexit sha1_base64="qmU/WuIBQqCPBUNLphuxlO0U7os="></latexit>

H = {⌘ : ⌘  ⌘0}
<latexit sha1_base64="P4/YKQYuW6O1tbprwCQDKTB05hs="></latexit>

p(H|S, V ) | V 2 S, ⌘ = ⌘0 ⇠ Uniform(0, 1)
<latexit sha1_base64="UanQ/uD/DAhvlwgsJcsSpZzWIw4="></latexit>

P(V  v) = F v�,v+
⌘ (v) =

�(v � ⌘)� �(v� � ⌘)

�(v+ � ⌘)� �(v� � ⌘)
<latexit sha1_base64="rjPbQbao1Xg1Aou+fqLmCkVVULM="></latexit>

p(H|S, v) = 1� F v�,v+
⌘0

(v)
<latexit sha1_base64="oP0jKdsqehd1LFzUQ2VIRlmPZPM="></latexit>

v
<latexit sha1_base64="Ct84sJJVO2tVM+MhrrVwwg9MCC8="></latexit>

v� = 0, v+ = +1
<latexit sha1_base64="FnziFo1x54oI6RLsutefpt8rvD8="></latexit>

Example: p(H|S, v) = 2⇥ (1� �(v � ⌘0))
<latexit sha1_base64="pTQSYP033AlIywqBgIt1XngF/Dc="></latexit>

two-tailed test

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY="></latexit>

⌘0
<latexit sha1_base64="1l68A+D6u0gevwMwhh1VA7vgej0="></latexit>

v+
<latexit sha1_base64="G70Q11zVFpuJB0Pbopl0Lw1w7Bw="></latexit>

v�<latexit sha1_base64="9Co6W60jlrHh4M/fT3ta4c/ZJWI="></latexit>
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S
<latexit sha1_base64="GZE8LsNWqIM0t67fZTHgxFMLy5Y="></latexit>

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY="></latexit>

@H
<latexit sha1_base64="fPlBkR29zSr9Lb01Oarxn0+iBBo="></latexit>

y ⇠ Nm+1(µ, Im+1)
<latexit sha1_base64="3v8o7CTDeVlGGGIJGtVeaoq2v84="></latexit>

Lee et al. (2016) showed it for a polyhedron 
and a union of polyhedra;
This is used for the lasso confidence intervals.

It works for more general regions of S (say, a 
union of convex regions), but its computation 
cost can be very large.

H = {µ : ⌘  ⌘0}
<latexit sha1_base64="GIrzdHLYYP6oDmb7I6bw0L+aRgI="></latexit>

S = {y : v�(u)  v  v+(u)}
<latexit sha1_base64="HLAwwzTJNwaYEaMl5aWXradCU38="></latexit>
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S
<latexit sha1_base64="GZE8LsNWqIM0t67fZTHgxFMLy5Y="></latexit>

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY=">AAACjnichVHLSsNAFL2Nr1ofjboR3BRLxVWZVNEiiAU3XfZhH9CWksSpDc2LZFqooT/gXlwIioIL8QP8ADf+gIt+gris4MaFN2lAtFhvmMyZM/fcOTNXMlXFZoT0A9zE5NT0THA2NDe/sBjml5aLttG2ZFqQDdWwypJoU1XRaYEpTKVl06KiJqm0JLUO3f1Sh1q2YuhHrGvSmiae6EpDkUWGVKWqiawpi6qT7tX5KIkTLyKjQP BBFPzIGPwjVOEYDJChDRpQ0IEhVkEEG78KCEDARK4GDnIWIsXbp9CDEGrbmEUxQ0S2hf8TXFV8Vse1W9P21DKeouKwUBmBGHkh92RAnskDeSWff9ZyvBquly7O0lBLzXr4bDX/8a9Kw5lB81s11jODBiQ9rwp6Nz3GvYU81HdOLwb5vVzM2SC35A3935A+ecIb6J13+S5Lc5dj/EjoBV8MGyT8bscoKCbiwlY8kd2OppJ+q4KwBuuwif3YhRSkIQMF70XP4QquOZ7b4fa5g2EqF/A1K/AjuPQX21eUSw==</latexit>

y ⇠ Nm+1(µ, Im+1)
<latexit sha1_base64="3v8o7CTDeVlGGGIJGtVeaoq2v84="></latexit>

The polyhedral lemma  is not valid for 
general regions H with curved boundary 
surface, because we do not know eta0.

⌘0(u) ⌘ ⌘0(✓)
<latexit sha1_base64="0hGywfLu1mJ0ibwiDFaejT5XL4k="></latexit>

It is valid only when

H = {(✓, ⌘) : ⌘  ⌘0(✓)}
<latexit sha1_base64="oe1EHHfZGfkbVuToUrswjVoiIHc="></latexit>



Limitation of “polyhedral lemma”

20

Hypothesis region H Selective region S “polyhedral lemma”

Flat boundary Polyhedron Good (used for Lasso)

Flat boundary Union of polyhedra, or 
General regions

Slow

Curved boundary either of above Invalid

We develop a new method based on multiscale bootstrap



Signed distance and pivot statistic
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H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY="></latexit>

y ⇠ Nm+1(µ, Im+1)
<latexit sha1_base64="3v8o7CTDeVlGGGIJGtVeaoq2v84="></latexit>

µ = (0, 0)
<latexit sha1_base64="xNWomn0yLM5q9gz5nuMXxjqCXCc="></latexit>

Efron (1986), Efron & Tibshirani (1998)

µ̂(y)
<latexit sha1_base64="Ny/5LGRBUdiVj61WACQp2ouYrnQ="></latexit>

t(y)
<latexit sha1_base64="KItNseLZjyOKG/68R5mMZZG1ZiM="></latexit>

@H = {(u, v) : v = �u>Du+ · · · }
<latexit sha1_base64="Y7xuoWvlAhouF330/bgZm41O+yo="></latexit>

Op(n
�1)

<latexit sha1_base64="Qk7tqLF8pADXtTTHF7KKvDJ9p9E="></latexit>

Second order accurate:
asymptotic error is

Mean curvature of the boundary surface

t(y) ⇠ N(�, 1)
<latexit sha1_base64="LAceMalV/oBfPB/t2LHVjSfqmQU="></latexit>

t(y)� �̂ ⇠ N(0, 1)
<latexit sha1_base64="DfVOEPCD/gdv9zWWff27YFk6ao4="></latexit>

� = tr(D) = O(n�1/2) at µ
<latexit sha1_base64="Hug0scKmEcTgk6vs6BqU4R4ZtAM=">AAACwnichVHLTttAFD0Y2kL6IMAGiY3ViCosmo5TJBASUiSyYAcJDSBhGo3dIRj8wp5EgPEP8AMsWAFigfoB/YBu2m0rFnwC6pJKbFj02rFUtaj0WvacOfee6zNzDd+2QsnYVY/S2/fo8ZP+gdzTZ89fDOaHhpdDrx2YomF6thesGjwUtuWKhrSkLVb9QHDHsMWKsT2X5Fc6Iggtz30n93yx7vCWa21YJpdENfOzeos7DldnVV 2KXRnJIC7qhhNV4wniForu++i19qYcT+S6eZVLNVaTCt1px818gZVYGup9oGWggCwWvfwn6PgADybacCDgQhK2wRHSswYNDD5x64iICwhZaV4gRo60baoSVMGJ3aZvi3ZrGevSPukZpmqT/mLTG5BSxTi7ZBfshn1hH9k1u/tnryjtkXjZo9XoaoXfHDwcXbr9r8qhVWLzt+pBzxIbmE69WuTdT5nkFGZX39k/ulmaqY9Hr9gp+0H+T9gV+0wncDs/zfOaqB8/4McgL3RjNCDt73HcB8vlkva2VK5NFirT2aj6MYaXKNI8plDBPBbRoP5n+Ipv+K5UlS1lRwm7pUpPphnBH6Ec/AIkL6bm</latexit>

�̂ = tr(D̂) = Op(n
�1/2) at µ̂(y)

<latexit sha1_base64="NTSNpDFYp147JJYsm4fxxWBBO7A=">AAAC2nichVE9SxxRFD2Oxo9NoqtphDRDFsNu4fpmE1ACAUELO7+yKji6vBmf6+B8MfN2yWaYJp1JK1ikMpBC8gNSpLTxD6SwTKmWBtKkyJ2PIFHUO8y8886958557xq+bYWSsdMupbvnQW9f/0Dh4aPHg0PF4ZGV0GsFpqibnu0FawYPhW25oi4taYs1PxDcMWyxauzOJPnVtghCy3PfyI4vNhzedK1ty+SSqEaxru9wqTe543 D1tapL8VZGMojLuuFESSqajeMKZeYbftndjMa1iVpcKWR1KpdqrP6r1J1WJuvElUaxxKosDfUm0HJQQh4LXvEbdGzBg4kWHAi4kIRtcIT0rEMDg0/cBiLiAkJWmheIUSBti6oEVXBid+nbpN16zrq0T3qGqdqkv9j0BqRUMcZ+sCN2yU7YV3bG/tzaK0p7JF46tBqZVviNoQ+jy7/vVTm0Suxcqe70LLGNqdSrRd79lElOYWb69ruDy+VXS2PRc/aZXZD/Q3bKjukEbvuX+WVRLH26w49BXujGaEDa9XHcBCu1qvaiWlt8WZqeykfVj6d4hjLNYxLTmMMC6tT/O37iHBeKrrxX9pSPWanSlWue4L9Q9v8CdeuxVQ==</latexit>

µ 2 @H
<latexit sha1_base64="tRRaO6tCRSA4pPcvDR+qnWxi/Oo="></latexit>

Assume then



mean curvature
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� = m
2r if the surface is sphere of radius r in Rm+1

u 2 Rm
<latexit sha1_base64="uFYshyMyvH0Hb0PddNfINnELBJo="></latexit>

h(u)
<latexit sha1_base64="COgXy+/5UoHhP6rCLqg6XTxZ04c="></latexit>

r
<latexit sha1_base64="Nb4Y5Q2A3b/w/ema5qFqRH0aa94="></latexit> � =

1

2

mX

i=1

@2h(u)

@u2
i

=
m

2r
<latexit sha1_base64="Cd/ZIpOwBCKV7IP3hZcDmIMJZFA="></latexit>



Selective inference for curved 𝜕𝐻
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H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY=">AAACjnichVHLSsNAFL2Nr1ofjboR3BRLxVWZVNEiiAU3XfZhH9CWksSpDc2LZFqooT/gXlwIioIL8QP8ADf+gIt+gris4MaFN2lAtFhvmMyZM/fcOTNXMlXFZoT0A9zE5NT0THA2NDe/sBjml5aLttG2ZFqQDdWwypJoU1XRaYEpTKVl06KiJqm0JLUO3f1Sh1q2YuhHrGvSmiae6EpDkUWGVKWqiawpi6qT7tX5KIkTLyKjQP BBFPzIGPwjVOEYDJChDRpQ0IEhVkEEG78KCEDARK4GDnIWIsXbp9CDEGrbmEUxQ0S2hf8TXFV8Vse1W9P21DKeouKwUBmBGHkh92RAnskDeSWff9ZyvBquly7O0lBLzXr4bDX/8a9Kw5lB81s11jODBiQ9rwp6Nz3GvYU81HdOLwb5vVzM2SC35A3935A+ecIb6J13+S5Lc5dj/EjoBV8MGyT8bscoKCbiwlY8kd2OppJ+q4KwBuuwif3YhRSkIQMF70XP4QquOZ7b4fa5g2EqF/A1K/AjuPQX21eUSw==</latexit>

µ̂(y)
<latexit sha1_base64="Ny/5LGRBUdiVj61WACQp2ouYrnQ="></latexit>

t(y)
<latexit sha1_base64="KItNseLZjyOKG/68R5mMZZG1ZiM="></latexit>

S
<latexit sha1_base64="GZE8LsNWqIM0t67fZTHgxFMLy5Y="></latexit>

@S
<latexit sha1_base64="wz1b1F0pOb3SQTprVYQTS+8gyb4="></latexit>

ŝ = s(µ̂(y))
<latexit sha1_base64="0yBAhLcttqDvUoInk4xUMa5yggs="></latexit>

H = {y : t(y)  0}
<latexit sha1_base64="UOiBY55C5B7kGmTWTj2YYjsztBQ="></latexit>

S = {y : t(y) > ŝ}
<latexit sha1_base64="XeyCyRdPQeptc19WK0XrvKSa+wM="></latexit>

p(H|S,y) | y 2 S,µ 2 @H ⇠ Uniform(0, 1)
<latexit sha1_base64="4uMJcEOotHxZQwPew79CKh5Sob4="></latexit>

@H
<latexit sha1_base64="fPlBkR29zSr9Lb01Oarxn0+iBBo="></latexit>

��̂
<latexit sha1_base64="Lp4B0VuixO2wI5dJgexIGryfmNs="></latexit>

ŝ� �̂
<latexit sha1_base64="e1fPVNqsYdwWlPrM+SjWjQON3nw="></latexit>

y
<latexit sha1_base64="ry7vmF1dTq+2l22AKnhuKq9V4R8="></latexit>

t� �̂
<latexit sha1_base64="lcGpEJQgPJNwqUwpYcEHz6Pb+To="></latexit>

p(H|S,y) =
P(Z > t� �̂)

P(Z > ŝ� �̂)
=

�̄(t� �̂)

�̄(ŝ� �̂)
<latexit sha1_base64="yeU7arWJN+/6DeGKoYOYeBWbI68="></latexit>

Z = t(y)� �̂ ⇠ N(0, 1)
<latexit sha1_base64="GRBGdlznYUxBwDaNQ5xZefEhJzU="></latexit>

Z
<latexit sha1_base64="AtPaU58HjIrUaVLUhcOa2taogi8="></latexit>

Terada and Shimodaira (arXiv 2017)



Approximately unbiased p-values
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p(H|S,y) =
�̄(t� �̂)

�̄(ŝ� �̂)
<latexit sha1_base64="b2CFzQnarNENYEHZM1WPoAG6FEI="></latexit>

p(H|y) = �̄(t� �̂)
<latexit sha1_base64="W8CWYDhknjQ8C9PJzbhW4lX5Zoc="></latexit>

Selective inference:   Terada and Shimodaira (arXiv 2017)

Non-selective inference:   Shimodaira (2002, 2004, 2008)

S = Rm+1
<latexit sha1_base64="BCaa3zhTG+JqUvZJsjOGU66o/Eo="></latexit>

y 2 S
<latexit sha1_base64="YZhjuQny0HzMZ4tZoTd/KozlWGQ="></latexit>

Geometric quantities:
𝑡 is  signed distance from 𝑦 to 𝐻
𝑠̂ is  signed distance from 𝜕𝑆 to 𝐻
(𝛾 is mean curvature of 𝜕𝐻

@S
<latexit sha1_base64="wz1b1F0pOb3SQTprVYQTS+8gyb4="></latexit>@H

<latexit sha1_base64="fPlBkR29zSr9Lb01Oarxn0+iBBo="></latexit> y
<latexit sha1_base64="ry7vmF1dTq+2l22AKnhuKq9V4R8="></latexit>

ŝ
<latexit sha1_base64="u5UYTjZqXhRRvWgLRF9Ib8LxIXE="></latexit>

t
<latexit sha1_base64="AY/nY8NroK6E89/0/ml7QcEpw8g="></latexit>



Multiscale bootstrap
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Multiscale Bootstrap Probability
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y|µ ⇠ Nm+1(µ, Im+1)
<latexit sha1_base64="XvI6gfPEzknUyOeQ7XKJLuco0H8="></latexit>

y⇤|y ⇠ Nm+1(y,�
2Im+1), �2 > 0

<latexit sha1_base64="56bDODrgsvK2qIgV7LwUUvSsKUA="></latexit>

y
<latexit sha1_base64="ry7vmF1dTq+2l22AKnhuKq9V4R8="></latexit>

y⇤
<latexit sha1_base64="Z7+xmjzFCkWS/gAn10IJsOr6MEk="></latexit> µ

<latexit sha1_base64="L8tSz/BSqWVTFlq+jvxjf9RtDZw="></latexit>

�
<latexit sha1_base64="byPNaDREm2RNoeBOwei4Y/D4RdU="></latexit>

1
<latexit sha1_base64="y6BqlnB53drDXBoBrvRpoao3dUc="></latexit>

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY="></latexit>

↵�2(H|y) = P�2(y⇤
2 H|y) =

#{y⇤1, . . . ,y⇤B
2 H}

B
<latexit sha1_base64="kK+W5Lihtzt4aZYhNiiJCNb4ty4="></latexit>

↵�2
1
(H|y),↵�2

2
(H|y),↵�2

3
(H|y), . . .

<latexit sha1_base64="4+my/42hkqI7gvfMocLxVUO9EDg="></latexit>



Bootstrap resampling

27

Xn = (x1, . . . , xn)
<latexit sha1_base64="3yMnBFzlXzAx68DCT0d9lsi9wic="></latexit>

y
<latexit sha1_base64="tqsoOhkfEM1BW1oQxEL6EbuWQWw="></latexit>

y⇤
<latexit sha1_base64="Z7+xmjzFCkWS/gAn10IJsOr6MEk="></latexit>

X ⇤
n0 = (x⇤

1, . . . , x
⇤
n0)

<latexit sha1_base64="8jh6VYHG9bkfKKMlizejsUWLoCQ="></latexit>

X1 = (x1, . . .)
<latexit sha1_base64="sBcKNL++MCfEs0CWgqE7MZ+4tDo="></latexit>

µ
<latexit sha1_base64="L8tSz/BSqWVTFlq+jvxjf9RtDZw="></latexit>

fn(Xn) =
p
nAx̄

<latexit sha1_base64="iDRLasRHB77UQY+m51TuTDvCzxI="></latexit>

fn(X ⇤
n0) =

p
nAx̄⇤

<latexit sha1_base64="RTAVfeuS+KA4q33RJkSf35Jp5PA="></latexit>

fn(X1) =
p
nAE(x)

<latexit sha1_base64="NcBp3S5UlGxIAv+6jE0XTvcS/vU="></latexit>

(example)

�2 =
n

n0
<latexit sha1_base64="vAM7P6Z0B527rsuBJLn/dp2o9ho="></latexit>



Bootstrap probability (𝜎+ = 1)
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µ̂(y)
<latexit sha1_base64="Ny/5LGRBUdiVj61WACQp2ouYrnQ="></latexit>

t(y)
<latexit sha1_base64="KItNseLZjyOKG/68R5mMZZG1ZiM="></latexit>

H = {y : t(y)  0}
<latexit sha1_base64="UOiBY55C5B7kGmTWTj2YYjsztBQ="></latexit>

y
<latexit sha1_base64="ry7vmF1dTq+2l22AKnhuKq9V4R8="></latexit>

y⇤
<latexit sha1_base64="Z7+xmjzFCkWS/gAn10IJsOr6MEk="></latexit>

t(y⇤)
<latexit sha1_base64="nmnuAiu3/9/pBXpv0XzEYoKKRks="></latexit> t(y⇤)

<latexit sha1_base64="nmnuAiu3/9/pBXpv0XzEYoKKRks="></latexit>

t(y) + �̂
<latexit sha1_base64="gp32oAoagTVQHq3Z3q0BXTzTjdg="></latexit>

t(y⇤)  0
<latexit sha1_base64="d+j8fDDLZf0wS7t4YKeKDEPQI6o="></latexit>

0
<latexit sha1_base64="G6RfvPZLkksrTFiDfIi1Lgp0wCk="></latexit>

y⇤|y ⇠ Nm+1(y, Im+1)
<latexit sha1_base64="xLIFxvLyCS0navKSpT8Yd2V+6Eo="></latexit>

Efron (1986), Efron & Tibshirani (1998)

Op(n
�1)

<latexit sha1_base64="Qk7tqLF8pADXtTTHF7KKvDJ9p9E="></latexit>

Second order accurate:
asymptotic error is

t(y⇤)|y ⇠ N(t(y) + �̂, 1)
<latexit sha1_base64="0pm1aV6g+Cq/c6OBIvo+YDUb6iA="></latexit>

↵1(H|y) = P1(t(y
⇤)  0|y)

= �̄(t(y) + �̂)
<latexit sha1_base64="q9MayGYoUfjEXUZRFUr3tt7n1iw="></latexit>

�̄(1.64) = 1� �(1.64) = 0.05
<latexit sha1_base64="gWo89juwD397enJ9lTnSWqhSbhk="></latexit>

�̄�1(0.05) = 1.64
<latexit sha1_base64="HjdvolfgSdFBSWEovV31jCKLCi4="></latexit>



Bootstrap probability (𝜎+ > 0)

29

t(y)
<latexit sha1_base64="KItNseLZjyOKG/68R5mMZZG1ZiM="></latexit>

y
<latexit sha1_base64="ry7vmF1dTq+2l22AKnhuKq9V4R8="></latexit>

�
<latexit sha1_base64="byPNaDREm2RNoeBOwei4Y/D4RdU="></latexit>

y⇤|y ⇠ Nm+1(y,�
2Im+1)

<latexit sha1_base64="Ow9bJ8VgCHvyzT74uI/87BY6DDM="></latexit>

� = 1
<latexit sha1_base64="ROzd3CiuRQJxrmxGN5GMvzPHMnU="></latexit>

Shimodaira (2002, 2004, 2008)

t(y)

�
<latexit sha1_base64="TBk4o0OcOa85ALC/qGuPATz30DA="></latexit>

y

�
<latexit sha1_base64="W5bdVQJlF8RSQyy5LDOt9WGNQjM="></latexit>

y⇤|y ⇠ Nm+1(
y

�
, Im+1)

<latexit sha1_base64="IEykcptVupXbERO7zIxBe0oE2sc="></latexit>

↵�2(H|y) = ↵1(
H

�
|
y

�
) = �̄(

t(y)

�
+ �̂�)

<latexit sha1_base64="RzUwBV2TUJSa5EwcdWwRYFNOt3o="></latexit>

H
<latexit sha1_base64="M7eixNhhDCreMw1fTNov7a82ijY=">AAACjnichVHLSsNAFL2Nr1ofjboR3BRLxVWZVNEiiAU3XfZhH9CWksSpDc2LZFqooT/gXlwIioIL8QP8ADf+gIt+gris4MaFN2lAtFhvmMyZM/fcOTNXMlXFZoT0A9zE5NT0THA2NDe/sBjml5aLttG2ZFqQDdWwypJoU1XRaYEpTKVl06KiJqm0JLUO3f1Sh1q2YuhHrGvSmiae6EpDkUWGVKWqiawpi6qT7tX5KIkTLyKjQP BBFPzIGPwjVOEYDJChDRpQ0IEhVkEEG78KCEDARK4GDnIWIsXbp9CDEGrbmEUxQ0S2hf8TXFV8Vse1W9P21DKeouKwUBmBGHkh92RAnskDeSWff9ZyvBquly7O0lBLzXr4bDX/8a9Kw5lB81s11jODBiQ9rwp6Nz3GvYU81HdOLwb5vVzM2SC35A3935A+ecIb6J13+S5Lc5dj/EjoBV8MGyT8bscoKCbiwlY8kd2OppJ+q4KwBuuwif3YhRSkIQMF70XP4QquOZ7b4fa5g2EqF/A1K/AjuPQX21eUSw==</latexit>

H

�
<latexit sha1_base64="VrSCOUrfrk5ZPSpIYS8agwmj0qA="></latexit>

⌘<latexit sha1_base64="AJ5+dj2DoA9ZGwBsIBmIOHnXgJw="></latexit>



Computing approximately unbiased 
p-values via multiscale bootstrap

30

 �2(H|y) = ��̄�1(↵�2(H|y)) = t(y) + �̂�2
<latexit sha1_base64="6kNHR5DtdjwLnNCqz89TDGBaeKY="></latexit>

p(H|y) = �̄(t� �̂) = �̄( �1(H|y))
<latexit sha1_base64="N26fFtRmsU76aXNkHbJj6w272mo="></latexit>

 0(S|y) = ŝ� t
<latexit sha1_base64="4u9rcVRLeiiZKJGRVC/GW5UPCrw="></latexit>

Shimodaira (2002, 2004, 2008):  non-selective inference 

Terada and Shimodaira (arXiv 2017): selective inference

p(H|S,y) =
�̄(t� �̂)

�̄(ŝ� �̂)
=

�̄( �1(H|y))

�̄( �1(H|y) +  0(S|y))
<latexit sha1_base64="6iIG+kZXDCUazk3oKVL3gbQXTZs="></latexit>

pSI
<latexit sha1_base64="QrMvtLHNvS47a8OnP/6cnejaNq0=">AAACjnichVHLSsNAFL2Nr1ofjboR3BRLxVWZVtEiiAU3ddeHfUBbShKnNTQvkmmxhv6Ae3EhKAouxA/wA9z4Ay76CeKyghsX3qQB0WK9YTJnztxz58xc0VBkixHS83Fj4xOTU/7pwMzs3HyQX1gsWHrLlGhe0hXdLImCRRVZo3kmM4WWDJMKqqjQotjcd/aLbWpasq4dso5Bq6rQ0OS6LAkMqbJRqzB6wuzcQbfGh0mUuBEaBj EPhMGLtM4/QgWOQAcJWqACBQ0YYgUEsPArQwwIGMhVwUbORCS7+xS6EEBtC7MoZgjINvHfwFXZYzVcOzUtVy3hKQoOE5UhiJAXck/65Jk8kFfy+Wct263heOngLA601KgFz5ZzH/+qVJwZHH+rRnpmUIeE61VG74bLOLeQBvr26UU/t5ON2Gvklryh/xvSI094A639Lt1laPZyhB8RveCLYYNiv9sxDArxaGwjGs9shpMJr1V+WIFVWMd+bEMSUpCGvPui53AF1xzPbXG73N4glfN5miX4EVzqC/m6lFk=</latexit>

pAU
<latexit sha1_base64="kM0jInep3eNtwCjDCw8ldK936MM=">AAACjnichVHLSsNAFL2Nr1ofjboR3BRLxVWZVtEiiBU3XfZhH9CWksRpHZomIZkWa+gPuBcXgqLgQvwAP8CNP+CinyAuK7hx4W0aEC3WGyZz5sw9d87MlQ2VWZyQrkcYG5+YnPJO+2Zm5+b94sJiztKbpkKziq7qZkGWLKoyjWY54yotGCaVGrJK83L9oL+fb1HTYrp2yNsGLTekmsaqTJE4UkWjUuL0hNv72U5FDJIwcSIwDC IuCIIbSV18hBIcgQ4KNKEBFDTgiFWQwMKvCBEgYCBXBhs5ExFz9il0wIfaJmZRzJCQreO/hquiy2q47te0HLWCp6g4TFQGIEReyD3pkWfyQF7J55+1bKdG30sbZ3mgpUbFf7ac+fhX1cCZw/G3aqRnDlWIOV4Zejccpn8LZaBvnV70MjvpkL1Gbskb+r8hXfKEN9Ba78pdiqYvR/iR0Qu+GDYo8rsdwyAXDUc2wtHUZjAec1vlhRVYhXXsxzbEIQFJyDoveg5XcC2IwpawK+wNUgWPq1mCHyEkvgDs4pRT</latexit>
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Pvclust example
Terada and Shimodaira (arXiv 2017)
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id=57

SI: Selective Inference:  New in this talk
AU:  non-selective inference (Approximately Unbiased)
BP:  Bootstrap Probability



Applying the method to lung data

33

n0 = 8244, 5716, 3963, 2748, 1905, 1321, 916, 635, 440, 305, 211, 146, 101

n = 916

B = 10000

�2 = n/n0 ranges from 1/9 to 9 in log-scale

data point: y true point: µ

The i-th cluster is NOT true:

Hi = S
c
i

Region of i-th cluster: Si



Cluster id = 57
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CHc = 9962, 9878, 9657, 9271, 8551, 7773, 6807, 5676, 4622, 3695, 2650, 1955, 1381

↵�2(H|y) = CH

B
= 1� CHc

B
, �

2 =
n

n0

 �2(H|y) = ��̄�1(↵�2(H|y))

Plotting the bootstrap probabilities

'H(�2|�) = �0 + �1�
2

Fitting models to psi

�̂0 = 0.998, �̂1 = �0.545

zH = 'H(�1|�̂) = 0.998� (�0.554) = 1.543
Extrapolation to �2  0

zS = 'Hc(0|�̂) = �'H(0|�̂) = �0.998

(signed distance and mean curvature)

zH + zS = 0.554



Cluster id = 57 (cont.)

35

�̄(zH + zS) = �̄(0.554) = 0.293

SI: approximately unbiased p-value for selective inference (Terada and Shimodaira 2017)

pSI =
�̄(zH)

�̄(zH + zS)
=

�̄(1.543)

�̄(0.554)
= 0.210 1� pSI = 0.790

pAU = �̄(zH) = �̄(1.543) = 0.061 1� pAU = 0.939

The numerator is AU: approximately unbiased p-value for non-selective inference 
(Shimodaira 2002-)

The denominator is the selection probability under the null

pBP = �̄('H(1|�̂)) = �̄(0.998 + (�0.554)) = �̄(0.453) = 0.325
1� pBP = 0.675

BP: bootstrap probability is expressed as
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AU:  non-selective inference (Approximately Unbiased)
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pvclust analysis of lung dataset  (k=3)
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id=57

1-p is shown for
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Phylogenetic inference
Shimodaira and Terada (2019)
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105 unrooted trees
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1 human

2 seal
3 cow

4 rabbit

5 mouse6 opssum

1 human

2 seal

3 cow

4 rabbit 5 mouse

6 opssum
0.1

E1 E3

E2 E6

T7T1

E8
E1

T1: maximum likelihood tree T7: “True” tree

((human, rabbit), mouse) ((rabbit, mouse), human)

Mitochondrial protein sequences of six mammalian species  (n = 3414 amino acids) 
Shimodaira and Hasegawa (1999), Shimodaira (2002), Shimodaira and Terada (2019)



Trees (top 20)

41

Shimodaira and Terada Selective Inference for Phylogenetics

TABLE 1 | Three types of p-values (BP, AU, SI) and geometric quantities (β0,β1) for the best 20 trees.

Tree BP AU SI β0 β1 Topology Edges

T1† 0.559 (0.001) 0.752 (0.001) 0.372 (0.001) -0.41 (0.00) 0.27 (0.00) (((1(23))4)56) E1, E2, E3

T2 0.304 (0.000) 0.467 (0.001) 0.798 (0.001) 0.30 (0.00) 0.22 (0.00) ((1((23)4))56) E1 ,E2, E4

T3 0.038 (0.000) 0.126 (0.002) 0.202 (0.003) 1.46 (0.01) 0.32 (0.00) (((14)(23))56) E1, E2, E5

T4 0.014 (0.000) 0.081 (0.002) 0.124 (0.003) 1.79 (0.01) 0.40 (0.01) ((1(23))(45)6) E1, E3, E6

T5 0.032 (0.000) 0.127 (0.002) 0.199 (0.003) 1.50 (0.01) 0.36 (0.00) (1((23)(45))6) E1, E6, E7

T6 0.005 (0.000) 0.032 (0.002) 0.050 (0.002) 2.21 (0.02) 0.35 (0.01) (1(((23)4)5)6) E1, E4, E7

T7‡ 0.015 (0.000) 0.100 (0.003) 0.150 (0.003) 1.72 (0.01) 0.44 (0.01) ((1(45))(23)6) E1, E6, E8

T8 0.001 (0.000) 0.011 (0.001) 0.016 (0.002) 2.74 (0.03) 0.43 (0.02) ((15)((23)4)6) E1, E4, E9

T9 0.000 (0.000) 0.001 (0.000) 0.001 (0.000) 3.67 (0.09) 0.46 (0.04) (((1(23))5)46) E1, E3, E10

T10 0.002 (0.000) 0.022 (0.002) 0.033 (0.002) 2.43 (0.02) 0.42 (0.01) (((15)4)(23)6) E1, E8, E9

T11 0.000 (0.000) 0.004 (0.001) 0.006 (0.002) 3.14 (0.07) 0.51 (0.03) (((14)5)(23)6) E1, E5, E8

T12 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 3.78 (0.09) 0.41 (0.04) (((15)(23))46) E1, E9, E10

T13 0.000 (0.000) 0.000 (0.000) 0.001 (0.001) 3.96 (0.19) 0.54 (0.09) (1(((23)5)4)6) E1, E7, E11

T14 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.66 (0.31) 0.65 (0.12) ((14)((23)5)6) E1, E5, E11

T15 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.28 (0.34) 0.43 (0.11) ((1((23)5))46) E1, E10, E11

T16 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 3.63 (0.04) 0.23 (0.01) ((((13)2)4)56) E2, E3, E12

T17 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.81 (0.04) 0.22 (0.01) ((((12)3)4)56) E2, E3, E13

T18 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.33 (0.10) 0.34 (0.03) (((13)2)(45)6) E3, E6, E12

T19 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.36 (0.11) 0.32 (0.04) (((12)3)(45)6) E3, E6, E13

T20 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.90 (0.12) 0.44 (0.05) (((1(45))2)36) E6, E8, E14

Standard errors are shown in parentheses. Boldface indicates significance (p < 0.05) for the null hypothesis that the tree is true (outside mode). For the rest of trees (T21, . . . , T105),

p-values are very small (p < 0.001). † T1 is the ML tree, i.e., the tree selected by the ML method based on the dataset of Shimodaira and Hasegawa (1999). ‡ T7 is presumably the

true tree as suggested by later researches; see section 4.3.

resampling (Efron, 1979) described in section 6.1. The theory
and the algorithm of BP and AU will be reviewed in section 3.
Since we are testing many trees and edges at the same time,
there is potentially a danger of selection bias. The issue of
selection bias has been discussed in Shimodaira and Hasegawa
(1999) for introducing the method of multiple comparisons of
log-likelihoods (also known as Shimodaira-Hasegawa test) and
in Shimodaira (2002) for introducing AU test. However, these
conventional methods are only taking care of the multiplicity of
comparing many log-likelihood values for computing just one
p-value instead of many p-values at the same time. Therefore,
we intend to further adjust the AU p-value by introducing
the selective inference p-value, denoted as SI. The theory and
the algorithm of SI will be explained in section 4 based on
the geometric theory given in section 3. After presenting the
methods, we will revisit the phyloegnetic inference in section 4.3.

For developing the geometric theory in sections 3 and 4,
we formulate tree selection as a mathematical formulation
known as the problem of regions (Efron et al., 1996; Efron
and Tibshirani, 1998). For better understanding the geometric
nature of the theory, the problem of regions is explained below
for phylogenetic inference, although the algorithm is simple
enough to be implemented without understanding the theory.
Considering the space of probability distributions (Amari and
Nagaoka, 2007), the parametric models for trees are represented
as manifolds in the space. The dataset (or the empirical
distribution) can also be represented as a “data point” X in
the space, and the ML estimates for trees are represented
as projections to the manifolds. This is illustrated in the

visualization of probability distributions of Figure 3A using log-
likelihood vectors of models (Shimodaira, 2001), where models
are simply indicated as red lines from the origin; see section 6.2
for details. This visualization may be called as model map. The
point X is actually reconstructed as the minimum full model
containing all the trees as submodels, and the Kullback-Leibler
divergence between probability distributions is represented
as the squared distance between points; see Equation (27).
Computation of X is analogous to the Bayesian model averaging,
but based on the ML method. For each tree, we can think of a
region in the space so that this tree becomes the ML tree when
X is included in the region. The regions for T1, T2, and T3 are
illustrated in Figure 3B, and the region for E2 is the union of
these three regions.

In Figure 3A, X is very far from any of the tree models,
suggesting that all the models are wrong; the likelihood ratio
statistic for testing T1 against the full model is 113.4, which is
highly significant as χ2

8 (Shimodaira, 2001, section 5). Instead
of testing whether tree models are correct or not, we test
whether models are significantly better than the others. As
seen in Figure 3B, X is in the region for T1, meaning that
the model for T1 is better than those for the other trees. For
convenience, observing X in the region for T1, we state that T1
is supported by the data. Similarly, X is in the region for E2
that consists of the three regions for T1, T2, T3, thus indicating
that E2 is supported by the data. Although T1 and E2 are
supported by the data, there is still uncertainty as to whether
the true evolutionary history of lineages is depicted because
the location of X fluctuates randomly. Therefore, statistical
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Edges (i.e., clusters)
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TABLE 2 | Three types of p-values (BP, AU, SI) and geometric quantities (β0,β1) for all the 25 edges of six taxa.

Edge BP AU SI β0 β1 Clade

E1†‡ 1.000 (0.000) 1.000 (0.000) 1.000 (0.000) -3.87 (0.03) 0.16 (0.01) -++---

E2† 0.930 (0.000) 0.956 (0.001) 0.903 (0.001) -1.59 (0.00) 0.12 (0.00) ++++--

E3† 0.580 (0.001) 0.719 (0.001) 0.338 (0.001) -0.39 (0.00) 0.19 (0.00) +++---

E4 0.318 (0.000) 0.435 (0.001) 0.775 (0.001) 0.32 (0.00) 0.16 (0.00) -+++--

E5 0.037 (0.000) 0.124 (0.002) 0.198 (0.002) 1.47 (0.01) 0.32 (0.00) +--+--

E6‡ 0.060 (0.000) 0.074 (0.001) 0.141 (0.002) 1.50 (0.00) 0.05 (0.00) ---++-

E7 0.038 (0.000) 0.091 (0.002) 0.154 (0.002) 1.56 (0.01) 0.22 (0.00) -++++-

E8‡ 0.018 (0.000) 0.068 (0.002) 0.110 (0.003) 1.80 (0.01) 0.31 (0.01) +--++-

E9 0.003 (0.000) 0.014 (0.001) 0.023 (0.002) 2.48 (0.02) 0.27 (0.02) +---+-

E10 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 3.72 (0.07) 0.29 (0.03) +++-+-

E11 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.31 (0.10) 0.35 (0.03) -++-+-

E12 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.68 (0.05) 0.17 (0.02) +-+---

E13 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.90 (0.04) 0.15 (0.02) ++----

E14 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.03 (0.09) 0.30 (0.04) ++-++-

E15 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.03 (0.13) 0.38 (0.06) +-+++-

E16 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.44 (0.05) 0.12 (0.01) -+-+--

E17 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.70 (0.07) 0.19 (0.02) ++-+--

E18 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.94 (0.09) 0.26 (0.04) -+-++-

E19 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.23 (0.43) 0.57 (0.13) --++--

E20 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.66 (0.29) 0.28 (0.09) +-++--

E21 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 6.38 (0.33) 0.24 (0.08) --+++-

E22 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.62 (0.21) 0.17 (0.07) --+-+-

E23 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 4.86 (0.43) 0.70 (0.13) -+--+-

E24 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 5.61 (0.17) 0.23 (0.04) +-+-+-

E25 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 6.32 (0.71) 0.52 (0.20) ++--+-

Standard errors are shown in parentheses. Boldface without underline indicates significance (p < 0.05) for the null hypothesis that the edge is true (outside mode). Boldface with

underline indicates significance (p > 0.95) for the null hypothesis that the edge is not true (inside mode). † Edges included in T1. ‡ Edges included in T7.

confidence of the outcome needs to be assessed. A mathematical
procedure for statistically evaluating the outcome is provided in
the following sections.

3. NON-SELECTIVE INFERENCE FOR THE
PROBLEM OF REGIONS

3.1. The Problem of Regions
For developing the theory, we consider (m + 1)-dimensional
multivariate normal random vector Y , m ≥ 0, with unknown
mean vector µ ∈ Rm+1 and the identity variance matrix Im+1:

Y ∼ Nm+1(µ, Im+1). (4)

A region of interest such as tree and edge is denoted as R ⊂
Rm+1, and its complement set is denoted as RC = Rm+1 \ R.
There are Kall regions Ri, i = 1, . . . ,Kall, and we simply write
R for one of them by dropping the index i. Observing Y = y,
the null hypothesis H0 : µ ∈ R is tested against the alternative
hypothesis H1 : µ ∈ RC. This setting is called problem of regions,
and the geometric theory for non-selective inference for slightly
generalized settings (e.g., exponential family of distributions) has
been discussed in Efron and Tibshirani (1998) and Shimodaira
(2004). This theory allows arbitrary shape ofRwithout assuming

a particular shape such as half-space or sphere, and only requires
the expression (29) of section 6.3.

The problem of regions is well described by geometric
quantities (Figure 4). Let µ̂ be the projection of y to the boundary
surface ∂R defined as

µ̂ = argmin
µ∈∂R

∥y− µ∥,

and β0 be the signed distance defined as β0 = ∥y − µ̂∥ > 0
for y ∈ RC and β0 = −∥y − µ̂∥ ≤ 0 for y ∈ R; see
Figures 4A,B, respectively. A large β0 indicates the evidence for
rejectingH0 : µ ∈ R, but computation of p-value will also depend
on the shape ofR. There should be many parameters for defining
the shape, but we only need the mean curvature of ∂R at µ̂,
which represents the amount of surface bending. It is denoted
as β1 ∈ R, and defined in (30).

Geometric quantities β0 and β1 of regions for trees (T1, . . . ,
T105) and edges (E1, . . . , E25) are plotted in Figure 5, and these
values are also found in Tables 1, 2. Although the phylogenetic
model of evolution for the molecular dataset Xn = (x1, . . . , xn)
is different from the multivariate normal model (4) for y, the
multiscale bootstrap method of section 3.4 estimates β0 and β1
using the non-parametric bootstrap probabilities (section 6.1)
with bootstrap replicates X ∗

n′ for several values of sample size n′.
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Geometric quantities for regions
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Confidence intervals of 
regression coefficients
Terada and Shimodaira (arXiv 2019)
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Post-selection inference of 
variable selection by Lasso
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6 selected variables (coefficients) out of 8 variables:

y = �0 + �1x1 + · · ·+ �pxp + ✏
<latexit sha1_base64="Xe7+swedyx/iqcp+ZVc+w9gRNQc="></latexit>
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95% Confidence Intervals

Black: non-selective CI

Selective Inference CI
Green: Lee et al. (2016) for model
Blue: Liu et al. (2018) for variable
Red: Terada and Shimodaira (2019)
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Complicated selective regions

47

Lasso MCP



Computing CI

• For hypothesis region 𝐻, signed distance 𝑡 is easily 
computed by projection. Curvature is 𝛾 = 0.
• For selective region S, signed distance is estimated 

by multiscale bootstrap of “resampling residuals” 
with scales.

• For each hypothesis 𝛽1 = 𝑐, p-values are computed 
and CI is defined as the set of non-rejected c values.

48

y⇤ = X�̂ + �✏̂⇤
<latexit sha1_base64="rxE2KfaTx8YxtMEGXmfR+WG/j4E="></latexit>



Selective rejection probability for 
hypotheses 𝛽1 = 0
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Main results
Terada and Shimodaira (arXiv 2017)
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[main result 1] Selective inference via 
multiscale bootstrap
(Terada and Shimodaira 2017)
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pSI(H|S, y) = �̄( �1(H|y))
�̄( �1(H|y) +  0(S|y))

Theorem (large sample theory):  If the boundary surfaces of H and S are smooth 
and “nearly parallel”, this p-value is second order accurate with error O(n-1).  

Theorem (nearly flat surfaces):  If the boundary surfaces of H and S are “nearly 
flat”, approaching flat but allowing non-smooth such as cones and polyhedra 
(Shimodaira 2008),  this p-value is justified as unbiased with error O(lambda2)

upper tail of N(0, 1): �̄(x) = 1� �(x)

The normalized bootstrap z-values for �2
> 0 are

 �2(S|y) = ��̄�1(↵�2(S|y))
 �2(H|y) = ��̄�1(↵�2(H|y))



“Selective unbiased test” controls 
the conditional rejection probability

52

regions: H, S ⇢ Rm+1

We want to compute a p-value of selective inference for 
the problem of regions

P (p(H|Y ) < ↵ | µ) = ↵, 8µ 2 @H

In the literature, we have been working on non-selective inference 
for the problem of regions

p-value: p(H|S, y)

P (p(H|S, Y ) < ↵ | µ)
P (Y 2 S | µ) = ↵, 8µ 2 @H

New setting in 
this workmodel: Y ⇠ Nm+1(µ, Im+1)



Two asymptotic theories
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(1) The large sample theory with ``nearly parallel surfaces’’ :

u 2 Rm

v 2 R

@H = {(u, v)|v = �h(u)}

�h(u)

�s(u)

@S = {(u, v)|v = �s(u)}

(2) Another asymptotic theory of ``nearly flat surfaces’’ :

h(u) = h0 + hiui + hijuiuj + hijkuiujuk + · · · ,

h0 = O(1), hi = O(n�1/2), hij = O(n�1/2), hijk = O(n�1), . . .

supu2Rm |h(u)| = O(�),
R
Rm |h(u)| du < 1,

R
Rm |Fh(!)| d! < 1

n ! 1

� ! 0

(Shimodaira 2008)

Quadratic surface

Higher degree terms, even non-smooth surfaces

@S = @H for pvclust

(u, v) are O(
p
n) and h0 = O(n1/2), hi = O(1), but multiplied by O(n�1/2)

“local alternatives”
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Algorithm 1 Computing approximately unbiased p-values
1: Specify several n′ ∈ N values, and set σ2 = n/n′. Set the number of bootstrap replicates

B, say, 1000.
2: For each n′, perform bootstrap resampling to generate Y ∗ for B times and compute
ασ2 (H|y) = CH/B and ασ2 (S|y) = CS/B by counting the frequencies CH = #{Y ∗ ∈ H}
and CS = #{Y ∗ ∈ S}. (We actually work on X ∗

n′ instead of Y ∗.) Compute ψσ2 (H|y) =
σΦ̄−1(ασ2 (H|y)) and ψσ2 (S|y) = σΦ̄−1(ασ2 (S|y)).

3: Estimate parameters βH(y) and βS(y) by fitting models

ψσ2 (H|y) = ϕH(σ2|βH) and ψσ2 (S|y) = ϕS(σ
2|βS),

respectively. The parameter estimates are denoted as β̂H(y) and β̂S(y). If we have several
candidate models, apply above to each and choose the best model based on AIC value.

4: Approximately unbiased p-values of selective inference (pSI) and non-selective inference
(pAU) are computed by one of (A) and (B) below.

(A) Extrapolate ψσ2 (H|y) and ψσ2 (S|y) to σ2 = −1 and 0, respectively, by

zH = ϕH(−1|β̂H(y)) and zS = ϕS(0|β̂S(y)),

and then compute p-values by

pSI(H|S, y) =
Φ̄(zH)

Φ̄(zH + zS)
and pAU(H|y) = Φ̄(zH).

(B) Specify k ∈ N, σ2
0 ,σ

2
−1 > 0 (e.g., k = 3 and σ2

−1 = σ2
0 = 1). Extrapolate ψσ2 (H|y)

and ψσ2 (S|y) to σ2 = −1 and 0, respectively, by

zH,k = ϕH,k(−1|β̂H(y),σ2
−1) and zS,k = ϕS,k(0|β̂S(y),σ2

0),

where the Taylor polynomial approximation of ϕH at τ2 > 0 with k terms is:

ϕH,k(σ
2|β̂H(y), τ2) =

k−1∑

j=0

(σ2 − τ2)j

j!

∂jϕH(σ2|β̂H(y))

∂(σ2)j

∣∣∣∣∣
σ2=τ2

,

and that of ϕS is defined similarly. Then compute p-values by

pSI,k(H|S, y) =
Φ̄(zH,k)

Φ̄(zH,k + zS,k)
and pAU,k(H|y) = Φ̄(zH,k).

Model fitting to psi

Extrapolation

Non-selective p-valueSelective p-value

For non-smooth surfaces 
(such as cones and 
polyhedra)

�2 =
n

n0

�2 = 1 , n0 = n

�2 = �1 , n0 = �n

�2 = 0 , |n0| = 1
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The theory of nearly flat surfaces 
for smooth surfaces

55

 �2(H|y) ' �0 + �1�
2 + �2�

4 + �3�
6 + �4�

8 + · · ·

1236 H. Shimodaira / Journal of Statistical Planning and Inference 138 (2008) 1227–1241

5.4. Models

To specify appropriate parametric models !("2|#), we would like to give expressions for E"2h(u) for concrete cases
of h such as polynomials and cones. For this purpose, h is allowed to be unbounded, and a justification of this argument
is given at the end of this section.

For a smooth h, it is shown in Appendix A.2 that

E"2h(u) =
∞∑

j=0

"2j#j (u), (5.4)

where the Taylor series of h(u∗) around u gives

#j (u) = 1
2j j !

∑

j1+···+jm=j

j !
j1! · · · jm!

!2j h

!u
2j1
1 · · · !u

2jm
m

, j !0.

The summation ranges over all combinations of nonnegative integers with the sum fixed at j. If h is a polynomial of
degree 2k − 1, we may redefine #0 : =v + #0(u) to get

!poly,k("
2|#) =

k− 1∑

j=0

#j"
2j , k!1.

This model specifies "z"2 correctly by ignoring O($2) terms.
Since !poly,k("

2|#) is nothing but a polynomial of "2 of degree k − 1, it approximates arbitrarily well any continuous
function within a finite interval of "2 > 0 by increasing k, so that it might suffice even for nonsmooth h. However,
it would most certainly be better to have a concise model, because the parameters must be estimated from bootstrap
probabilities. For a cone-shaped H with vertex at the origin, it is shown in Appendix A.3 that

E"2h(u) =
∞∑

j=0

"1− j#j (u) (5.5)

in a neighborhood of the vertex, where #j (u) = O(∥u∥j ) as ∥u∥ → 0; these #j (u) are not relevant to those in (5.4). A
model that takes conical singularity into account may be defined as

!sing,k("
2|#) = #0 +

k− 2∑

j=1

#j"
2j

1 + #k− 1(" − 1)
, k!3,

where 0"#k− 1 "1. If #k− 1 = 0, !sing,k("
2|#) reduces to !poly,k− 1("

2|#). If #k− 1 = 1, then !sing,k("
2|#) includes the

first two terms of (5.5).
Polynomials and cones are unbounded, and they are obviously not nearly flat. When an unbounded h is used in this

paper, it is in fact meant to be g as defined below. Let g(u) be a continuous function of slow growth, i.e., for some
k, |g(u)| = O(∥u∥k), as ∥u∥ → ∞. We assume g(u) = O($) for each u. Let h(u) = f%2(u) ∗ (wL2(u)g(u)), where
wL2(u) = f̃L− 2(u) is a window function and % and L are constants. It is shown in Appendix A.4 that h(u) is nearly flat
and the difference between g(u) and h(u) can be made arbitrarily small by letting % → 0 and L → ∞. We ignore this
difference by assuming % is sufficiently small and L is sufficiently large.

5.5. Unbiased surfaces

Let R and S be regions in Rm+1. If R is the rejection region of an unbiased test of the null hypothesis S, then !S
may be called an unbiased surface of R. S is meant to be approximating H, and this test is unbiased for H if H=S.

We first derive an expression of S for a given R. Let r and s be nearly flat continuous functions, and z=&− 1(1 − ')

for significance level '. In a similar way to H, we write

R = {(u, v)|v > z − r(u)}, S = {(u, v)|v" − s(u)}. (5.6)

‘'’ ignores O(�2)

There are more terms considered in nearly flat surfaces than 
the large sample theory (Shimodaira 2008)

Note: the expansion series will take a different form for the large sample theory of 
fourth order-accuracy (Shimodaira 2014)

p(H|y) ' �̄
⇣
�0 � �1 + �2 � �3 + �4 + · · ·

⌘
' �̄

⇣
 �1(H|y)

⌘



We can’t compute psi(-1) for cones
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smooth surface

cone

↵�2(H|y) = �̄

✓
�0

�
+ �1�

◆

 �2(H|y) = �0 + �1�
2

↵�2(H|y) = �̄

✓
�0

�
+ �1

◆

 �2(H|y) = �0 + �1�

= �0 + �1

p
�2

So, the Taylor series approximation is used



Models of the psi 
(normalized bootstrap z-value)
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'poly,2(�
2|�) = �0 + �1�

2

'poly,3(�
2|�) = �0 + �1�

2 + �2(�
2)2

'sing,3(�
2|�) = �0 +

�1�2

1 + �2(� � 1)

'poly,1(�
2|�) = �0

Smooth surface

Nonsmooth surface

(This form comes from the fact that cones are scale invariant)

'sing,3(�
2|�) = �0 + �1

p
�2, �2 = 1



Extrapolation using Taylor 
polynomial approximation
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'H,k(�
2|⌧2) =

k�1X

j=0

(�2 � ⌧2)j

j!

@j'H(�2)

@(�2)j

�����
�2=⌧2

'H,k(�1|�2
�1) replaces 'H(�1)

'S,k(0|�2
0) replaces 'S(0)

k = 3,�2
0 = �2

�1 = 1

'H(�2) = 'H(�2|�̂H(y)) is fitted to  �2(H|y)
Model fitting

Taylor expansion

Extrapolation to sigma2 = -1 or 0



[main result 2] Taylor series 
extrapolation and iterated bootstrap

59

Extrapolation using Taylor polynomial approximation; B bootstrap replicates 

pBP,k+1(H|S, y) = P1(pBP,k(H|S, Y ⇤) < pBP,k(H|S, y) | µ̂(H|y))
P1(Y ⇤ 2 S | µ̂(H|y))

Bootstrap iteration;  Bk bootstrap replicates

Theorem (large sample theory):   pSI is equivalent to pBP,2 with error Op(n-1)

Theorem (nearly flat surfaces): pSI,k and pBP,k are asymptotically unbiased as k 
goes infinity.  They are unbiased if h and s are polynomials of degree 2k-1 or less. 
Here unbiasedness allows error of O(lambda2).

pBP,1(H|S, y) = �̄( �2(H|y))
P1(Y ⇤ 2 S | µ̂) , �

2
> 0

pSI,k(H|S, y) =
�̄('H,k(�1|�2

�1))

�̄('H,k(�1|�2
�1) + 'S,k(0|�2

0))



Related works

• The selective inference is a direct extension of the previous 
result on multiscale bootstrap developed in Shimodaira 
(2002, 2004, 2008, 2014) for non-selective inference
• No result of selective inference for the problem of regions in 

the literature. In selective inference literature, variable 
selection in regression has been discussed
• Our large sample theory is based on Efron (1985), Efron and 

Tibshirani (1998) with geometry of signed distance and 
curvature
• Multiscale bootstrap adjusts the bias caused by curvature of 

the boundary surface. This is easier than the previous 
methods. BCa (Efron 1987) needs access to parameter. 
ET1998 needs the null distribution.
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Related works (cont.)
• Exponential family is considered instead of normal in 

Shimodaira (2004). The “acceleration constant” of BCa is 
estimated by another mechanism (two-step bootstrap), but 
the effect is not so large compared to the curvature. So we 
ignore it in this work (a=0 in normal distribution).
• Multiple comparisons procedures are conservative, and our 

approximately unbiased approach improves the power (but 
type-I error is controlled only approximately). No unbiased 
test exists for cones (Lehmann 1952). Counter-intuitive 
examples in Perlman and Wu (1999).
• Large sample theory scales all parameters by sqrt(n) which 

works only for smooth surface. Our nearly flat surface 
theory (Shimodaira 2008) scales only the normal direction 
and fixing the tangent directions; it works also for non-
smooth surfaces.
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Examples in ℝ+
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SI adjusts AU by the selection 
probability

63
Rejection surfaces (p = const)

k = 3 and ↵ = 0.1

pSI ⇡ 3pAU

pSI ⇡ 2pAU

pSI ⇡ (3/2)pAU

pSI ⇡ 2pAU



pSI is approximately unbiased, 
and better than 2pAU

64Note: For p of one-tailed test, 2p is the p-value for two-tailed test 



k = 1 k = 2 k = 3 k = 4

1 2.077 0.618 0.432 0.380

1/2 0.825 0.610 0.561 0.489

1/4 0.515 0.544 0.505 0.239

Bias reduces by increasing k, but 
the shape behaves bad (convex)
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Bias reduces by increasing k, but 
the shape behaves bad (concave)

66

k = 1 k = 2 k = 3 k = 4

1 2.730 1.239 0.855 0.960

1/2 1.971 0.909 0.690 1.030

1/4 1.848 0.942 1.370 –



The Emperor’s New Tests
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Perlman and Wu (1999)

H H

Perlman and Wu (2003)

Note: No unbiased test exists for cones (Lehmann 1952)



Final Remarks

• We developed selective inference p-values for the 
problem of regions
• Multiscale bootstrap computes the p-values
• The p-values are justified by two asymptotic theories: 

the large sample theory, and the nearly flat surfaces
• For non-smooth surfaces, the choice of k and sigma0, 

sigma-1 would be an issue. We recommend k=2 or 3, 
sigma0 = sigma-1 = 1
• The method seems working ok in pvclust and also in 

the simple simulations
• We have just started the research on selective 

inference . Any comments are very welcome
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Thank you
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