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Asymptotic Analysis of the Bootstrap Methods

This documentation consists of three parts, namely "Exponential Family of Distributions", "Tube-Coordinates and z.-
formula", and "Bootstrap Methods". Each part is an independent Mathematica session, and should be run separately.

n.n

The calculation is third-order accurate, correct up to O(n~!) terms ignoring the error of O(n~%?). We use "0" to
indicate O(n~"?) quantities. So, o® indicates O(n~!) and o indicates O(n~3/?), etc. We repeatedly use a simplification
function to keep only up to 0? terms.

In the first two parts, the tensor notation is heavily used. The add-on package "MathTensor" is required to run the
Mathematica session by yourself.

Exponential Family of Distributions

In this part, we will provide a canonical form the density function of the exponential family of distributions. First, some
basic results for normal density is obtained. Then, the distribution function of the exponential family of distributions
specified in the natural parameter will be transformed to an expression using the expectation parameter and the deriva-
tives of the potential function.

m Startup

This section initializes the Mathematica session.

m packages

<< Statistics ContinuousDistributions”
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<< MathTens.m (Windows)

Loading MathTensor for DOS/Windows

MathTensor (TM) 2.2.1 (Windows) (September 17, 2000)
by Leonard Parker and Steven M. Christensen
Copyright (c) 1991-2000 MathTensor, Inc.

Runs with Mathematica (R) Versions 2.2, 3.0, 4.0

No unit system is chosen. If you want one,
you must edit the file called Conventions.m,
or enter a command to interactively set units.
Units: {}

Sign conventions: Rmsign = 1 Rcsign = 1
MetricgSign = 1 DetgSign = -1

TensorForm turned on,

ShowTime turned off,
MetricgFlag = True.

Null Windows

E error messages

Off [General: :spelll]

Off [General: :spell]

m distribution functions

gammadist[x , m , a ] := PDF[GammaDistribution[m, a], x]

Gammadist[x , m , a ] := CDF[GammaDistribution[m, a], x]

f[x ] := PDF[NormalDistribution[0, 1], x]

F[x ] := CDF[NormalDistribution[0, 1], x]

Q[x ] :=Quantile[NormalDistribution[0, 1], x]

Chidist[x , {di , nc_}] := CDF[NoncentralChiSquareDistribution[di, nc], x]

m Normal distribution

This section first calculates the moments of the normal variables, which will be used to calculate the expected value of
the exponential of normal variables.
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= the moments of the multivariate normal distribution

We consider the multivariate normal random vector x = (xi, ..., Xgm) Of dim-dimensions with mean b = (by, ..., bgim),
and the identity covariance matrix. The density function is f(x) = f[x; — b1] fIx2 — b2] ... f[Xdim — bdim]- In this

subsection, we define "ruleintx" to calculate the central moments of x, such as E(x, xp), E(x, xp x. x4), and
E(xq xpx.xq X0 x7) forb=0.

m the central moments of the standard normal variable in one dimension

o

I
The following intx2f[n] = E (x?%) :J x2® f[x] dx gives %

-

intx2f[n ] = FullSimplify[j x?" f[x]dx, n20Ane Integers]

1
2" Gamma [ 5 +n]

v

Table[intx2f[n], {n, 10}]

{1, 3, 15, 105, 945, 10395, 135135, 2027025, 34459425, 654729075}

m define tensors

This x, or x*denotes a component of the random vector x.

DefineTensor[tx, "x", {{1}, 1}]
PermWeight::def : Object x defined

PermWeight::def: Object x defined
This b, or b* denotes a component of the mean vector b.
DefineTensor[sb, "b", {{1}, 1}]
PermWeight::def : Object b defined
The following a0, al, a2, a3, a4, a5, and a6 are used for coefficients in a series expansion with respect to x.

DefineTensor[tal, "a0", {{}, 1}]
PermWeight::def : Object a0 defined

PermWeight::def: Object a0 defined

DefineTensor[tal, "al", {{1}, 1}]
PermWeight::def : Object al defined

PermWeight::def: Object al defined
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DefineTensor[ta2, "a2", {{2, 1}, 1}]

PermWeight::sym : Symmetries of a2 assigned
PermWeight::def : Object a2 defined

PermWeight: :sym: Symmetries of a2 assigned
PermWeight::def: Object a2 defined
DefineTensor[ta3, "a3", {{1, 2, 3}, 1}]
PermWeight::def : Object a3 defined

PermWeight::def: Object a3 defined

SetSymmetric[ta3[la, 1lb, 1lc]]
PermWeight::sym : Symmetries of a3 assigned

PermWeight::sym: Symmetries of a3 assigned

DefineTensor[ta4, "a4", {{1, 2, 3, 4}, 1}]
PermWeight::def : Object a4 defined

PermWeight::def: Object a4 defined

SetSymmetric[ta4[la, 1b, 1lc, 1d]]
PermWeight::sym : Symmetries of a4 assigned

PermWeight: :sym: Symmetries of a4 assigned

DefineTensor[ta6, "a6", {{1, 2, 3, 4, 5, 6}, 1}]

PermWeight::def : Object a6 defined

SetSymmetric[ta6[la, 1b, 1lc, 14, le, 1£f]]

PermWeight::sym : Symmetries of a6 assigned

m the central moments for the multivariate case

Here we assume b =0, and define the second central moment a,, = E(x, x;), the fourth central moment
Qabed = E(xq xp xc x4), etc. The central moments of odd degrees are zero. Considering the symmetry of the normal
distribution, these central moments of even degrees are expressed by the following partition indicators.

kd2[la , 1b_] = Kdelta[la, 1lb];
kd4[la , 1b , 1c_, 1d ] = 3 Symmetrize[Kdelta[la, 1b] Kdelta[lc, 1d], {la, 1b, lc, 1d}];

kd6[la , 1b , 1c ,1d , le , 1f ] =
15 Symmetrize[Kdelta[la, 1b] Kdelta[lc, 1d] Kdelta[le, 1£f], {la, 1b, 1lc, 1d, le, 1£}];

Then: a'ab = kdz[as b] > aabcd = kd4[a3 b, C, d] 5 aabcdef = kd6[a9 b, c, ds e, f]3 etc.
RuleUnique[ruleintxl, tx[ui ], 0]
RuleUnique[ruleintx2, tx[ui ] tx[uj ], kd2[ui, uj]]

RuleUnique[ruleintx3, tx[ui ] tx[uj ] tx[uk ], 0]
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RuleUnique[ruleintx4, tx[ui ] tx[uj ] tx[uk ] tx[ul ], kd4[ui, uj, uk, ul]]
RuleUnique[ruleintx5, tx[ui ] tx[uj ] tx[uk ] tx[ul ] tx[um ], 0]

RuleUnique[ruleintx6,
tx[ui ] tx[uj ] tx[uk ] tx[ul ] tx[um ] tx[un ], kd6[ui, uj, uk, ul, um, un]]

ruleintx = {ruleintx6, ruleintx5, ruleintx4, ruleintx3, ruleintx2, ruleintxl};
Check if this rule works for one-dimension case; a1, @111, @111111are given by
{kd2[1, 1], kd4[1, 1, 1, 1], kd6[1, 1, 1, 1, 1, 1]}
{1, 3, 15}
They should be equal to E(x?), E(x*), E(x%).
{intx2£f[1], intx2f[2], intx2£f[3]}
{1, 3, 15}
2
@112 = E(x1?) E(x2?) = E(x?)
{kd4[1, 1, 2, 2], intx2£[1]?%}
{1, 13
3
@112233 = E(x1?) E(xp?) E(x3%) = E(x?)

{kd6[1, 1, 2, 2, 3, 3], intx2£[1]%}

{1, 1}
@112200 = E(x1) E(xp*) = E(x?) E(x*)
(kd6[1, 1, 2, 2, 2, 2], intx2£[1] intx2£[2]}

{3, 3}

In the below, we rather use superscript to indicate the components of x. For example, we use x = (x*), instead of

x=(x4). a2 x' ¥/ denotes a quadratic form with symmetric matrix al;j.
ta2[1li, 13j] tx[ui] tx[uj]
(a2i3) (x*) (x)
The expectation E(a2;j x' x/) is
ApplyRules[%, ruleintx]
(KdeltaP?) (a2pq)
AbsorbKdelta[$%]
a24?
Tsimplify[%]

a
a2q
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Similarly, for the symmetric 4-form ad;jq x' x/ x* x/

ta4[1li, 1j, 1k, 11] tx[ui] tx[uj] tx[uk] tx[ul]
(adigx) (xb) () (x) (x})
ApplyRules[%, ruleintx]

3 (KdeltaPd) (Kdelta™@) (a4pgrs)

AbsorbKdelta[%]

3 (a44s%%)

Similarly, for the symmetric 6-form a6jjmn x' x/ x* x/ x™ x"

ta6[1li, 1j, 1k, 11, 1m, 1n] tx[ui] tx[uj] tx[uk] tx[ul] tx[um] tx[un]
(a6ijkimn) (x') (x3) (xF) (x') (x™) (x7)

ApplyRules[%, ruleintx]

15 (KdeltaPq) (Kdelta®™) (Kdelta™) (abpqrstu)

AbsorbKdelta[%]

15 (a6qsuqsu)

= the expectation of the exponential of polynomial functions

Here we would like to calculate the log of the expectation of the exponential of

poly(x) = a0 + al; x' + a2 x’ x/ + a3 x' x/ x* + adjjq x' x/ x* x!, where al, a2, and a3 are of order O(n~'?), and a4 is
O(m™"). Note that x’ here indicates the i-th element of x = (x!, ..., x4™) instead of the i-th power of x.
logeexppoly = log E {exp(poly(x))} is first obtained for b = 0, and next for general b # Oup to O(n~")terms.

= central case (b=0)

First poly(x)-a0 is set in fool. The constant term a0 can be removed from poly in the following argument, but only be
added in logexppoly later.

fool =

otal[li] tx[ui] +ota2[1li, 1j] tx[ui] tx[uj] +o ta3[1li, 137, 1k] tx[ui] tx[uj] tx[uk] +
o? ta4[1li, 13, 1k, 11] tx[ui] tx[uj] tx[uk] tx[ul]

) )

o (ali) (x') +o0 (a2i5) (x}) (x7) +0 (a3ijx) (x*) (xI) (xF) +0? (adijx1) (x') (¥) (x¥F) (x

Make rule "rulepoly" to substitute "poly" for fool.
RuleUnique[rulepoly, poly, fool]

Considering
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Series[Exp[x], {x, 0, 2}]

2

l+x+x7+o[x]3

we can calculate exp(poly(x)) as follows, and stored in foo4 up to O(n~") terms.

1
foo3 = ApplyRules[l + poly + > poly?, rulepoly] ;

foo4 = Sum[Tsimplify[Coefficient[foo3, o, i]] of, {i, 0, 2}]

1+0 ((alp) (XP) + (a2pq) (xP) (x9) + (a3pqr) (%) (x%) (x¥)) +0?
= (alp) (alg) (x¥P) (x%) + (alp) (a2qr) (XP) (x) (xX7) + % (a2pq) (82re) (¥F) (x%) (x7) (x°) +
(alp) <a3qrs) (xP) (x%) (xF) (x°) + <a4pqrs) (xP) (x%) (xF) (x®) +

(@2pq) (@3rse) (xP) (x9) (xF) (x°) (x%) +% (@3pgr) (a3sew) (xP) (x%) (x7) (x°) (xF) (x%)

Then, we take the expectation of foo4, calculating £ {exp(poly(x))}, and stored in foo5 below.
ApplyRules[foo4, ruleintx]

1+ % o? (KdeltaP?) (aly) (alg) +o (KdeltaP?) (a2pq) +0° (KdeltaP?) (Kdelta™®) (a2pr) (a2gs) +

% o? (KdeltaP?) (Kdelta™®) (alpq) (a2ys) +3 0? (KdeltaP?) (Kdelta®™) (alp) (a3qrs) +

3 0? (KdeltaP?) (Kdelta™) (Kdelta™™) (al3prt) (a3gsu) +
3
2
3 0% (KdeltaP9) (Kdelta®®) (Kdelta™) (a3pqr) (@3scu) + 3 0% (KdeltaP?) (Kdelta®®) (adpgrs)

o? (KdeltaP?) (Kdelta™®) (Kdelta™) (a3prs) (@3qtu) +

AbsorbKdelta[%]
1+ % o? (alq) (al9) +o (a24%) + % 0% (a24%) (a2s®%) + 0% (a2qs) (a2%%) +3 0% (ald) (a3qs®) +
302 (a34%°) (alsy") + % 0% (a3qu”) (a3s%%) +3 0% (a3gsu) (a3%%%) + 3 07 (adqs®®)
foo5 = Tsimplify[%]
1+ % o? (alq) (al9) +o (a24%) + % 0% (a24%) (a2:%) + 0% (al2qs) (a2%%) +3 07 (al?) (a3q:®) +
3 0% (a34%%) (algy") + % 0% (a3qu”) (a3s%%) +3 0% (a3gsu) (a3%%%) + 3 0? (adqs®®)
Considering

Series[Log[l +x], {x, 0, 2}]

we take the log of foo5, and stored in foo8 up to O(n~') terms below.

RuleUnique[foo6rule, foo6, foo5-1]

foo7 = ApplyRules[foo6 - foo62% /2, foo6rule];
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foo8 = Sum[CanAll[Tsimplify[Coefficient[foo7, o, i]]] of, {i, 0, 2}]
o (a2yP) +o? % (alp) (alP) + (a2pq) (a2P9) +
3 (alp) (a3g”9) + % (a3pg®) (a3:9%) + 3 (a3pqr) (a3P%%) +3 (as4pq9)
This is logeexppoly for b=0.
logeexppolyb0 = ta0l + foo8

a0 + o (a2p?) + o? % (alp) (alP) + (a2pq) (a2P9) +

9
3 (alp) (a3g”9) + 5 (a3pg®) (a3:9%) +3 (a3pqr) (a3P%%) +3 (a4pqP9)

The following expression may be easier to read for us, but violating the summation convention rule of subscripts.

logeexppolyb0 /. {ul » 11, u2 » 12, u3 » 13}

a0 +o (a2pp) +

1 9
o? (5 (alp)® + (a2pq)” + 3 (alp) (a3pgq) +3 (a3pqr)” + 5 (33ppq) (a3qrr) + 3 (24ppaq)

= noncentral case (b+0)

We assume the mean of x is zero, but replacing x; with x' + b’ to calculate the case for b # 0. fooll is the same as
poly(x)-a0, but with this substitution.

fooll = fool /. {tx[ui ] - tx[ui] + sb[ui]}

o (ali) (b* +x') +o (a2i5) (br+x*) (b +xI) +
o (a3ijx) (b +x') (BI +x3) (BF +x*) + 0% (adijx1) (P +x') (B +x3) (B* + %) (b +x!)

Obtain the canonical expression of the tensor usage, and redefine "rulepoly".

fool2 = CanAll [Expand[foo0ll]]

o (bp) (al®P) +o (bp) (bg) (a2P?) + o (bp) (byg) (br) (a3Par) +
02 (bp) (bg) (br) (bs) (a4P¥*®) + 0 (alp) (xP) +20 (bp) (a24%) (x%) +o0 (a2pq) (xP) (x%) +
(bp> (bq) (a3,°%) (x7) +30 (bp) (a3qr®) (x%) (x7) +0 (a3pqr) (x¥P) (x¥) (x7) +
b ) (bg) (br) (a4sP) (x°) +6 02 (bp> (bq> (adrsPY) (x7) (x°) +

2
(b ) a4qrs ) (xT) (xF) (%) + 02 (a4pqrs) (xP) (x9) (xF) (x°)

RuleUnique[rulepoly, poly, fool2]

we can calculate exp(poly(x)) as follows, and stored in foo14 up to O(n~") terms.

1
fool3 = ApplyRules [1 + poly + —2- poly?, rulepoly] ;



asymptotic analysis of the bootstrap methods 20030721.nb

fool4 = Sum[Tsimplify[Coefficient[fool3, o, i]] o, {i, 0, 2}]

l1+o0 ((bp) (alp) + (bp) (bg) (a2pq) +
(bp) (bq) (br) (a3P%") + (alp) (xP) +2 (bp) (a24”) (x9) + (a2pq) (XF) (x9) +
3

( p) (bg) (a3:P%) (x7) +3 (bp) (a3q:®) (x¥) (%) + (a3pqr) (¥P) (x¥) (x¥)) +
)

o (% (bp) (bg) (alP) (ald) + (bp) (bg) (by) (al®) (a2P9) +
% (bp) (bg) (br) (bs) (a2P¥) (a2%®) + (by) (bg) (br) (bs) (al®) (a3P¥¥) +
(bp) (g) (br) (bs) (be) (a2°%) (a3P%%) + - (bp) (bg) (by) (bs) (be) (bu) (a3P%) (a3°™Y) +
(bp) (bg) (br) (bs) (a4PT™%) + (bp) (alq) (al®) (x7) +% (alp) (alq) (x7) (x7) +
2 (bp) (bg) (a19) (a2:P) (x¥) + (bp) (bg) (aly) (a2P%) (x7) +
(bp) (alP) (a2qr) (x%) (x7) +2 (bp) (alg) (a2:P) (x7) (x7) + (alp) (a2qr) (x°) (x%) (x7) +
2 (bp) (bg) (br) (a2s) (a29) (x°) +3 (bp) (bg) (br) (al¥) (a3P9) (x°) +
(bp) (bg) (br) (als) (a3P%) (x°) +4 (bp) (bg) (br) (adsP¥) (x°) +
2 (bp) (bg) (a2:°) (a2s%) (x%) (x°) + (bp) (bg) (a2rs) (a2P9) (x¥) (x°) +
3 (bp) (bg) (al¥) (a3xeP) (xF) (x°) +3 (bp) (bg) (aly) (a3sP9) (x7) (x°) +
6 (Dp) (Pg) (a4rsd) (x¥) (x°) +2 (bp) (824°) (a2rs) (x%) (x7) (x°) +
(bp) (alP) (a3qrs> (x3) (xF) (x°) +3 (bp) (alq) (a34sP) (x9) (xF) (x°) +
4 (bp) (aqes®) (x%) (xF) (x°) + 5 (a2pq) (a2ea) (xP) (x%) (xF) (x°) +
(alp) (a3qre) (¥P) (x%) (X7) (x°) + (adpqra) (¥F) (x) (x7) <xS> .
3 (bp) (bg) (br) (bs) (a27%) (a3cP9) (xP) +2 (by) (bg) (br) (bs) (a2:®) (a3P9%) (x%) +
3 (bp) (bg) (by) (a29%) (a34P) (x°) (xF) +6 (by) (by) (by) (a2s%) <a3tpq) (x5) (x5) +
(bp) (bg) (br) (a2se) (a3P9F) (x°) (x°) + (bp) (bg) (a2P9) (adrae) (XF) (x°) (xF) +
6 (bp) (bg) (a2:%) (a3scP) (x¥) (x%) (x%) +3 (bp) (by) (a2rs) <a3tpq> (xF) (x°) (xF) +
2 (bp) (a2°) (a3rec) (x9) (xF) (x°) (x%) +3 (Bp) (a2qr) (a3ae®) (x9) (xF) (x°) (xP) +
<a2pq) (a3rst) (XP) (x%) (x7) (%) (xt +3 (bp) (bq) (br) (bs) (bt> (a3us ) (a3P9r) (x¥) +

% (bp) (bg) (br) (bs) (a3cP9) (a3u™®) (x°) (x7) +
3 (bp) (bg) (br) (bs) (aley®) (a3PF) (x°) (x%) +
9 (bp) (bg) (br) (a3sP%) (a3cu®) (x°) (xF) (x) + (bp) (bg) (br) (a3stu)
(a3P97) (x%) (x7) (x%) +3 (bp) (bg) (a3:P9) (alsew) (x7) (x°) (x°) (x*) +
)

% (bp) (bg) (a3rs®) (alcn®) (x7) (x°) (x°) (x*) +3 (bp) (a3qr®) (a3seu) (%)

(x7) (x%) (x%) (x") + 5 (@3pqr) (a3sew) (XP) (x%) (x7) (x%) (x7) (x%)

2

Then, we take the expectation of fool4, calculating E {exp(poly(x))}, and stored in fool5 below.
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ApplyRules|[fool4, ruleintx]

1+ % o? (KdeltaPd) (aly) (alg) +o (by) (alP) +
1
2
o® (KdeltaP?) (Kdelta™®) (a2pr) (a2qs) +20? (KdeltaP?) (by) (alp) (a24") +

o? (bp) (bg) (alP) (al9) +o (KdeltaP?) (a2pq) +0? (KdeltaP?) (by) (al®) (a2pq) +

2 0% (KdeltaPq) (by) (bg) (a2p") (a24°) + %02 (KdeltaP?) (Kdelta®®) (a2pq) (a2ys) +

o (bp) (bg) (a2P9) + 02 (bp) (bg) (by) (al¥) (a2P9) + 02 (KdeltaP?) (by) (bs) (a2pq) (@27%) +
%02 (bp) (bg) (br) (bs) (a2P9) (a2*%) +3 o (KdeltaPd) (by) (aldpq®) +

30? (KdeltaPd) (by) (bs) (al®) (adpg®) +3 02 (KdeltaPd) (by) (bg) (be) (a25F) (a3pq®) +

3 0% (KdeltaP?) (Kdelta™) (alp) (a3qrs) + 6 0% (KdeltaPd) (Kdelta®™) (by) (a2p") (algrs) +
9 0? (KdeltaPd) (Kdelta®™) (by) (by) (a3p™) (alqrs) +

3 0% (KdeltaP9) (Kdelta®®) (Kdelta®™) (a3pre) (@3geu) +

6 02 (KdeltaPd) (Kdelta®®) (b.) a2pr) (a3qs") +

9 0% (KdeltaPd) (Kdelta™®) (by) (by) (a3pr") (a3qs") +

3

— o? (KdeltaP?) (Kdelta®™) (Kdelta™™) (a3prs) (a3qeru) +
3 0% (KdeltaP9) (by) (bg) (alp) (a34"®) +6 0% (KdeltaPd) (by) (bg) (be) (a2p%) (a34™®) +
gfoz(Kdeltapq)(br)(bs>(bt)(bu>(a3prs>(a3qtu)+

2

3 0% (KdeltaP?) (Kdelta™) (by) (a2pq) (a3rst) +

\\e]

2
3 0? (KdeltaP?) (Kdelta™) (Kdelta™™) (al3pqr) (a3sctu) +

o (bp) (bg) (br) (a3P%) +0% (by) (bg) (br) (bs) (al®) (a3Pdr) +

0% (bp) (bg) (br) (bs) (br) (a2°%) (a3P9%) +o? (KdeltaPd) (by) (bg) (be) (a2pq) (a37°%) +
3 0% (KdeltaPd) (by) (bs) (br) (bu) (al3pg”) (a3*®®) +

%02 (bp) (bg) (br) (bg) (be) (by) (a3Pdr) (a3stY) +3 02 (KdeltaP?) (Kdelta®™®) (a4pgrs) +
6 0° (KdeltaP?) (by) (bs) (adpg™®) +0® (by) (bg) (br) (bg) (a4P9®)

0? (KdeltaPd) (Kdelta®®) (b¢) (by) (a3pq") (a3ys") +
2

AbsorbKdelta[%]

1+o0 (bp) (alP) + % o? (alq) (al9) + % o? (bp) (bq) (alP) (al?) +
1
2
o (bp) (bg) (a2P%) +0? (by) (bg) (by) (al¥) (a2P9) +207 (by) (bs) (a24°) (a29%) +

o (a24%) + 0% (by) (al®) (a24%) +207 (by) (al?) (a24") + = 0% (a24%) (a2s®) +

0? (a2qs) (a2%%) +0? (br) (bs) (a24%) (a279) MERpS (bp) (bg) (br) (bs) (a2P9) (a2*®) +

(

2
30?2 (al?) (a3qs®) + 6 0% (be) (a29%) (a34s®) + 6 02 (be) (a2%%) (a3qs") +3
2
(

o (by) (a34¥") +
30% (br) (bs) (al®) (a34¥) +3 0% (by) (bs) (be) (a2%%) (a34¥) +3 0% (by)

(bs) (al?) (a34"%) +
60° (br) (bs) (br) (a2qt> <a3qrs> +30° <a3qqs) (a3su™) + % o? <a3qu ) (a35%%) +

307 (be) (a2g%) (a3s°%) + % o? (be) (bu) (a34%%) (a3s°%) +o (bp) (bg) (br) (a3P4) +
o® (bp) (bg) (br) (bs) (al®) (a3P9%) +0? (by) (bg) (br) (bs) (be) (a2°%) (a3P¥F) +

9
2

0® (br) (bs) (be) (bu) (a34"™™) (a3%"®) +90° (be) (by) (a3qs") (a39%) +
3 02

(a3gsu) (a3%%%) +90% (be) (bu) (a3gs®) (a3%%") +0? (by) (bs) (br) (a24%) (a3¥®%) +

e

o? (bp) (bg) (br) (bs) (bc) (by) (a3P9%) (a3°™™) +

302 (by) (bs) (be) (by) (a34%%) (a3*5F) +
? (by) (bg) (br) (bs) (a4Pdr®)

—~ N

30? (a4qs?%) + 6 0% (by) (bs) (a44%*%) +0
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fool5 = Tsimplify[%]

1+0 (by) (alf) + % o? (alg) (ald) + % 0% (bp) (bg) (alP) (ald) +
1

o (a24%) + 0% (by) (al®) (a2q%) +20? (by) (ald) (a24") + = o2 (a24%) (a2s®) +

2
o (bp) (by) (a2P%) +0? (by) (by) (by) (al®) (a2P¥) +20° (by) (bs) (a24°) (a2%%) +
o’ (anS) (a29%) +0? (by) (bs) (anq) (a2%®) + % o? (bp> (bq) (br) (bg) (a2P9) (a27®) +

302 (al?) (a3qs®) + 6 0% (be) (a29%) (a34s®) + 6 02 (be) (a2%%) (a3qs") +3 0 (by) (a34%) +
30% (br) (bs) (al®) (a34%") +3 0% (br) (bs) (b) (a2%%) (a34%") +3 0% (by) (bs) (al?) (a34™®) +

6 02 (br) (bs) (bt) (a2qt> <a3qrs> +3 02 <a3qqs) (a3gu") + % o? <a3quu) (a359%) +

30% (be) (a24%) (a3:°%) + %

o0 (be) (bu) (a34%%) (a3s°") +0 (bp) (bg) (by) (a3P9) +

o (bp) (bg) (by) (bs) (al®) (a3P9) +0? (by) (Bg) (br) (ba) (be) (a2°F) (a3P9) +

2 0% (by) (bs) (be) (by) (a3"™) (a3%%) + 907 (be) (by) (adge) (a3%°F) +

307 (a3geu) (a39°%) + 907 (be) (bu) (a34e®) (a3%) 407 (by) (ba) (br) (a24%) (a375F) +

30% (by) (be) (b) (by) (a34%) (a375%) + 2 02 (bp) (bg) (br) (be) (be) (by) (a3P9%) (a3°%¥) +
2

30% (844s%°%) + 6 0% (br) (bs) (a44%°°) + 0 (bp) (bg) (br) (bs) (a4Pir®)
we take the log of foo15, and stored in fool8 up to O(n~") terms below.

RuleUnique[fool6rule, fool6, fool5 - 1]
fool7 = ApplyRules[foo0l6 - fool62/ 2, foolé6rule];

fool8 = Sum[CanAll [Tsimplify[Coefficient[fool7, o, i]]] o, {i, 0, 2}]

NG

(alP) +a2pP + (bp) (bg) (a2P?) +3 (bp) (a34”9) + (bp) (bg) (by) (a3Pd)) +

=

o ( (b,
o? (E (alp) (alP) +2 (bp) (alg) (a2P9) + (a2pq) (a2P9) +
2 (bp) (bg) (32:°) (a29) +3 (aly) (a34P%) +6 (by) (a2qP) (a3,%%) +
2 (a3pe®) (a3:%) +3 (bp) (by) (ale) (a3°%) +6 (by) (a2q:) (a3P%) +
3 (a3pqr) (a3P%) +9 (by) (by) (a3ea®) (a3%%%) +6 (by) (by) (by) (a2,°) (a3%%) +
9 (by) (bg) (a3reP) (a39°%) + = (bp) (bg) (by) (bs) (a3cP%) (a39°F) 4

3 (a4pg®?) +6 (bp) (bg) (a4:P%") + (bp) (bg) (br) (bs) (a4Pd*®)

This is logeexppoly for b+0.

logeexppoly = ta0 + fool8

a0 +o ((bp) (alP) +a2pp+ (bp) (bg) (a2P?) +3 (bp) (a3qpq) + (bp) (bg) (br) (a3Pdry)) +
02 % (alp) (alP) +2 (by) (alg) (a2P9) + (a2pq) (a2P9) +
2 (bp) (bg) (a2,P) (a29%) +3 (alp) (a3qpq) +6 (bp) (aqu) (a3,9%) +
2 (@3pe?) (a3:5) +3 (by) (bg) (als) (a3P%) +6 (by) (a2qr) (a3%%) +
3 (a3pqr) (a3PTF) + 9 (by) (bg) (a3:s) (a37%%) +6 (by) (bg) (by) (a2:P) (a3 «
9 (bp) (bg) (a3es®) (a39%) + 2 (bg) (bg) (by) (bs) (a3:P¥) (a39°) +

3 (a4pq®?) +6 (bp) (by) (a4:P¥) + (by) (bg) (br) (bs) (a4Pd¥s)
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InputForm[logeexppoly]

ta0 + o*(sb[ll]*tal[ul]l + ta2[1l1l, ull +
sb[l1]*sb[12] *ta2[ul, u2] + 3*sb[l1]*ta3[12, ul, u2] +
sb[1l1] *sb[12] *sb[13]*ta3 [ul, u2, u3l) +
o®2* ((tall[ll]l*tallull)/2 + 2*sb[ll]*tal[l2]*ta2[ul, u2l +
ta2[11, 12]*ta2[ul, u2] + 2*sb[ll]*sb[l2]*ta2[13, ull*
ta2[u2, u3] + 3*tal[ll]*ta3[1l2, ul, u2] +
6*sb[l1]*ta2[12, ul]l*ta3[13, u2, u3] +
(9*ta3[11, 12, ul]*ta3[13, u2, ull)/2 +
3*sb[11] *sb[12] *tal[l3]*ta3 [ul, u2, u3] +
6*sb[l1]*ta2[12, 13]*ta3[ul, u2, u3] +
3*ta3[11, 12, 13]1*ta3[ul, u2, u3] +
9*sb[11] *sb[12]*ta3[13, 14, u3]*ta3[ul, u2, u4] +
6*sb[l1]*sb[12] *sb[13]*ta2[14, ul]*ta3[u2, u3, u4] +
9*sb[11] *sb[12]*ta3[13, 14, ul]*ta3[u2, u3, u4] +
(9*sb[11]*sb[12] *sb[13]*sb[14]*ta3[15, ul, u3]l*
ta3 [u2, u4, u5])/2 + 3*ta4[l1l, 12, ul, u2] +
6*sb[l1] *sb[12] *ta4 [13, ul, u2, u3d] +
sb[ll]*sb[12] *sb[13]*sb[14] *ta4 [ul, u2, u3, u4l)

The following expression may be easier to read for us, but violating the summation convention rule of subscripts.

Collect[logeexppoly,

{o, sb[11] sb[12] sb[13] sb[14], sb[11] sb[12] sb[13], sb[11] sb[12], sb[11]}]
a0 + o (a2p® + (bp) (bg) (a2P?) + (by) (alf +3 (a34”%)) + (bp) (bg) (br) (a3Pd*)) +

o? (%; (alp) (alP) + (a2pq) (a2P9) +3 (alp) (a3g9) + é; (a3pg®) (a3:%) +
3 (a3pgr) (a3P9) + (bp) (2 (algq) (a2P9) +6 (a24P) (a3:%") +6 (a2qy) (a3P9r)) +
6 (bp) (bg) (br) (a2sF) (a3%%%) +3 (adpg®?) + (bp) (bg)

(2 (a2,P) (a27%) +3 (aly) (a3P9) + 9 (a3ys™) (a3P7%) +9 (a3,:P) (a3%°) + 6 (a4,P9")) +

(bp) (bg) (br) (b) 5 (a3:P%) (a39°F) +aavare))

% /. {ul>11, u2 » 12, u3 » 13, u4 » 14, u5 -» 15}

a0 + 0 (a2pp + (by) (by) (a2pq) + (bp) (alp +3 (a3pqq)) + (bp) (by) (br) (a3pqr)) +
o? % (alp)? + (a2pq)? + 3 (alp) (a3pqq) + 3 (a3pqr)? +

2 <a3ppq) (a3qrr) + (bp) (2 (alq) (a2pq) +6 (anr) (a3pqr> +6 (azpq) (a?’qrr)) +

6 (bp) (bq> (br) ( 2ps a3qrs> +3 (a4ppqq> + (bp> (bq)
(2 (a2pr) (azqr) +3 r) (@3pgr) +9 (@3prs) (@3qrs) +9 (a3pgs) (@3rrs) +6 (adpgrr)) +

:)
(a1
(bp) (bg) (bx) (bs) (5 (

a3prt> (a3qst> + a4pqrs))

m Exponential family

The density function of the exponential family is first specified by using the natural parameter vector. This standard
form is transformed into our canonical expression of the density with respect to the expectation parameter vector. Since
the exponential family is not uniquely expressed up to the affine transformation, we assume without loss of generality
that origin of the expectation parameter coincides with that of the natural parameter, and the covariance matrix of the
random variable is identity at the origin. We consider only the continuous random variable throughout. The canonical
form will be stored in "logdensityy".
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m the standard form

Let f(y; 6) = exp(6? y, — h(y) — ¥(0)) denote the density function of random variable y = (y, ..., Ygim) With the natural

parameter vector = (6', ..., 8™). The log of the density function is specified by logdensity=log f(y;f) using the

cumulant function ¥/(6) and the measure function h(y).

m simplification functions

Some simplification functions are defined here for later use

tsimp[exp ] := CanAll[AbsorbKdelta[CanAll[exp]]]
geto2[exp ] := Sum[Simplify[Coefficient[exp, o, i]] o, {i, -1, 2}]

tgeto2[exp ] := Sum[tsimp[Coefficient[exp, o, i]] ot, {i, -1, 2}]

Define differential operator (for type-a index)

difa[exp , ru , ala ] := (exp - (exp /. {ru[al ] ->0})) /.

{ru[all ] ru[al2 ] ru[al3 ] ru[al4 ] -» ru[all] ru[al2] ru[al3] Kdelta[al4, ala] +
ruf[all] ru[al2] ru[al4] Kdelta[al3, ala] + ru[all] ru[al4] ru[al3]

Kdelta[al2, ala] + ru[al4] ru[al2] ru[al3] Kdelta[all, ala],
rufall ] ru[al2 ] ru[al3 ] -» ru[all] ru[al2] Kdelta[al3, ala] +

ru[all] ru[al3] Kdelta[al2, ala] + ru[al2] ru[al3] Kdelta[all, ala],
rufall ] ru[al2 ] -» ru[all] Kdelta[al2, ala] +ru[al2] Kdelta[all, ala],

ruf[all ] -» Kdelta[all, ala]}

m define tensors

6=(6",

n=0mn,

¢3abc —

¢4abcd —

Ong Ony, 0N

..., 09™) is the natural parameter vector

DefineTensor[st, "e", {{1}, 1}]

PermWeight::def : Object 6 defined

.., Ndim) 18 the expectation parameter vector

DefineTensor[se, "n", {{1}, 1}]

PermWeight::def : Object n defined

Gl |0 is the third derivative of the potential function ¢(n) at the origin n=0.

DefineTensor[tp3, "¢3", {{1, 2, 3}, 1}]

PermWeight::def : Object ¢3 defined

SetSymmetric[tp3[la, 1b, 1lc]]

PermWeight::sym : Symmetries of ¢3 assigned

e

T an o ony |0 is the fourth derivative of the potential function ¢(7) at the origin n=0.
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lﬁ3 abc =

w4abcd =

y=01,

DefineTensor[tp4, "¢4", {{1, 2, 3, 4}, 1}]

PermWeight::def : Object ¢4 defined

SetSymmetric[tp4[la, 1b, 1lc, 1d]]

PermWeight::sym : Symmetries of ¢4 assigned

>y
69 89> 59<
DefineTensor[tqg3, "¥3", {{1, 2, 3}, 1}]
PermWeight::def : Object ¥3 defined
SetSymmetric[tg3[la, 1b, 1lc]]
PermWeight::sym : Symmetries of ¥3 assigned

34

% |0 is the fourth derivative of the cumulant function () at the origin 6=0.

00e 36b
DefineTensor[tqg4, "¢¥4", {{1, 2, 3, 4}, 1}]

PermWeight::def : Object Y4 defined

SetSymmetric[tg4[la, 1b, 1lc, 1d]]

PermWeight::sym : Symmetries of Y4 assigned

.e» Vdim) 18 the random variable

DefineTensor([ry, "y", {{1}, 1}]

PermWeight::def : Object y defined

hl“ = % o 1s the first derivative of 4(y) at the origin y = 0.

h2ab —

ihZ ab = (

h3abc —

8ya Oy 0

0Ya 0yp 0y,

DefineTensor[thl, "hl", {{1}, 1}]

PermWeight::def : Object hl defined

Gl is the second derivative of /(y) at the origin y = 0.

DefineTensor[th2, "h2", {{2, 1}, 1}]

PermWeight::sym : Symmetries of h2 assigned

PermWeight::def : Object h2 defined

-1 . . .
h2®) " is the inverse matrix of h2®°.

DefineTensor[tih2, "ih2", {{2, 1}, 1}]
PermWeight::sym : Symmetries of ih2 assigned

PermWeight::def : Object ih2 defined

o'h o 1s the third derivative of A(y) at the origin y = 0.

DefineTensor[th3, "h3", {{1, 2, 3}, 1}]

PermWeight::def : Object h3 defined

o is the third derivative of the cumulant function ¥(6) at the origin 6=0.
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SetSymmetric[th3[1la, 1b, 1lc]]

PermWeight::sym : Symmetries of h3 assigned

abed _ 0*h
h4 T 0Ya 0y Iy ya

o is the fourth derivative of 4(y) at the origin y = 0.

DefineTensor[th4, "h4", {{1, 2, 3, 4}, 1}]

PermWeight::def : Object h4 defined

SetSymmetric[th4[la, 1b, 1lc, 1d]]

PermWeight::sym : Symmetries of h4 assigned

m the log of the density function
logdensity=log f(y;0) is specified here.
logdensity = st[ua] ry[la] - psi[theta] - h[y]

-h[y] - psi[theta] + (va) (6%)

Since f f(y;8)dy =1, the cumulant function is defined formally by () = log f exp(6“ y, — h(y)) dy. The expectation
parameter vector is defined by n = E(y; 6) = f v f(y;0)dy. The potential function o(n) is deﬁned by

o) = maxy {6° n, — Y¥(0)}. The two parametrizations are related to each other by 1, = (W Y and 6% = 0% .

Without losing generality, we assume —— |0 0 and | =%,

6’7 !97717

m the expression of ¥(0) in terms of

n

In this subsection, we derive the expression of /() using 7 and the ¢ derivatives. The result will be stored in "psieta".

m derivation

Define "ruleetal” for the Taylor series of Na is
_ 0y _ oy b, 1L _ Py b 1y d _ -1/2
Na= 590 =30 01 Faroer aeaaeb |0 0 + 3 swamar 1090+ 5 sasmaran |0 "6 ¢, where y3,,.=O0n""?) and

(/’4abcd - O(n 1)'

RuleUnique[ruleetal, se[la ], Kdelta[la, 1b] st[ub] +

1 1
; otg3[la, 1b, 1lc] st[ub] st[uc] + ? o? tg4[la, 1b, 1lc, 1d] st[ub] st[uc] st[ud]]

ApplyRules[se[la], ruleetal]

(Kdeltapa) (6°) + 3 0 (67) (6%) (Y3pqa) + ¢ OF (6°) (6%) (6F) (Udpgra)

Define "rulethetal" for the Taylor series of
_ 9 _ A e F¢ F¢ abe _ -12
= ane = om0 T G, 1076 2 G onsone 107 7e + 6 T on o |o My MeNa, where @3 =0m"*) and

¢4abcd O(n— 1 )
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RuleUnique[rulethetal, st[ua ],

1
Kdelta[ua, ub] se[lb] + —2-— o tp3[ua, ub, uc] se[lb] se[lc] +
1
—6-— o? tp4[ua, ub, uc, ud] se[lb] se[lc] se[ld]]
foo2l = ApplyRules[st[ua], rulethetal]

(KdeltaP?) (np) + 5 0 (Mp) (ng) ($379%) + T 0% (np) (ng) (1r) ($4P%72)

Calculate ro_ _ o _ =6 4 _0s_ 07+ 1 ___ ¢ 01 4 by taking the partial differentiation of 8* with

.o, oy 01 Oy gzm 2 911, 911y Onc Ma
respect to 17, . Define "rulephi2" for — 5’5 .
Ma Oy

foo22 = tsimp[difa[foo021, se, ub]]

kdelta®® + o () (63°%%) + 3 0 (np) (ng) (9459

DefineTensor[dp2, {{2, 1}, 1}]

PermWeight::sym : Symmetries of dp2 assigned

PermWeight::def : Object dp2 defined

RuleUnique[rulephi2, dp2[ua , ub ], foo22]

_Pe

Apply U+ A) ' =T - A+ 4%+ O(n™>?) for 4 = O(n™"?) to Fotm

foo23 = tgeto2[ApplyRules[Kdelta[ua, ub] - (dp2[ua, ub] - Kdelta[ua, ub]) +
(dp2[ua, uc] - Kdelta[ua, uc]) (dp2[lc, ub] - Kdelta[lc, ub]), rulephi2]]

Kdelta®™ -0 (np) (63°%) + 0% ((np) (Nq) (63:7%) (#392) = 2 (mp) (ng) ($4P92P)

o, -1
Substitute ruleetal for 7, to get 09,, aeb = ( ﬂri, g’]b ) using ¢ derivatives as well as ¥ derivatives.

foo24 = tgeto2[ApplyRules[£fo023, ruleetal]]
Kdelta®® - o (6,) (¢3P%P) +
1 1

0% ((Bp) (Bq) (93:7°) (#3%°%) - = (8p) (6q) ($479°) - = (8;) (8g) ($3:%) (¥3P%) |

04

06+ W—{w,z’mgd— |0 6°6¢, and the coefficients are

>y
The above expression is compared with (w (.)91, =0 + W
obtained below.

foo25 = Collect[CoefficientList[foo24 /. {st[1l1l ] -» x}, x], o, tsimp|[
CanAll[# /. {ul » uc, u2 »ud, u3 »ue, u4 »uf, 11 - 1c, 12 »1d, 13 » le, 14> 1£}]] &]

{Kdeltaab, ) (¢Bab0) , 02 (¢3pad) (¢3pr) _ % (¢4abcd) _ % (¢3pab) (w3pcd))}
£0026 = Simplify[{fo025[[2]] /o, f0025[[3]] (2/0%)}]
{=(83%7), 2 (#3579) (93PP°) - 94" - (¢3,7°) (y3P°9)}

RuleUnique[ruletqg3, tg3[ua , ub , uc_], foo26[[1]]]

RuleUnique[ruletqg4, tg4[ua , ub , uc_, ud ], ApplyRules[fo026[[2]], ruletqg3]]
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. P &y
We have obtained - =7~ T |0 as follows.

0, and

ApplyRules[tg3[ua, ub, uc], ruletq3]

_ (¢3abc>
ApplyRules[tg4[ua, ub, uc, ud], ruletqg4]
2 (§352%) ($37°°) + (§3,7°) ($3P°7) - g42Pd

Let us write down the Taylor series
— Y L _&y b 1 >y boe . | ay b pe pd
W) =40 + 5 |0 0 + 7 G [0 0" O + 3 G [0 0" O O + 57 mgmamae o0 00 66

psitheta =

1 1
psi[0] + —2-— Kdelta[la, 1b] st[ua] st[ub] + —6-— otg3[la, 1b, 1lc] st[ua] st[ub] st[uc] +

1
ﬂ o? tg4[la, 1b, 1lc, 1d] st[ua] st[ub] st[uc] st[ud]

psi[0] + % (Kdeltany,) (6%) (€°) +
1

=0 (6%) (%) (6°) (Y3awe) + 5y O (6%) (6%) (6°) (69) (¥avea)

= result
Now express y(6) in terms of r7 and ¢ derivatives. This gives eq.(3.8) of SHO2.

psieta = CanAll[
ApplyRules[CanAll[tgeto2[ApplyRules[psitheta, rulethetal]]], {ruletqg3, ruletg4}]]

pSi[0] + 5 (Mp) (1P) + 3 0 (1) (nq) (1) (#3FFF) + 2 0% () (nq) (nx) (ns) ($4°F**)

psieta // InputForm
psi[0] + (sellll*selull)/2 +

(o*se[ll]*se[1l2] *se[13] *tp3 [ul, u2, u3l)/3 +
(o*2*se[l1]*se[1l2] *se[13] *se[14] *tp4 [ul, u2, u3, u4l)/8

m the expression of h(y) in terms of ¢ derivatives

In this subsection, we derive the expression of h(y) using ¢ derivatives. The result will be stored in "hinyphi".

m derivation

4abcd

Consider Taylor series A(y) = h(0)+h1? y, + % h2%® y, v + % h3% 3, v, ye + ﬁ h YVa Vb Ve Va, Where

h1¢ = 0(n'?), h2®® = O(1), h3® = O(n~12), ha®® = O(n™Y).
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hiny = h[0] + 07! thl[ua] ry[la] +

1 1
—2- th2[ua, ub] ry[la] ry[1lb] + —é- o th3[ua, ub, uc] ry[la] ry[1lb] ry[lc] +

1
V) o? th4[ua, ub, uc, ud] ry[la] ry[1lb] ry[lec] ry[1d]

hro) + YL BD L 2y (v) (n2®) +
20 (va) (v) (Ye) (B3%€) + = 0% (va) (vb) (Ye) (va) (n420ed)

Define foo31 and foo32 below, which will satisfy foo31 + foo32 = 6% y, — h(y) + O(n~'2)as shown later.

foo3l = _2—1 th2[ua, ub] (ry[la] - tih2[la, lc] (st[uc] - o1 thl[uc]))
(ry[1lb] - tih2[1b, 1d] (st[ud] - o ! thl[ud]))

1 hic hid

-5 (82%) (va- [e°-

| (ih2a0)) (vo - (6%~ 75—) (ih2sa))

foo32 =-h[0] + % tih2[la, 1b] (st[ua] - o™ thl[ua]) (st[ub] - o™ thl[ub])

hla) (Gb— hlb) (ih2.p)

Define a rule to make h2,” ih2* = 6%, thus ih2 is the inverse matrix of h2.
RuleUnique[absorbth2, th2[la , ub ] tih2[uc , ua ], Kdelta[ub, uc]]
Apply this rule to foo31+foo32 to get foo33.

foo33 = CanAll [AbsorbKdelta[ApplyRules[CanAll[foo31 + foo32], absorbth2]]]

_h[o] + (YP> (@P) — M — 1

- 5 (vo) (vq) (289

Confirming fo033=f0031 + f0032 = 6 y, — h(y) + O(n~"/?).
CanAll[foo33 - (ry[la] st[ua] - hiny)]

0 (vp) (Ya) (ve) (h3P9) + == 0% (vp) (vq) (ve) (ve) (h4P372)

Since (2 P1) det(h2ab) exp(foo31) is the multivariate normal density function w1th mean spemﬁed above and ih2,,

covariance, [exp(6” yo — h(y) — fo032 + O(n 12))dy=[exp(foo31)dy = (2m) > E2 det(h2®) *. Then,
Y(O)=log [exp(6” y, — h(») dy = % log(2 1) — + det(h2®) + f0032 + O(n~"12).

dim 1
foo34 = T Log[2 Pi] - ? deth2 + CanAll [Expand[foo032]]

_ deth2
2

> (6) (8q) (1h279) -

-h[0] + % dimLog[2 7] +

(6p) (hlg) (ih2P9)  (hlp) (hlg) (ih2P9)
o - 2 02

Considering % |0 . 3 p/, ; gb |0 = 6,0, we find that ih2® = 6% + O(n~2) and hl, = O(n~'7)from the above expres-
sion of Y(0) = f0034 + O(n~'2). Let us write h2®™ = 6% + ah2® with ah2® = O(n~12).



asymptotic analysis of the bootstrap methods 20030721.nb

19

DefineTensor[tah2, "ah2", {{2, 1}, 1}]
PermWeight::sym : Symmetries of ah2 assigned

PermWeight::def : Object ah2 defined
ruleth2ah2 = th2[ua , ub ] -» Kdelta[ua, ub] + o tah2[ua, ub];
Rewrite the Taylor series of h(y) by noting the first derivative h1 is in fact O(n~"/?).

hiny =h[0] + o thl[ua] ry[la] +

1 1
? th2[ua, ub] ry[la] ry[1lb] + ? o th3[ua, ub, uc] ry[la] ry[1lb] ry[lc] +

1
VY o? th4[ua, ub, uc, ud] ry[la] ry[1lb] ry[lc] ry[1ld] /. ruleth2ah2

B0] + 5 (va) (vs) (Kdelta™ o (ah2%°)) +o (va) (h1%) +

20 (va) (v) (ve) (B3%€) + = 0% (va) (vb) (ve) (va) (n420ed)

In the following, exp(6” y, — k(1)) = exp(foo35) = exp(foo36) exp(foo37 + O(n~3/?)), where f exp(foo31)dy = 1.

foo35 = ry[la] st[ua] - hiny

“h[0] + (va) (6%) - = (¥a) (vo) (Kdelta® +o (ah2®®)) -
O (va) (h1%) - = 0 (va) (¥b) (ve) (B3%°) = = 0% (va) (vs) (ve) (va) (ha?Ped)

-dim
foo36 =

-1
Log[2Pi] + —2— (ry[la] - st[la]) (ry[ua] - st[ua])
- S dimLog[2 7] - 3 (Ya-6a) (v*-6%)
foo37 = CanAll [AbsorbKdelta[CanAll[foo35 - foo36]]]
1 .. 1 1
-h[0] + 5 dimLog[2 7] + 5 (6p) (6°) — 5 © (vp) (Yq) (ah2P9) -

o (o) (h1P) - 2 0 (vp) (va) (v2) (h3PTF) = == 0 (vp) (vq) (ve) (vs) (h4PS=*)

Noting ¢(6) = log [exp(foo35)dy = log E(exp(foo37 + O(n~>/%))), where the expectation is taken for the multivariate

normal with mean (@', ..., 6%™) and covariance identity. We apply "logeexppoly" to foo37. First, we get
foo38={a0,al,a2,a3,a4} for the coefficients of a0 +al’x; + a2l x; x; +a3ik Xj X + aglikl . X;x;x;, and
¥ (0) = foo39below.

foo38 = CoefficientList[fo037 /. ry[la ] -»x, x] /{1, o, o, o, o?}

1

{—h[O]+%dimLog[2ﬂ]+5 1 1 }

(6p) (€P), - (h1P), -3 (ah2Pd), -2 (R3PTF), - (h4PT=*)
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foo39 = CanAll[logeexppoly /.
{sb > st, ta0 » foo38[[1]], tal[ul ] -» foo38[[2]], ta2[ul , u2 ] -» foo38[[3]],
ta3[ul , u2 , u3_ ] -» foo38[[4]], ta4[ul , u2 , u3 , u4 ] -» foo38[[5]]1}]

jay

0] + % dimLog[2 7] + % (6p) (6°) - % o (ah2pP) - % o (6p) (6g) (ah2PY) +
o® (ah2,q) (ah2P9) + % 0 (0p) (64) (ah2,P) (ah29%) - o (6,) (h1P) +

o? (hly) (h1P) +0? (6,) (ah24P) (h19) - % o (6p) (h3gP9) + % o? (hly) (h34P9) +

0 (6p) (ah2g?) (h3,%%) + = 0% (h3peP) (h3,%) - 2 0 (6p) (8g) (6:) (M) +

% (6p) (ah2gy) (h3PIF) 4 % o (6p) (8q) (hly) (h3PIT) + % 0? (h3pqr) (h3P9%) +
0% (6p) (6q) (h3ys™) (M3PI%) + %02 (©p) (6q) (6r) (ah2gP) (h397%) +
0% (6p) (6q) (h3ysP) (M397) + %02 (6p) (6q) (6r) (6s) (h3¢PY) (h3¥SF) -

o7 (hapePd) - 7 O (6p) (Bg) (M4PF) — o= 0% (65) (0g) (6x) (6s) (haPI™?)

LI RN P S RS N P SR
(0]

Now substitute 67 = ;—f =6, + % ¢ e + % #**d . ng for 67 in f0039 to get Y(0)=foo40 in terms of 1

below. The coefficients for the polynomial of 77 is stored in foo41.

foo40 = CanAll[tgeto2[ApplyRules[foo39, rulethetal]]];

foo4l = Collect[CoefficientList[foo40 /. {se[ll ] -» x}, x], o,
tsimp[# /. {ul » ua, u2 » ub, u3 » uc, u4 »ud, 11 - la, 12 » 1b, 13 » 1c, 14 -» 1d}] &]

{-n[o] + % dimLog[2 n] - % o (ah2,P) +
0 (% (ah2pq) (ah289) + % (hlp) (h1®) + % (hlp) (h34P9) +
5 (h3pq7) (B3,%) + <= (h3pqr) (B3PTF) - = (hdpg®9) ),
o (— (h1?) - % (h3ppa)) 02 ((atha) (h1P) + % (ah2,%) (h34P9) + % (ah2pq) (h3pqa)),
% - % o (ah2?3®) + o? (% (ah2,®) (ah2PP) + % (h3p4®) (h3P®) + % (hlp) (h3PaP) 4+
T (h35g7) (R39%°) = 2 (hagP®®) = 2 (h1y) (93P%°) - I (h3pe?) (439°%)),
02 (% (ah2,%) (h3PPC) - % (ah2,%) ($3°2¢) ) + o (7% (h33b¢) 4 % (¢3ab0>),
l a e} l abc 1 a (e} 1 a (e} 1 abc
0? (5 (h3,7°) (B3P%) - L (na®ed) _ T (n3,7) (63°°%) 4 £ (63,70) (630°%) + £ (4?eY) )}

Since foo40=y(d)=psieta, foo41 must be equal to foo42 below.

foo42 = CoefficientList[psieta /. se[la ] » x, x] /. {ul » ua, u2 » ub, u3 » uc, u4 » ud}

1

i 1 1 abc 2 abcd
{psif0], 0, 5, 5 0 (93%°°), & o (4479}

At first, we compare the coefficient for 7% i’ .

foo41[[3]]

=

ERES ab
> > o (ah2%?) +

2 1 a pb 1 a pgb 1 pab 1 P gab

o (E (ah2p%) (ah2P®) + — (h3pg®) (h3P9°) + = (hlp) (h3P%°) + — (h3peP) (K3FP) -
1
4

(h4pP%°) — . (h1p) (#3°%) - T (h3peP) (43%°%)
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foo42[[3]]

1

2
Thus, ah?2 is in fact O(n~') instead of O(n~172).
hiny = hiny /. { tah2[ua_, ub ] » o tah2[ua, ub]}

N[0] + = (va) (vo) (Kdelta® +o? (ah23®)) +o (ya) (h1%) +

2

20 (va) (vs) (Ye) (B3%€) + = 0% (va) (vb) (Ye) (va) (n420ed)

We rewrite foo43=foo42-foo41.
foo43 = Map[tgeto2, (foo42 - foo4l) /. {tah2[ul , u2 ] -» o tah2[ul, u2]}]

{hro] - % dimLog[2 7] +psi[0] +

02 (% (ah2,P) - % (hlp) (h1P) - % (hly) (h34°9) - % (h3,4°) (h3,9%) -

3%; (h3pqr) (R3PIE) 4 %; <h4quQ>), o (hla N %; <h3ppa>),
o? (%; (ah23b) 74%f<h3pqa) (h3Pab)y — %; (hl,) (h3PeP) 74%f<h3pqp) (h393b)y 4
T (RaPP) 4 2 (hlp) (637%) + - (h3pgP) (#39°°) ), o 2 (h3%Pe) - = (93%0) ),

1

2 _i ab pcd = 1
o ( = (h3p%) (R3Ped) + —

We solve these five equations == 0. At first, foo43[[4]]==0 gives h3?*® = $32.

foo44 = Solve[foo43[[4]] == 0, th3[ua, ub, uc]]

{{h3abc N d)BabC}}

RuleUnique[rule44, th3[ua , ub , uc ], foo44[[1, 1, 2]]]

foo45 = Solve[ApplyRules[foo43[[2]], rule44] == 0, thl[ua]]
{{h1% > “ L (g3 P2y 1}
2 p

RuleUnique[rule45, thl[ua_ ], foo45[[1, 1, 2]]]

6
(h422°) & T (h3%0) ($39°9) - = (93,70) (93P°Y) -

1
24

(pabed) ) }

foo46 = Solve[ApplyRules[foo43[[5]], {rule44, rule45}] == 0, th4[ua, ub, uc, ud]]

{{h4abcd BN ¢4abcd}}
RuleUnique[rule46, th4[ua , ub , uc , ud ], foo46[[1, 1, 2]]]

foo47 =

Simplify[Solve[ApplyRules[foo43[[3]], {rule44, rule45, rule46}] == 0, tah2[ua, ub]]]

[{ah2®® > 2 ((63pq%) (93°%) - 64,72%) }}

RuleUnique[rule47, tah2[ua , ub ], foo47[[1, 1, 2]]]
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foo48 =
Simplify[Solve[ApplyRules[foo43[[1]], {rule44, rule45, rule46, rule47}] == 0, h[0]]]

{{nro1 - i (12dimLog[2 7] - 24 psi[0] - 3 0% ($3pq%) (P3.PF) +

30% ($3pg®) (¢3:77) -4 0% (P3pqr) ($3PF7) +3 0% (P4pe®T)) }}

RuleUnique[rule48, h[0], foo48[[1, 1, 2]]]

m result

Now, it is time to express /(y) in terms of the ¢ derivatives.

hinyphi =
CanAll[AbsorbKdelta[ApplyRules[hiny, {rule44, rule45, rule46, rule47, rule48}]]]

% dimLog[2 7] -psi[0] + % (vp) (YP) - % o (yp) (#34°9) +

O (vp) (¥a) (¥x) (837%) = = 0% (63pqz) (93°%F) + £ O (vp) (Ya) (#3:sP) (6397°) +

@[ o

0% (Bpq%%) - 5 O (¥p) (Ya) ($4:PT%) + = 07 (vp) (¥a) (vx) (Ys) ($4P%°°)

hinyphi // InputForm

(dim*Log [2*Pi]) /2 - psi[0] + (ry[ll]l*ry([ull)/2 -
(o*ry[11]*tp3[12, ul, u2l)/2 +

(o*ry[l1l]l*ry[12] *ry[13]*tp3 [ul, u2, u3l)/6 -
(o*2*tp3[11, 12, 13]*tp3[ul, u2, u3l])/6 +
(o®2*ry[11]*ry[12]*tp3[13, 14, ull*tp3[u2, u3, u4l)/4 +
(o®2*tp4 [11, 12, ul, u2l)/8 -

(o®2*ry[11]*ry[12] *tp4 [13, ul, u2, u3l)/4 +
(o*2*ry[11]*ry[12] *ry[13] *ry[14] *tp4 [ul, u2, u3, u4l)/24

The coefficients of 4(y) as a polynomial of y are as follows.

foo49 = Collect[CoefficientList[hinyphi /. ry[1ll ] -»>x, x] /.
{ul » ua, u2 » ub, u3 »uc, u4¢ »ud, 11 - la, 12 » 1b, 13 » 1c, 14 -» 1d}, o, tsimp[#] &]

{5 dimLog[27] - psif0] + 0 (-2 ($3pqr) (83°%) + T (94pqP%) |, -5 0 (§3;°%)
T+ 0% (3 (03pq%) (837%) - T (94,7%0) ), £ 0 (63%°), - o (947}

= the canonical form

Now we get the canonical form of log f(y; 17) in "logdensityy".

m the summary of the previous sections

The standard form of the density function is specified by logdensity=log f(y;0).

logdensity

-h[y] - psiftheta] + (va) (6%)

By applying "rulethetal" to logdensity, 6 can be expressed in terms of 77 and ¢ derivatives.
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foo51 = ApplyRules[logdensity, rulethetal]
-h[y] - psiltheta] + (KdeltaP?) (yp) (ng) +

S0 (%) (Ma) (Me) (93°9) + 2 0 (vp) (ng) (1x) (15) (#4P%7°)
The cumulant function () can be expressed in terms of 77 and ¢ derivatives as shown in psieta.
psieta
] 1 1 r 1 2 rs
psi[0] + = (Mp) (N°) + 5 0 (Mp) (MNa) (Nx) (@3°%F) + = 0% (M) (Mq) (Mx) (Ms) (P4PHF)

The measure function h(y) can be expressed in terms of y and ¢ derivatives as shown in hinyphi.

hinyphi

S dimLog[2 7] -psi[0] + 3 (o) (¥°) - 3 O (vp) (#3¢P%) +

O (o) (va) (ve) (63P%F) = = 0% (@3pqr) (#3PF) + T O (vp) (va) (93reP) ($397°) +

®| - ok

0’ (04pq"Y) - % 0’ (Yo) (Vq) (94:P9) + 514‘02 (Yo) (Vq) (Ye) (vs) (94P9%F)

m result

By substituting psieta and hinyphi for psi[theta] and h[y] respectively in foo51=log f(y;f), we obtain the canonical form
of log f(y;n) as follows.

foo52 = Collect[foo51 /. {psi[theta] » psieta, h[y] » hinyphi}, o, tsimp]

—% dimLog[2 r1] - (Yp) (YP) + (yp) (N°) -

NI NI

S (M) (77) +o (3 (¥p) (63879 - ¢ (¥p) (va) (v) (93°%%) +
5 (Vo) (M) (72) (63P%) = = (mp) (ng) (1) (#3°%%) ] +

0% (% (03pqr) (93°%) - T (vp) (Yq) (63esP) (93%7°) - = (B2pePY) +
T (%) (va) (84:5F) - = (vp) (va) (ve) (vs) (9499°°) +
T (¥e) (1) (1) (716) (6499%%) = 2 (np) (Mq) (1) (7s) ($4°5%°)

This is the canonical form of log f(y;n).

logdensityy = Expand[foo52];

logdensityy // InputForm

- (dim*Log [2*Pi]) /2 - (ry[lll*ry([ull)/2 + ryl[ll]*selul] -
(se[l1i]l*selull)/2 + (o*ry[ll]l*tp3[l2, ul, u2l])/2 -
(o*ry[11]*ry[12] *ry[13] *tp3 [ul, u2, u3l)/6 +
(o*ry[ll]l*se[l2] *se[13] *tp3 [ul, u2, u3l)/2 -
(o*se[l1l] *se[12] *se[13] *tp3 [ul, u2, u3l)/3 +
(o®2*tp3[11, 12, 13]1*tp3[ul, u2, u3l)/6 -
(o*2*ry[11]*ry[12]1*tp3[13, 14, ull*tp3[u2, u3, u4l)/4 -
(o®2*tp4 [11, 12, ul, u2l)/8 +
(o®2*ry[1l1]*ry[12]*tp4 [13, ul, u2, u3l)/4 -
(o*2*ry[11]*ry[12] *ry[13] *ry[14] *tp4 [ul, u2, u3, u4]l)/24 +
(0™2*ry[ll] *se[l2] *se[13] *se[14] *tp4 [ul, u2, u3, u4l)/6 -
(0"2*se[ll] *se[12] *se[13] *se[14] *tp4 [ul, u2, u3, u4l)/8



asymptotic analysis of the bootstrap methods 20030721.nb 24

&6

We also show the metric
07717 3'717

by using rulephi2, and name it "phi2eta" for later use.
phi2eta = ApplyRules[dp2[ua, ub], rulephi2]
Kdelta® +o (1p) (#30%°) + = 0% (np) (ng) ($4P9P)

InputForm[phi2eta]

Kdelta[ua, ub] + o*se[ll]*tp3[ul, ua, ub] +
(o*2*se[l1] *se[12] *tp4 [ul, u2, ua, ub]l)/2

Tube-Coordinates and z.-formula

In this part, we first give an expression of the smooth surface in R4™ which specifies the boundary of the region of
interest in the 77-space. The tube-coordinate system is then defined as a pair of the coordinate system on the surface and
the coordinate along the normal direction. The signed distance from the boundary is slightly modified for generaliza-
tion, and named as a modified signed distance characterized by a coefficient vector c¢. The z.-formula is derived as an
expression of the distribution function of the modified signed distance, which is obtained up to O(n~") terms ignoring
the error of O(n=32).

m Startup

This section initializes the Mathematica session.

m packages

<< Statistics ContinuousDistributions”
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<< MathTens.m (Windows)

Loading MathTensor for DOS/Windows

MathTensor (TM) 2.2.1 (Windows) (September 17, 2000)
by Leonard Parker and Steven M. Christensen
Copyright (c) 1991-2000 MathTensor, Inc.

Runs with Mathematica (R) Versions 2.2, 3.0, 4.0

No unit system is chosen. If you want one,
you must edit the file called Conventions.m,
or enter a command to interactively set units.
Units: {}

Sign conventions: Rmsign = 1 Rcsign = 1
MetricgSign = 1 DetgSign = -1

TensorForm turned on,

ShowTime turned off,
MetricgFlag = True.

Null Windows

E error messages

Off [General: :spelll]

Off [General: :spell]

m distribution functions

gammadist[x , m , a ] := PDF[GammaDistribution[m, a], x]

Gammadist[x , m , a ] := CDF[GammaDistribution[m, a], x]

f[x ] := PDF[NormalDistribution[0, 1], x]

F[x ] := CDF[NormalDistribution[0, 1], x]

Q[x ] :=Quantile[NormalDistribution[0, 1], x]

Chidist[x , {di , nc_}] := CDF[NoncentralChiSquareDistribution[di, nc], x]

m Exponential family

This section summarizes the results for the exponential family derived in the previous part.
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= the expectation of the exponential of a polynomial function of the normal vector

Here we give the log of the expectation of the exponential of
poly(x) = a0 + al; x' + a2 x’ x/ + a3 x' x/ x* + adjjq x' x/ x* x!, where al, a2, and a3 are of order O(n~'?), and a4 is
O(n™Y). x is a multivariate normal random vector x = (x!, ..., x4M) of dim-dimensions with mean b = (b, ..., b4i™),

and the identity covariance matrix. logeexppoly = log E {exp(poly(x))} is obtained up to O(n~!)terms.

m define tensors

This b, or b* denotes a component of the mean vector b.

DefineTensor[sb, "b", {{1}, 1}]

PermWeight::def : Object b defined
The following a0, al, a2, a3, a4, a5, and a6 are used for coefficients in a series expansion with respect to x.

DefineTensor[ta0O, "aO", {{}, 1}]
PermWeight::def : Object a0 defined

PermWeight::def: Object a0 defined

DefineTensor[tal, "al", {{1}, 1}]
PermWeight::def : Object al defined

PermWeight::def: Object al defined

DefineTensor[ta2, "a2", {{2, 1}, 1}]
PermWeight::sym : Symmetries of a2 assigned
PermWeight::def : Object a2 defined
PermWeight::sym: Symmetries of a2 assigned

PermWeight::def: Object a2 defined

DefineTensor[ta3, "a3", {{1, 2, 3}, 1}]
PermWeight::def : Object a3 defined

PermWeight::def: Object a3 defined

SetSymmetric[ta3[la, 1b, 1lc]]
PermWeight::sym : Symmetries of a3 assigned

PermWeight::sym: Symmetries of a3 assigned

DefineTensor[ta4, "a4", {{1, 2, 3, 4}, 1}]
PermWeight::def : Object a4 defined

PermWeight::def: Object a4 defined
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SetSymmetric[ta4[la, 1b, 1lc, 1d]]
PermWeight::sym : Symmetries of a4 assigned

PermWeight::sym: Symmetries of a4 assigned

DefineTensor[ta6, "a6", {{1, 2, 3, 4, 5, 6}, 1}]

PermWeight::def : Object a6 defined

SetSymmetric[ta6[la, 1b, 1lc, 14, le, 1£f]]

PermWeight::sym : Symmetries of a6 assigned

= "logeexppoly"

logeexppoly = ta0 + o* (sb[11] * tal[ul] + ta2[11, ul] + sb[11l] *sb[12] » ta2[ul, u2] +
3%sb[11] *ta3[12, ul, u2] +sb[1l1l] *sb[12] *sb[13] » ta3[ul, u2, u3d]) +o” 2 *
((tal[l1l] *tal[ul]) /2 +2*sb[11l] *tal[1l2] *ta2[ul, u2] + ta2[11, 12] * ta2[ul, u2] +
2%sb[11l] *sb[12] *ta2[13, ul] *ta2[u2, u3] +3*xtal[ll] »ta3[12, ul, u2] +
6 *xsb[11] *ta2[12, ul] *ta3[13, u2, u3] + (9*ta3[11l, 12, ul] *ta3[13, u2, ud])/2+
3%sb[11] *sb[12] * tal[13] *ta3[ul, u2, u3] +
6 *sb[11l] *ta2[12, 13] *ta3[ul, u2, u3] +3*xta3[11, 12, 13] »ta3[ul, u2, u3] +
9%sb[1l1l] *sb[12] »ta3[13, 14, u3] *ta3[ul, u2, u4] +
6 *sb[1ll] *sb[12] *sb[13] *ta2[14, ul] *ta3[u2, u3, u4] +
9%sb[1l1l] *sb[12] »ta3[13, 14, ul] * ta3[u2, u3, u4] +
(9%sb[1l1l] *sb[12] *sb[13] *sb[14] *ta3[15, ul, u3] »ta3[u2, u4, ub]) /2 +
3xta4[1l1l, 12, ul, u2] + 6 *sb[11] *sb[12] *ta4[13, ul, u2, u3d] +
sb[11l] *sb[12] *sb[13] *sb[14] * ta4[ul, u2, u3, u4])
a0 +o ((bp) (alP) +a2p® + (by) (bg) (a2P) +3 (by) (a34P9) + (bp) (bg) (by) (a3P9F)) +
o? % (alp) (alP) +2 (bp) (alg) (a2P9) + (a2pq) (a2P9) +
2 (bp) (bg) (a2:P) (a29%) +3 (alp) (a34”9) +6 (by) (a24”) (a3:%) +
2 (a3pP) (a3:5) +3 (by) (bg) (aly) (a3°%%) +6 (by) (a2qr) (a3P9%) +
3 (a3pgr) (a3F%) + 9 (bp) (bg) (a3rs™) (a3P%%) +6 (by) (bg) (br) (a2sP) (a3¥"®) +
9 (bp) (bg) (a3zs®) (a3%7) + % (bp) (bg) (br) (bs) (a3:PF) (a3?%%) +

3 (a4pq®?) +6 (bp) (by) (a4:P) + (by) (bg) (br) (bs) (a4Pd¥s)

= the canonical form of the density function

Here we give the canonical form of log f(y;n) for the exponential family of distributions, and store it in logdensityy.

{RU)
9 Na 9 My

The metric phi2eta= is also given here.

m define tensors

6= 0", .., 6%Mm) is the natural parameter vector

DefineTensor[st, "e", {{1}, 1}]

PermWeight::def : Object 6 defined

n =@y, ..., Ndim) 1S the expectation parameter vector
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DefineTensor[se, "n", {{1}, 1}]

PermWeight::def : Object n defined

y=(1, .- Ydim) 1S the random variable

DefineTensor[ry, "y", {{1}, 1}]

PermWeight::def : Object y defined

$3%° = |0 is the third derivative of the potential function ¢(77) at the origin n=0.

_P¢
Onq Onp 0N

DefineTensor[tp3, "¢3", {{1, 2, 3}, 1}]

PermWeight::def : Object ¢3 defined

SetSymmetric[tp3[la, 1lb, 1lc]]

PermWeight::sym : Symmetries of ¢3 assigned

¢4abcd _ lial’)

= B onon oy |0 is the fourth derivative of the potential function ¢(n) at the origin n=0.

DefineTensor[tp4, "¢4", {{1, 2, 3, 4}, 1}]

PermWeight::def : Object ¢4 defined

SetSymmetric[tp4[la, 1b, 1lc, 1d]]

PermWeight::sym : Symmetries of ¢4 assigned

= "logdensityy"

logdensityy =

- (dim*Log[2*Pi]) /2 - (ry[1ll] *ry[ul]) /2 +ry[1ll] * se[ul] - (se[ll] *se[ul]) /2 +
(o*ry[1l1l] *»tp3[1l2, ul, u2]) /2 - (o*ry[1l1l] *ry[1l2] *ry[1l3] » tp3[ul, u2, u3d]) /6 +
(o*ry[ll] *se[l2] *se[13] » tp3[ul, u2, u3dl]) /2 -
(o*se[ll] *se[1l2] *xse[13] * tp3[ul, u2, ud]) /3 +
(o*2%tp3[11, 12, 13] *tp3[ul, u2, u3d]) /6 -
(0”2 %ry[ll] *ry[12] »tp3[13, 14, ul] »tp3[u2, u3, ud]) /4 -
(0”2%tp4[ll, 12, ul, u2]) /8 + (0" 2*ry[ll] *ry[l2] * tp4[13, ul, u2, u3]) /4 -
(0" 2%ry[1l1l] *xry[1l2] *ry[1l3] »xry[1l4] » tp4[ul, u2, u3, ud]) /24 +
(0*2*ry[ll] *xse[l2] *se[1l3] xse[14] = tp4[ul, u2, u3, ud]) /6 -
(0”2xse[ll] xse[1l2] *se[13] »se[1l4] » tp4[ul, u2, u3, ud]) /8

dimLog[2 7] - % (vp) (Y®) + (vp) (1P) - % (Mp) (MP) +

O (Yo) (93679 - £ 0 (¥p) (va) (¥) (3°F) + 20 (vp) (Nq) (nx) ($3P%%) -

O (1) (M) (N2) (63PFF) + = 0% (B3pqr) (#3PFF) - T O (vp) (va) (93reP) ($397°) -

1

0% (vp) (Ya) (#4:°%%) - = 0 (vp) (Ya) (vr) (¥s) (64P%%%) +

1
0% (PdpgPY) + = o

4

ok ok Wk N[F NP

% (Yp) (Mq) (7x) (11s) (#4PF%) — 2 0% (1p) (nq) (Mx) (1) (94°%*)
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= "phi2eta"

phi2eta = Kdelta[ua, ub] +oxse[1ll] * tp3[ul, ua, ub] +
(0”2 *se[ll] *xse[1l2] * tp4[ul, u2, ua, ub]) /2

Kdelta®™ + 0 (1) (93°%°) + = 07 (1) (nq) ($4P%P)

m Tube-coordinates

First, the expression of the surface is specified in the Taylor series. Then, the tangent vectors and the normal vector are
obtained. The tube-coordinates (u,v) are defined and used instead of the n-parametrization. Here u is dim-1 dimen-
sional vector specifying a point on the surface, and v is the signed distance. The density function f(u, v|v0) is
obtained from f(y | n), where the parameter value is specified as n = (0, ..., 0, v0) without losing the generality.

m preliminary

Some functions and tensors are defined here.

= indices

Here the dimension of the space is denoted by "9" for the index, whereas it is denoted by "dim" for the regular number.
type-a index may run from 1 to 8, although it is not used explicitly, but only assumes type-a index cannot be 9.

AddIndexTypes

= simplification functions

type-a index cannot be "9".

RuleUnique[rulekdeltal, Kdelta[a , 9], 0, IndexaQ[a]]

RuleUnique[rulekdelta2, Kdelta[a , -9], 0, IndexaQ[a]]
using the above fact.

tsimp[exp ] :=
CanAll [AbsorbKdelta[CanAll[ApplyRules[exp, {rulekdeltal, rulekdelta2}]]]];

raising -9 to 9 for a unique expression.

ruletps9 =
{tp3[-9, 11 , 12 ] -» tp3[9, 11, 12], tp4[-9, 11 , 12 , 13 ] - tp4[9, 11, 12, 13]}:

further simplification
tsimpp[exp ] := Tsimplify[

CanAll[AbsorbKdelta[CanAll[ApplyRules[exp /. ruletps9 /. ruletps9 /. ruletps9 /.
ruletps9, {rulekdeltal, rulekdelta2}]]]111]1:
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Ignore O(n~>/?) terms for scalar

geto2[exp ] := Sum[Simplify[Coefficient[exp, o, i]] ot, {i, -1, 2}]
Ignore O(n~>*?) terms for tensor.

tgeto2[exp ] := Sum[tsimp[Coefficient[exp, o, i]] o, {i, -1, 2}]
Series expansion for scalar ignoring O(n~%/?) terms.

gets2[exp ] :=geto2[Series[exp, {o, 0, 2}]]

Series expansion for tensor ignoring O(n~>/?) terms.

tgetrule[tx ] := Module[{coefs, coef0, coefl, coef2, rulel, rulel, rule2},
coefs = CoefficientList[tx, o]; RuleUnique[ruleO, coef0, coefs[[1l]]]:
RuleUnique[rulel, coefl, coefs[[2]]]; RuleUnique[rule2, coef2, coefs[[3]]];
{{coef0, coefl, coef2}, {ruleO, rulel, rule2}}]

tgets2[exp , x , tx ] := Module[{xcoef, xrule}, {xcoef, xrule} = tgetrule[tx];
ApplyRules[gets2[exp /. {x » Sum[xcoef[[i]] o%"%, {i, 3}]}], xrule]]

tgets2[exp , x , tx ,y , ty ] :=Module[{xcoef, xrule, ycoef, yrule},
{xcoef, xrule} = tgetrule[tx]; {ycoef, yrule} = tgetrule[ty]; ApplyRules|
gets2[exp /. {x » Sum[xcoef[[i]] oi"!, {i, 3}], vy » Sum[ycoef[[i]] o'™%, {i, 3}1}1,
Join[xrule, yrule]]]

Define an operator to separate the regular index into the type-a index and dim.

sepa[foo , 1 ] :=Module[{aup, alo},
UpLoa[{aup}, {alo}]; MakeSumRange[foo, {1, alo, -9}]]:

Define differential operator (for type-a index)

difa[exp , ru , ala ] := (exp - (exp /. {ru[al ] -»0})) /.
{ru[all ] ruf[al2 ] ru[al3 ] ru[al4 ] -» ru[all] ru[al2] ru[al3] Kdelta[al4, ala] +
ru[all] ru[al2] ru[al4] Kdelta[al3, ala] + ru[all] ru[al4] ru[al3]
Kdelta[al2, ala] + ru[al4] ru[al2] ru[al3] Kdelta[all, ala],
rufall ] ruf[al2 ] ru[al3 ] -» ru[all] ru[al2] Kdelta[al3, ala] +
ru[all] ru[al3] Kdelta[al2, ala] + ru[al2] ru[al3] Kdelta[all, ala],
rufall ] ru[al2 ] -» ru[all] Kdelta[al2, ala] + ru[al2] Kdelta[all, ala],
ruf[all ] -» Kdelta[all, ala]}

m define tensors

u=(uy, ..., Ugim—1) is the parametrization of the surface. Type-a index indicate the suffix such as u = (1), where
b'=1, ..,dim—1.

DefineTensor[ru, "u", {{1}, 1}]

PermWeight::def : Object u defined

d?? = O(n~'?) is the curvature matrix (second derivative) of the surface at the origin.
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DefineTensor[td, "d", {{2, 1}, 1}]
PermWeight::sym : Symmetries of d assigned

PermWeight::def : Object d defined
e??' < = O(m™")is the third derivative at the origin.

DefineTensor([te, "e", {{1, 2, 3}, 1}]

PermWeight::def : Object e defined

SetSymmetric[te[la, 1b, 1lc]]

PermWeight::sym : Symmetries of e assigned

By = SZ”. , b=1,...,dim is the tangent vector for a'=1,...,dim-1. Here the regular type index runs 1,...,dim, whereas the

type-a index runs 1,...,dim-1.

DefineTensor[tB, "B", {{1, 2}, 1}]
PermWeight::def : Object B defined
tB[1lb, aua]

Bp?'

AL 2 ' U . . .
¢* ' (u) = jnf(;’,),q |n(u) B, (u) qu (u) is the metric in the tangent space.

DefineTensor[tpa, "¢", {{2, 1}, 1}]

PermWeight::sym : Symmetries of ¢ assigned

PermWeight::def : Object ¢ defined

m the coordinates around the smooth surface

The surface is specified by ny(u) = uy, b' =1, ..., dim—1 and pgim(u) = —d* " uy uy — e uy uy us. They are
stored in "fool" and "foo2" or corresponding "rulel" and "rule2". The region of interest is specified by 7gim < Mgim(t) -

The tangent vectors are given by foo3=B;“ = gZ”: and food=Bgn® = 6{;’:‘? , or corresponding "rule3" and "rule4".

We also obtain phi2bu= ¢ * (1) = % |,,(,,) B,“(u) B," (u) , which is the metric in the tangent space. The elements of
the normal vector are denoted as B,%™, a=1,....dim, which are given in f0015=B,%™(u) and f0016= By ™(u), or in
the corresponding "rulel5" and "rulel6". The reparametrization between n-coordinates and (u,v)-coordinates are
specified by n,(u, v) = n,(u) + B, Y™ (u) v, and given in foo2l = n,(u, v) and {0022 = ngim(u, v), or in "rule21",
"rule22", and "rule22b".

m smooth surface

Define rules for the surface.

RuleUnique[rulel, se[ala ], Kdelta[ala, aub] ru[alb], IndexaQ[ala]]

RuleUnique[rule2, se[-9],

-otd[aua, aub] ru[ala] ru[alb] - o te[aua, aub, auc] ru[ala] ru[alb] ru[alc]]
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my(u) =uy,b'=1, .., dim-1
fool = ApplyRules[se[alb], {rulel, rule2}]
(Kdeltap ®') (up)
b

o
Ndim(@) = —d* 7 ug upy —e* " uy up uy

foo2 = ApplyRules[se[-9], {rulel, rule2}]

-0 (up') (uq'> (dp'q'> - o? (up') (uq'> (ur:) (ep'qu')

= tangent vectors

a _ Ony
Bby ~ Ouy

foo3 = tsimp[difa[fool, ru, aua]l]
Kdeltay ®'

a _ Ondg
Baim" = S,

foo4 = tsimp[difa[foo2, ru, aua]l]
-20 (upr) (dP'?") =307 (up') (uq) (eP'¥'?")
Define rules for the tangent vectors.

RuleUnique[rule3, tB[alb , aua ], foo3, IndexaQ[alb] A IndexaQ[aua]]

RuleUnique[rule4, tB[-9, aua ], foo4, IndexaQ[aua]]
check if they work

ApplyRules[tB[alb, aua], {rule3, rule4}]

Kdeltay 2

ApplyRules[tB[-9, aua], {rule3, rule4}]

~20 (up:) (dP'*') 30 (up) (ug) (eP'9'?)

Next, we will calculate ¢*'(u) = 22200 |, B, () B," () below.
P q

lRu))
7 Na a i

()

Apply the separate operator to phi2eta= EER LR

, and evaluate it on the surface to get phi2u=

phi2eta

Kdelta®® + o (np) ($3°%°) + % o® (Np) (Nq) ($4PI%°)

tsimp[sepa[sepa[phi2eta, 11], 12]]

Kdelta®® + o (ny) (#3°%P) + o (np:) ($3P'3P) +

3 0% (0s)? ($4°%%0) + 2 (19) (Mpr) ($4°P'*) + 302 (1) (mq:) (64°'%'*D)
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phi2u = tgeto2 [ApplyRules[%, {rulel, rule2}]]

Kdelta®® + o (up) (¢3P'2P) + 02 (—(up.) (ugr) (dP'T") (¢3°eP) +% (Up') (ug) (p4P'd'aP)

Using phi2u above, we write phi2bu= ¢** (1) = f;‘ﬁg?] |,7(u) B,"(u) B,” (u) as follows. First, the summation range of
p OTlq

phi2bu is separated into type-a and dim. Then, B p“'(u) are substituted by their expressions.
phi2u tB[la, aua] tB[lb, aub]
(Ba®") (Bp"')

(kdelta™ + o (upr) (#37'%°) +0? (- (up) (ug) (') ($3°°) % (Upr) (ugr) (94'9'=2) )

CanAll[sepa[sepal[%, la], 1b]]

(Bo®') (Bo®') + (Kdelta®®') (Bo®') (By:?') + (Kdelta’®') (Bo®') (Bp®') +
(KdeltaP'?') (Bp:?') (Bg®') -0? (up) (ug) (Bs®') (Bs®') (a®'%") (¢3°°9) +

o (upr) (Bs®') (Bs®') (¢3°9P") - 0% (up) (ug) (Bs®') (B ®') (@' (¢3°°%) -
0% (upr) (ugqr) (Be®') (Bx®') (dP'?") (¢3°°F") +0 (up') (Bs®') (Bg:®') (¢3°P'9) +
o (upr) (Bs®') (Bq®') (¢3°%'?") —0® (up1) (ug) (Bp®') (Ba®') (dP'¥") (¢3°7'8") +

O (up:) (Bg®') (Bp®') ($3P'9'F) 4 2 0% (up) (ug) (Bo?') (Bs™') (4a°°P'S')
207 (Up) (Ug) (Bo®') (Bp®) (9a%'0F) 4
207 (Up) (Ug) (Bs?) (B®') (94%0'F'F') 4 2 0% (uph) (uq) (Br?') (Bai®') (927
phi2bu = tgeto2[ApplyRules[%, {rule3, rule4}]]
Kdelta®'®' +o (up:) (¢3P'3'P") 4+ o2
4 () (ug) (@) (ATP') =2 (upr) (ug) (AF'P') (63%%'2') =2 (up1) (ugr) (A¥'2") (3%'P') -

(Up') (ugr) (dP'9") (¢3°2'P") +% (Up') (ug) (@4P'I'2'P")
We may symmetrize the coefficients of phi2bu.

phi2bucoef = Simplify[CoefficientList[phi2bu /. {ru[all ] - x}, x]/ {1, o, o2}] /.
{aul -» auc, au2 -» aud}

{Kdeltaa'b', ¢p3a'pet,

1

? (8 (da'c') (db'd') ) (dC'd') (¢39a'b') _ 4 (db'd') (¢39a'c') _ 4 (da'd') (¢39b'c') +¢4a'b'c'd')}

phi2bucoef[[3]] =

tsimp[Symmetrize[Symmetrize[phi2bucoef[[3]], {aua, aub}], {auc, aud}]]
2 (da'd') (db'c') +2 (da'c'> (db'd') _ (dc'd'> <¢39a'b') _ (db'd'> <¢39a'c') _
(db'c') (¢39a'd') _ (da'd') (¢39b'c') _ (da'c') (¢39b'd') + % (¢4a'b'c'd')

phi2bu =

phi2bucoef[[1]] + ophi2bucoef[[2]] ru[alec] + o? phi2bucoef[[3]] ru[alc] ru[ald]
Kdelta®'®' +o (uc) (¢32'®'¢")y 4
o (ucr) (uar) (2 (@*'9) (&°'¢") +2 (@*'¢") (@) — (@¥'Y) (¢372°F) — (@'Y (93°*¢") -

(db'c'> <¢39a'd') _ (da'd'> <¢39b'c') _ (da'c'> <¢39b'd') + % <¢4a'b'c'd'>
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Further simplification is possible. Here the phi2bu is essentially the same as above although the warning messages
appear.

tsimpp[phi2bu]

The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.
The assigned symmetries may be inconsistent.

Kdelta®'®' +402 (uy ) (uq) (dP'®') (d¥'2") -
20% (upr) (ug) (d2'°") (¢39P'3") 207 (upr) (uq) (dT'2") (§3°P'P') -

02 (Upr) (uq) (A°'T) (3°2'P") 1o (up ) (¢32'3'P") + % 0% (up) (uqr) (p4P'a'a'®")

phi2bu = %;

= the normal vector

The elements of the normal vector are denoted as B,%™, a=1,....dim. But for the moment, we use "norma" for B, 4™,

and "normb" for Bdimdim. First of all, we assume the following expressions of these values using unknown na2, na3,
nb2, nb3.
DefineTensor[tna2, "na2", {{1, 2}, 1}]

PermWeight::def : Object na2 defined

DefineTensor[tna3, "na3", {{1, 3, 2}, 1}]

PermWeight::sym : Symmetries of na3 assigned
PermWeight::def : Object na3 defined

norma = o tna2[ala, aub] ru[alb] + o? tna3 [ala, aub, auc] ru[alb] ru[alc]

0 (up) (na2.:®") +0? (up:) (uc') (na3da®'c

)

RuleUnique[rule5, tB[ala , 9], norma, IndexaQ[ala]]
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DefineTensor[tnbl, "nbl", {{1}, 1}]

PermWeight::def : Object nbl defined

DefineTensor[tnb2, "nb2", {{2, 1}, 1}]
PermWeight::sym : Symmetries of nb2 assigned

PermWeight::def : Object nb2 defined

normb = 1+ o0 tnbl[aub] ru[alb] + o? tnb2[aub, auc] ru[alb] ru[alc]

1+0 (upr) (Nb1P') + 02 (up) (ue') (nb2P'¢")

RuleUnique[rule6, tB[-9, 9], normb]

The inner product of the normal vector B,%™ and a tangent vector B,* "is foo7=-2 M 617 |,7(u) B, “(u)B dlm(u)

phi2u tB[la, aua] tB[1lb, 9]
(Ba®') (Bp”)

Kdelta®® + o (up:) (¢3°'%°) +0% (- (up) (ug) (A®'9") (¢372) +% (Up) (ug') <¢4p'q'ab>))

CanAll[sepa[sepa[%, la], 1b]]

(Bo?) (Bs®') + (Kdelta’®') (Bs?') (Bp’) + (Kdelta’®') (Bo”) (Bp?') +
(Kdeltap'q') (Bp'a'> (qu9) Y (U.pn) (uq'> (B99) (Bga'> (dp q' (¢3999> N

o (upr) (Bo®) (Be?') (¢3°°P") - 0% (up:) (uq:) (Be?') (By:?) (dP'%") (¢3°°%") -
0% (upr) (ugr) (Bs®) (Be®') (') (#3°°F") +0 (upr) (Bs') (Bq®”) (¢3%7'%") +
o (upr) (Bo?) (Bg®') (¢3°P'%") - 0% (up) (ug) (By?') (Bg:?) (dP'¥") (¢3°7'3") +
© (up) (Bq'®') (Be?) (¢3°°9°F) +%oz (up') (ugr) (Bs?) (Bs') (9477P'%") +
%02 (Upr) (uqr) (Bo') (Byp:?) (¢4°P'9'F") +

1
2

0% (upr) (ugr) (Bs®) (Bp:®') (¢4’P'a'r") Jr%o2 (Up') (Ug) (Bp®') (Bgi®) (¢4P'2'x's")

foo7 = tgeto2[ApplyRules[%, {rule3, rule4, rule5, ruleé6}]]

0 (-2 (upr) (B'%') + (upr) (na2?'®') + (upi) (¢3°°')) +
0% (-3 (up) (ug) (e2'4'%) 4 (up) (ug) (n@3*'P'9) —2 (up) (ug) (44'2) (nb1P') -
2 (Up) (ugr) (A9'2) ($3°9%) - (up:) (ug) (%) (¢3%°%') +

(Upr) (ugr) (mb1%) (¢3°P'2") + (upr) (ug') (na2p @) (@3°°F'%) +% (Upr) (ug) (@4°P'9"2)

The squared norm of the normal vector B,%™ is foo8= a 577 |,,(u) B dlm(u) B dlm(u)

phi2u tB[la, 9] tB[1lb, 9]

(B2%) (Bp®)

Kdelta™ + o (up) (#3P'%) +0% (- (up) (ug) (dP'S') (63°%%) + = (up:) (ug) (#4P'%'*") ]
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CanAll[sepa[sepa[%, la], 1b]]

(Bs?)” + 2 (Kdelta®®') (Bs®) (Bp®) +

(KdeltaP'?") (B ?) (Bq?) - 02 (Up') (ug') (Bo?) " (dP'?") (¢3°°9) +

o (upr) (Bo?) (#3%%%') —207 (upr) (Ugq) (Bs®) (By®) (A'T) (¢3°9") +

20 (upr) (Bs”) (Bg:?) (¢3°P'%") - 0% (upr) (uq) (By?) (Bg®) (dP'T") (93°7'%") +

2

O (Upr) (Bg'®) (Bre?) (¢32'4'F) + % 0? (Up) (ugr) (Bo®)” (947°F'') +

0% (upr) (ugr) (Bo®) (Bp?) (¢4a®P'd'r") +%O2 (Upr) (ug) (Bp®) (Bgi®) (¢4aP'a'r's")

foo8 = tgeto2[ApplyRules[%, {rule3, rule4, rule5, ruleé6}]]

1+0 (2 (upr) (nb1®') + (Up') ($39°P" ) +
0% ((up) (ug) (ma2y %) (na2™®') + (up') (ug) (Nb1P') (nb1?") +
2 (up'> (uq') (nb2p'q') - (up'> (uq') (dp'ql) ((173999) + 2 (up'> (uq') (nblql) (¢399p') +

2 (upr) (ug) (na2e¥') (93%'F) + 2 (up) (ug) (#4°°P'9)

Now, we will solve na2, na3, nb2, nb3 from the equations foo7==0, foo8==1. First we get the coefficients in foo7 and
foo8, and relabel nonfree indexes.

foo9 =
Simplify[CoefficientList[foo7 /. {ru[al ] -»x}, x]/ {1, o, 0?}] /. {aul -» aub, au2 - auc}

{0, -2 (a*'®") +na2?'®" +¢3°2'*", -3 (e*''%") +na3*'P'’ ~ 2 (a*'%") (nb1®') - (d®'°") (¢3°°%) -
2 (da'c‘> (¢399b'> + (nblc') ((b39albl) + (nazrvc'> <¢3r'a'b‘> +% (d)49a'h'c'>}

f0010 = Simplify[CoefficientList[foo8 -1 /. {ru[al ] - x}, x] /{1, o, o%}] /.
{aul -» aub, au2 - auc}

{0, 2 (nb1®") +¢3°°®", (nb1®') (nb1®') +2 (nb2”'°") - (d>'°") ($3°°°) +

2 (nb1®') (¢3°°%') + (na2,.°') (na2*'® +2 (¢3°*'P')) 4+ % (¢4°%P'<") }
aoo = Solve[foo9[[2]] == 0, tna2[aua, aub]]
{{na2®'™ -2 (a*'®") - ¢3°*'""})
RuleUnique[rulell, tna2[aua , aub ], aoco[[1l, 1, 2]], IndexaQ[aua] A IndexaQ[aub]]

aoo = Solve[fo0l0[[2]] == 0, tnbl[aub]]
) 1 \
{{nb1® -5 (63°°") }}

RuleUnique[rulel2, tnbl[aub ], aco[[1l, 1, 2]], IndexaQ[aub]]

aoo = Solve[ApplyRules[foo9[[3]], {rulell, rulel2}] == 0, tna3[aua, aub, auc]]

{{na3a'b'c' 53 (ea'b'c') + (db'c'> <¢399a') + (da'c'> (¢399b') +

% <¢399c') (®39a'b'> ) (dplc') (®3P'a'b') n <¢39plc') (d)3p'a'b') _

1

5 (¢49a'b‘c')}}
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aoo2 = tsimp[Symmetrize[aoco[[1l, 1, 2]], {aub, auc}]]

1 1

3 (ea'b'c') + (db'c'> <¢399a') +5 (da'c'> (¢399b‘) +§ (da'b') (®399C'> +

(63°°°") (93%2'P') + T (63°°P') (93°%'°') — (dpr®) (9303 +
1

(63%:°) (839'2'%') — (dp. ™) (#3°'2'%) 4 1 (¢3%°) (930" -

1
2
1
2 2

<¢49a'b'c‘>

RuleUnique[rulel3, tna3[aua , aub , auc ],
aoo2, IndexaQ[aua] A IndexaQ[aub] A IndexaQ[auc]]

aoo = Solve[ApplyRules[foo0l0[[3]], {rulell, rulel2, rulel3}] == 0, tnb2[aub, auc]]
[{nb22'e' 5 2 (-4 (@ %) (") + (') (#399%) + 2 (43°°%") (939°") +

2 (@'P') (93%:%) -2 (dp©') ($3°0P') 4 (93%:°) (93%'F) - ($477><") ) }}
aoo2 = tsimp[Symmetrize[aoco[[1l, 1, 2]], {aub, auc}]]
() (PTP) - (') (PTS) w S (ST (93%97) 4 o (43°%") (63°°°) 4

') (#3%:%) - S (dpe') (#3%°P')

NI

aoo2 = tsimpp[%]

(dpe') (@'P') + = (d'€') (63°°°) +

-2
2 (@3 (93%%°") + S (03%:°T) (93%'P) - L (947"

RuleUnique[rulel4, tnb2[aub , auc_ ], aoco2, IndexaQ[aub] A IndexaQ[auc]]
ApplyRules[tnb2[aua, aub], rulel4]

“2 (GpPT) (@) + S (ATP) (93°%9)

3

263597 (93%) + 2 (93%:%) (3% ) - L (9%

We get foo15=B,%™ (1) and f0016= Baim®™ (1) below.

norma

0 (up) (na2.:®") +0? (up:) (uc') (na3da.®'c)

fool5 = tgeto2[ApplyRules[norma, {rulell, rulel2, rulel3, rulel4}]]

© (2 (up) (dar®) - (upr) (3°7)) +

0 (3 (upr) (ug) (€aP'%') + (up) (ug) (@P'F') (3%%1) + 3 (upe) (Ug) (dar®') (937%')
(Up) (Ug) (Ga®') (93%°%) + T (upr) (ug) (93%%) (93%2') +

(pr) (ug) (93°°%) (3°%0:%) ~ (Wp) (ug:) (A®) (#3227

(Up) (Ug) (#3%:%) (@3a®'*') = (Up) (ug) (P (632 %) +

(Up) (ugr) (63%:") (03245 ) - 2 (upr) (ug) (94%,.2'¢)

2

NI N N N
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fool5 = tsimpp[fool5]

20 () (dar®') +30° (W) (ugr) (€a®'®) +
o (Upr) (ugr) ('F) (63%%) +0? (Upr) (ug) (da®) ($3°°P') =0 (up) (#3°a.P')
5 0% (upr) (ug) (#3%%) (#3%%') - 202 (up) (ug) (dr®) (#3a2'7') 4

o? (up') (uq') (¢39r'ql) (¢3a'p'r') - % o? (up') (uq') (@49a'plql)

RuleUnique[rulel5, tB[ala , 9], fool5, IndexaQ[ala]]

ApplyRules[tB[ala, 9], rulel5]

20 (Upr) (daP') +307% (upr) (ug) (ear®'d) +
2

0% (up) (uqr) (@°'%) (¢3°7.1) +0° (Upr) (ug) (dar®') ($3°°P") -0 (up) (3°2°") +
%02 (upr) (ugr) (¢399q'> (¢39a'p‘) -20° (upr) (ugr) (dr'ql) (¢3a'p'r'> +

0% (upr) (ugr) (3°. %) (¢3..P'7") f%oz (Upr) (ugr) (4°5.2'9")

normb

1+0 (up) (nb1®') + 02 (up) (uer) (nb2°'°")

fool6 = tgeto2[ApplyRules[normb, {rulell, rulel2, rulel3, rulel4}]]

1- % o (up) ($3°°P") 4+
1 3

0% (<2 (up) (Ug) (der®) (%) 4 2 (up) (ug) (@) ($3°°%) + = (up)) (ug)
(9399%') (#3°°%) + 2 (Up:) (ug) (83 F) (@3°F'F') = T (up)) (ug) (64°%'")
RuleUnique[rulel6, tB[-9, 9], fool6]
ApplyRules[tB[-9, 9], rulel6]
1-207 (up) (ug) (der®) (@'F') + T 07 (up) (ug) (G'F) (¢3°%7) -
30 () (63°%') + 207 (up)) (uqr) (939%') (63°99)
S 0% (upr) (ugh) ($3%.%) (93%'F') - T 0% (up.) (ug) (#a%P'T")

In the below, we confirm if the normal vector is orthogonal to the tangent vectors and if the length of the normal vector
is 1.

. ' 2 \ .
The inner product of the normal vector B,%™ and a tangent vector B,* is f0017=%— |,7(u) B, (u) Bqd‘m(u).
P q

phi2u tB[la, aua] tB[1lb, 9]
(Ba™") (By")

Kdelta™ + o (up) (#37'%) +0% (- (Up) (ug) (BP'F') (63°%) + = (up:) (ug) (#4°'%'2") ]
CanAll[sepa[sepa[%, la], 1b]];

fool7 = tgeto2[ApplyRules[%, {rule3, rule4, rulel5, rulelé6}]]

0

. 2 . .
The squared norm of the normal vector B,%™ is fool8= 63,,¢(an;), | Bp™™ () B, ™ (u).
14 q
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phi2u tB[la, 9] tB[1lb, 9]

(B2%) (Bp®)

Kdelta™ +0 (up:) (93°'%) + 0% (- (Upr) (ug) (@'T) (63°%) + 2 (Upr) (ug)) (#4°'7")])

CanAll[sepa[sepa[%, la], 1b]];

fool8 = tgeto2[ApplyRules[%, {rule3, rule4, rulel5, rulel6}]]

1+0% (=2 (up) (ugr) (@) (63°r %) +2 (up) (ugr) (dr @) (@3°P'F"))

tsimpp[fool8]

1

= (u,v)-coordinate system

0020 = 1,(u, v) = Na(u) + B.™(w) v.
foo20 = se[la] + tB[la, 9] v
Na +V (Ba”)

foo2l =n,(u, v).

foo2l = ApplyRules[f0020 /. {la » ala}, {rulel, rule2, rulel5, rulelé6}]

(Kdeltas ®') (up) +20V (up) (da®') +30%v (up) (uqr) (ea®'d) +
0% v (up) (ug) (A'%) (¢3%%4) +0? v (upr) (ugr) (dar®') (¢3°°P") —0v (up) (¢3°2.°") +

%02\’ (up'> (uq') ((153990‘[') <¢39a'p‘) -20%v (up'> (uq') (dr'q‘) (¢3a'p'rl> +
07V (Up1) (ug) (93%0F) (93a°'%) - 2 07 v (Up1) (ugr) ($4%°'%)

RuleUnique[rule2l, se[ala ], foo2l, IndexaQ[ala]]
0022 = ngim(u, v).

foo22 = ApplyRules[foo020 /. {la—» -9}, {rulel, rule2, rulel5, rulel6}]

V-0 (Up) (Ug) ('9) ~20° v (Upr) (Ug) (dr ') ('F) ~0? (Up) (ug) (Up) (€2'9'F') 4
% 0%V (up) (ug) (d'¥) (¢3%%7) - % oV (up) (¢3°°P") + %ozv (Upr) (uqr) (43°°P') (93°99") +
%O2V (Upr) (uqr) (3°..9") (93%2'F") ,%02\, (upr) (ugq ) (¢4a°°P'?")

RuleUnique[rule22, se[-9], foo022]

RuleUnique[rule22b, se[9], foo22]

m change of variables

The Jacobian of the change of variables ne(u,v) is J = det( 03'(71(4”;? ) The asymptotic expression of logdetJ is

obtained up to O(n~') term in "logdet]". The density function f(u, v|v0) is obtained from f(y|n) as shown in
"logdensityuv", where the parameter value is specified as n = (0, ..., 0, v0).
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m Jacobian

Here we will calculate the log of the Jacobian J = det( 0{;7(”:'1; L.

HT]a‘( ) ) HT]a‘( > )
- N o e SRR ) (0023 f0025
t 1. t = .
1rst, we obtain the expression o O Nam29) O aim(11) f0024 0026
Auyy v

foo023 =21
Uy

foo23 = tsimp[difa[foo021, ru, aub]]

Kdeltas, ® +20v (da?') +6 0% v (up:) (ea®'®') +

207V (upr) (@) (93°%a0) + 0%V (upr) (da®') (¢3°°P") + 0% v (up) (dar®') (¢3°7°) +
S0PV () (93%%") (63%.P') —ov (63 ) + 3 0PV (up)) ($3°°F') (#3%a.') -

20%v (up) <dq'b'> ($32°'9") +* v (up) <¢39q'b') ($3a:°'9") -
202V (Upr) (dgP') (93292') 102 v (Upr) (93%R") ($3a:9°) — 02 v (up) ($4%..P'2")

foo24 =21t
Uy

foo24 = tsimp[difa[fo022, ru, aub]]

=207V (Up1) (dg®") (d'%) =20 (upr) (B'P) -207 v (Upr) (dg'®) (dT'P7) -

307 () (ug) (€P'4'') 102w (uph) (') (93°%%) - 2 ov (93°%') +

1

Of v (upr) ($377F") (93°7") + = 0% v (up) (#37¢°) ($3°P'Y) +

N E | W

Of v (up) (¢3°q:P") (¢3°4P") - % o% v (upr) (¢4°7P'P")

foo25 =Llun)

foo25 = tsimp[D[£foo021, v]]

20 (up) (da®') +30% (Upr) (ug) (€a®'?) +
o? (up) (ug) (&' (¢3°%,0) +0? (upr) (ug) (da®') (¢3°9P') -0 (up:) (#3°2:P') +
507 (W) (Ug) (#3%) (93%.F') ~207 () (ug) (Ae¥') (632'7) 4

07 (Up:) (ug) ($3°0%) ($322'F) - 2 7 (Upr) (Uq) (#8%P'%)

_ 0 Ngim(u,v)

f0026 =—lnrs

foo026 = tsimp[D[£fo0022, Vv]]

1-207 (up) (ug) (de®) (&) +§oz (Up) (ugr) (A®'9") (¢3°°%) -
o (upr) (¢3°°P") +§oz (up') (ugq) ($3°9P") (¢3°°") +
o (Upr) (ug) (¢3°n %) (¢3°P'F) *%"2 (Up') (ug) (94°°P'9")

1
2
1
2

_ f0025
foo27 = 0026
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foo27 = tsimpp[tgets2[y/x, x, foo26, y, foo25]]

20 (Up) (dar®') +30% (Upr) (Ug) (ea®¥) +0% (Up) (ugqr) (A% (¢3%%40) +
20% (upr) (ugr) (dar®') (03°%P") -0 (upr) (¢3%2:P") —20% (Upr) (ugr) (dee?') (634.°°F") +
0% (up) (ugr) (63°x %) (¢3a.7F") - % 0% (Up) (uqr) (94°,P'a")
f0028=f0027 foo24 =%
foo28 = tsimpp[tgets2[xy, x, £f0027, y, foo24]]
407 (Upr) (ug) (dai®') (ATP) ~0P v (upr) (darP') (63°%°') +
207 (Up) (ug) (A%'') (93%%') + 5 07 v (Upr) (93°%") (#3%a,%")
f0029:f0023—f0028—6,,-b' =f0023- % —6avb' .
foo29 = tsimp[tgets2[x - y, x, foo23, y, foo28]] - Kdelta[ala, aub]
20V (da®') +40% (up) (ug) (da'®') (AT'P') +60%v (Upr) (€aP'P') +
202%v (up) (dp'b'> (¢3°°,1) + 0% v (upr) (da.b') (¢3°°P") + 202 v (Up+) (da:P") <¢)399b') _
207 (Up:) (ug)) (A3P') (93%:%) ~0V (3% %) + 3 07V (up) (93°%%") ($3%.°") -
207V (upr) (dg®) (032P'%) + 0% v (up) (¢3°¢°") (3227 -
207V (up) (dg'®) (032 %P") + 0% v (up) (#3°¢P") (932:9P") - 0% v (upr) (942"

I+10029 0

foo23 foo25
OW( f0024  f0026

fo024 o026 ) is transformed to (

) by the simple conventions preserving the determinant.

Then, logJ = log det({ + f0029) + log(1+(fo026-1)) = trace(foo29) — % trace(f00292) + f0026 -1 — % (fo026 — l)2 .

foo30=trace(fo029)

foo30 = tsimpp[Kdelta[aua, alb] foo029]

20V (dpP') +40% (up) (Ug) (dpP') (AT'T) +60% v (Upr) (eqP'T) +
40%v (up) (') (¢3%°q) +0% v (Upr) (dg?') (¢3°°P") —ov (¢3%p.°") +

3OV (Up) (93%F') (93%%) - 207 (up) (ug) (A¥'T') ($3°P") -

20V (upr) (dg*') (30 P'T) 402 v (up) (¢3%°¢7) (93,29 -
20V (upr) (dg®") (309 F) + 02V (up) (03°¢:P") (93, TF") —0® v (upr) (94°¢ 2T

foo3l = trace(f00292)

foo3l = tsimp[tgets2[xy, x, fo029, y, foo29 /. {ala -» aua, aub » alb}]]

40%v? (dp?) (dg®') -4 02v? (dpe?) (93°4:2") + 0% v2 (937, (3°4P")
0032 = (fo026 — 1)*

foo32 = tsimp[tgets2[x?, x, £0026 - 1]]

T 0% (W) (ug) (#37%F) (93°°9)

Finally, logdetJ=logdetJ = fo030 — %f0031 +fo026 -1 — % foo32.
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1 1
logdetd = tgeto2 [tsimpp[foo30 - —2— foo31l + foo26 -1 - —2-— foo32]]

0 (27 (A P') - S (up) (93°%°") —v (63%:°") ) +
0? (22 (@p %) (dgP') +2 (upe) (ugr) (d¥) (@'F) +
6V (up) (eq:®'¥) + % (Upr) (ugqr) (AP'9) (¢3°°°) +4v (up) (AT (¢3°%4:) +

Vv (upr) (dgr®) ($37°%7) } (upr) (ug) (@3°9P') (¢39°%") +
1

2V (Gp ) (93%%) - 3 V7 (93%.T) (93%9:%) 4 3V (Up) (#37F) (93%.%) -

2 (upr) (ugr) (ATF) (¢3%:P") + = (up) (ug) (¢3°:9") (¢3%P'F") -

2V (Up) (dgr™') (9322 %) +v (up) (3% 7) (63::°'9) -2V (upr) (dg:®) (¢3, ¥

1

v (up) (#3°¢P") (93097 - 2 (upr) (uqr) (p477P'9") v (upr) (94°¢®'T)

Collect[logdetd /. {ru[al ] »u}, {o, v, u}, Simplify]

( % 399P + Vv (2 (dp,P') 7@39p|p') .
o2 (v2 ( 2 ,P' _¢39qlp') _ % (¢39p‘q') (¢39q'pl) +
% u? (8 (dy any (dp'r') +2 (dp'q'> <¢3999) . <¢399p') ($3°99") _

8 (A1) (¢3°nP") +2 (¢3°1.F") (93%P'F) - 4R’ 4

r'> +

uv (6 (egP'T) +4 (T (93%%.) + (dg: ) (937P') + I (93°%F") (63°:9") -2 (dg:™')

(¢3::2'9) + (¢3%¢ ") (¢3::2'9) —2 (dg®') (@3::9F) + (¢3°¢P") (93,97

m density function f(u,v|v0)
log f(y|n) is given as follows.

tgeto2[logdensityy]

[y

dimLog[2 n1] - % (vp) (V®) + (v,

B o) (1°) -

1 P 1 pa 1 pqr

3 () (P) +0 (3 (ve) (3¢°%) - = (vp) (va) (vx) ($39%%) 4

(ve) () (1:) (8399%) = = (1) (ng) (ne) (#3°%) ) +

(93pqr) (63°F) = T (Vp) (Va) (83xsP) (#35°°) - T (64pg%) +

(ve) (va) (64:P%) = 2 (vp) (Yq) (ve) (ve) (64P92) +
1

(vo) (Ma) (Nx) (Ns) (47F*%) = = (Mp) (Ma) (Nx) (Ns) ($4P4°%)

ok |k o+ N

First, we set n=(0,...,0,v0). In other words, 1, = 0, and 74, = v0. Here we use symbol v0 for A.

RuleUnique[rule35, se[la ], v0Kdelta[la, 9]]

,¢49q,p'

“))
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foo35 = tsimpp[ApplyRules[logdensityy, rule35]]

v0?
2

- 2 dimLog(2 7] +v0 (v*) - 3 (vp) (¥F) - 5 0v0® (93%%%) + = 0v0? (vp) (93°%F) +
O (Yo) (93¢79) - £ O (¥p) (vq) (¥r) (#3PF) + 2 0% ($3pqr) (43797) -

(
0% (yp) (Yq) (#32sP) (¢397°) - % 0% vo* (4°°7%) + % 0% v0® (yp) (94°°°P) -

@ &k NP

o (¢4pg™) + % 0% (o) (vq) (04:°7) - i o? (vp) (va) (vx) (vs) (94P9%%)

Then, change of variables y=n(u,v).

foo36 = tsimpp|[
CanAll[sepa[CanAll[sepa[CanAll[sepa[CanAll[sepa[foo035, 11]], 11]], 11]1], 11]]]

v0?
2

5 (o) (7)) - 5 0ov0? (93°%%) +

0 (y5)® (93%%%) + £ oF (¢3°%)° -

02 (yo)? (63°°%)% + (yp)

NI

0 (ys)? - 3 0% (ys) (#3°°%) | (#3°°%") +

(S}

S
2

o
El
20 (ys) (63%:") = 2 0 (vs) (V) (vq) (83°F'T) - 02 (vs) (vpr) (#3%%q) (93%°'%') +
o 1
2

—_—

0 (v5)?) (93%%p1) (93°%P') - T 0% (vp:) (va)) (93°%P') (§3%9) +

—

o2 (Y9>2) ((b?’gp'q.) (@39p'q'> _ % o2 (YP'> <Yq'> ((b?’gr'p') (¢39quv> .
1

o (Yer) (83¢:'%) = 0 (vp) (va) (yer) (637'9%) = 207 (¥s) (ver) (63%qxr) (937 7) +

0% (¢3piqrer) (§37°4F) - % 0% (yp1) (vq') (#3ria®') (¢37'7'8") -

@k ok e

02 <¢49999) _ % 02 VO4 <¢49999) + %02 V03 (yg) (¢49999) + 34: 02 <y9>2 (¢49999> _

2 on3
o Z’O . %02 (yo) - %02 (y9)3) (vpr) (6499%P") 4
2

S O (ye)* (9499%) +

2

o
4
2

o
4

SO T O ()] (98%%2) ¢ (S - 30 (v9)2) (vpr) (vgr) ($4%%F'T) 4
0% (ys) (vp) (¢4°¢P'T") - % 0% (v9) (¥Yp') (Yq) (yr') (¢4°P'T'F") - % 0% (¢dp q®' ) +

o (vp') (vqr) (94r®' T —ioz (Ypr) (Yar) (Yer) (ver) (04P'9'F'8")

NSNS
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foo37 =
tsimpp[tgeto2[ApplyRules[foo036 /. ry -» se, {rule2l, rule22, rule22b}]] + logdetdJ]

-VTZ + v VO - "%2 - % dimLog[2 7] - % (Upr) (UP') +20v (dp®') —202v2 (dpi?') (dg®') +
(20 -20°vV0) (Up) (ug) (dp®) (@°'F) —%oz (Upr) (uqr) (Ug) (ugr) (dP'9) (ar's") +
607V (Up:) (eq®'%) + (207 V=07 V0) (Up) (Uq) (Ur) (€2'F'%) + 2 ov (9399) -

% ov? ($3°°%) + % ovv0? ($3°°°) - % ov0® (¢3°°%) + % 0% (¢3°°%)7 - % 0% v? (¢3°°%)% 4
(Upr) (ug) (®'?) [ov-ovo+ % 02 vvO ($3°99) - % 02 v02 (¢3°99) | +

(502 v-02v? +02vv0?) (upr) (AT (¢3%94) +
0% v (upr) (dg¥') (¢3°7%") *%Ozv (Up) (Ug) (Ur) (AF'F") (93P +

02 1 1 .
ov _%ozv (¢3999> +ZOZ 3 (¢3999> —Zozvvoz (¢3999)J <®399p )+

1
(up) (—? ovv0 +

3022v N 022v3 _%ozvvoz (up-) (¢399q') (¢39q'p') n

202 v? (4 ?) (¢3°4:P") + (-
2

(02 30%v

’ ) (93%:%) (83%P') ¢ OV (upr) ($3°%F') (3% -

207 (upr) (ug) (AVF) (03%:7") - 5 0% (upr) (ug) (@) (63%%") +

S0V (up) (ug) (93%'F) + = 0% (Upr) (ug) (ur) (ug:) (&) (#3%P'9") -

TPV (up) (Ug) (Ue) (93%9F) (#3%'T) 4+ 2 0PV VO (uph) (ug) (637 %) (93%'F) +

20 () (@3¢P'T) 207V (Up) (Gg ™)) (93’9 ) 4 2 07V (Upr) (63°qT) ($3p2'F) -

0% v (up:) (dgr®') (6305'F) + 3 0PV (up) (#3°q:") (639'F) -

% o (up) (ugr) (uri) (6327277 + % 02 (¢3piqirr) (3°'TT) 4

0% v (upe) (Ug) (ur) (der™') ($37'9'%") = 2 0% v (upr) (ugr) (up) (#3%57") (930'9'%") -

0 (1) (ug) (@3ra®') (8395%) - % o7 (9a729%) + L o2 y2 (542909 _ L g2 (gaooe) .

24

2 3
v o“ vO0 !
— 0% v0* (¢p4°°°°) + s c (upr) (¢4a°%°P") +

(94°°,.P') - % 02 vv0 (up) (ugr) (¢4°92'2") -

v (up+) <¢49q'plq'> + % o* v (Upr) (uqr) (urr) <¢49pqurv> - % o? (¢4p'q'plq') +

]

o® (Upr) (ugr) (94r°'%"") 751502 (Up') (Ugr) (upr) (us) (P4P'3'*'S")

Now we get logdensityuv=foo38=f(u,v|v0).

foo38 = Collect[foo37, {o, v, ru[all] ru[al2] ru[al3] ru[al4],
rufall] ru[al2] ru[al3], ru[all] ru[al2], ru[all]}]:
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logdensityuv = foo38

v0?
2

o (*VO (Up') (ugr) (') - % v? (3°99) - % v03 (¢3°9%) +

- % dimLog[2 r1] - % (upr) (UP') +

v (2 (P s I (937%%) + = v0? (¢3°°7) - = VO (up:) ($3°%F") -
2 2 2

1

2

(upr) (% v0? (¢3%°P") + % <¢3q,p'q'>) 7%

S (03%") ¢ (up) (ug) (- (@'F) + = (#3°P'a) ) ) +

(Up') (uqr) (Upr) (P3P T ) 4

2 1

(~vO (upr) (ug) (ue) (€P'E'F') 4 2 (83°°%)% 4 2 (63°%1) (63°%%') + 3

2

1 1 1 1
2 (D3prqir) ($37°TF) = = (947797 - =2 v? (9477%7) - = v0® (947777) +

VP (upe) (- (@) (93%%)) + 5 (63%%7) (83°9') + S (#3°°%) (63%0.7) - = (947 4
V0 (upr) (94%9F) v (-2 (G %) (AgP) - G (837°)7 - 2 (63%%) (937F) +

(¢39p'ql ) (@3901'?') +

2 (dpi®') (3% ) - o (83%5: %) (93°gP') + 5 (64%%%%) v T (98%% ) | - T (88%%F) 4

v (% v0? ($4°9°%) + (Up:) (ugr) (72 V0 (d,.9') (dP'T') + %vo (QR'a"y ($3999) +

1

VO ($3°%") (43%°7') + 2 VO (#3°9") (3%'F') - T v0 (94%%P'%') )

3
0
(Upr) (6 (eq®'T) +5 (&'T) ($37%q)) +v0? (&'T) (93%%)) + (A ') (63°°F') -
2
4

(¢3°9%) (¢3°%F") - % vo? (¢3°7%) (¢37°%") - % (¢3°99") (63°¢'®") - % vo? (¢37°9)

(¢3¢ ") + % (¢3%°P") (¢3°4: %) -2 (dg™) (9327 + % ($3°q:7") (¢3::P'T") -

(dgr®') (@309F') + S (93%:P) (930 F7') + 2 ($4%%%%") - 2 (64%P'T) ) +

(Ups) (Uq) (up) (-2 (2'9'%') = 2 (A¥'F') (93%9°') - T (93%°%") (93°P'T") 4

(dai™') ($37'9'%") = 2 (93%,7") ($39'T'%) 4 T (04%P'T'T) )| - T (94 ') 4
(W) (Ug) (2 (d®) (P'F) - S w07 (@) (93%°%) -2 (AF'T") (93%.7') -
1 o . 1 , S 1 g
ST (3% ) - T (@3r0?) ($3TTF) ¢ o (640P' T )
(W) (Uq) (up) (uge) (-3 (B'9) (@'2") + S (&%) (§3%'T) - - (gaP'a'x'") )]
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InputForm[foo38]

-v*2/2 + v*v0 - v072/2 - (dim*Log([2*Pi])/2 - (rulalll*rulaull)/2 +
o* (- (vO*rulall]l *rulal2] *td[aul, au2]) - (v*3*tp3[9, 9, 9]1)/6 -
(v0*3*tp3[9, 9, 91)/3 + v*(2*td[all, aull + tp3[9, 9, 91/2 +
(v0*2+*tp3[9, 9, 91)/2 - (vO*rulalll*tp3[9, 9, aull)/2 -
tp3[9, all, aull/2 + rulalll*rulal2]*(-td[aul, au2] +
tp3[9, aul, au2l/2)) + rulalll*((v0*2*tp3[9, 9, aull)/2 +
tp3[al2, aul, au2l/2) - (rulalll*rulal2]*rulal3]*
tp3[aul, au2, au3l)/6) +
o™2% (- (vo*rulalll *rulal2] *rulal3] *te[aul, au2, aul3l) +
tp3[9, 9, 91%2/6 + (tp3[9, 9, alll*tp3[9, 9, aull)/2 +
(tp3[9, all, au2l*tp3[9, al2, aull)/2 +
(tp3[all, al2, al3]*tp3[aul, au2, au3l)/6 - tp4l[9, 9, 9, 91/8 -
(v 4*tpa[9, 9, 9, 91)/24 - (v0™4*tp4a[9, 9, 9, 91)/8 +
v*3*rulall] * (- (td[aul, au2]l *tp3[9, 9, al2l) +
(tp31[9, 9, 91*tp3[9, 9, aull)/4 +
(tp3[9, 9, au2l*tp3[9, al2, aull)/2 - tp4l[9, 9, 9, aull/6) +
(v0*3*rulall]l *tp4[9, 9, 9, aull)/6 +
v*2* (-2*td[all, au2]*td[al2, aull - tp3[9, 9, 9172/4 -
(tkp3[9, 9, alll*tp3[9, 9, aull)/2 + 2*td[all, au2]*
tp3[9, al2, aul] - (3*tp3[9, all, au2]l *tp3[9, al2, aull)/4 +
tp4[9, 9, 9, 91/4 + tp4l9, 9, all, aull/4) -
tpda [9, 9, all, aull/4 + v*((v0"3*tp4[9, 9, 9, 9])/6 +
rulall]l *rulal2] *(-2*v0*td[al3, au2] *td[aul, au3] +
(vo*td[aul, au2]*tp3[9, 9, 91)/2 +
(3*v0*tp3[9, 9, aull*tp3[9, 9, au2l)/8 +
(vo*tp3[9, al3, au2l*tp3[9, aul, au3l)/2 -
(vO*tp4 [9, 9, aul, au2l)/4) +
rulall]l *(6*te[al2, aul, au2] + 5*td[aul, au2]*tp3[9, 9, al2] +
v0*2*td[aul, au2]l*tp3[9, 9, al2] + td[al2, au2]*
tp3[9, 9, aull - (3*tp3[9, 9, 91*tp3[9, 9, aull)/4 -
(vO®2+*tp3[9, 9, 9]1*tp3[9, 9, aull)/4 -
(3*tp3[9, 9, au2]*tp3[9, al2, aull)/2 -
(v0*2*tp3[9, 9, au2l *tp3[9, al2, aull)/2 +
(tp3[9, 9, aull *tp3[9, al2, au2l)/4 - 2*td[al2, au3]*
tp3[al3, aul, au2] + (tp3I[9, al2, au3]l*tp3l[al3, aul, au2l)/
2 - tdlal2, aul]*tp3[al3, au2, au3] +
(tp3[9, al2, aull*tp3[al3, au2, au3l)/2 +
tp4[9, 9, 9, aull/2 - tp4[9, al2, aul, au2l/2) +
rulall] *rulal2] *rulal3] *(-2*te[aul, au2, au3] -
(3*td[au2, au3]l*tp3[9, 9, aull)/2 -
(tkp3[9, 9, aul3l*tp3[9, aul, au2l)/4 +
td[al4, au3]*tp3[aul, au2, aud] -
(tp3[9, al4, aul3]*tp3laul, au2, au4]l)/2 +
tp4[9, aul, au2, au3l/3)) - tp4lall, al2, aul, au2l/8 +
rulall]l *rulal2] *(2*td[al3, au2] *td[aul, au3] -
(v0*2*td[aul, au2]l*tp3[9, 9, 91)/2 - 2*tdlau2, au3]lx*
tp3[9, al3, aull - (td[aul, au2]*tp3[9, al3, au3l)/2 -
(tp3[al3, al4, aull*tp3[au2, au3, au4l)/4 +
tp4 [al3, aul, au2, au3]l/4) + rulalll*rulal2]*rulal3]*rulald]x*
(- (td[aul, au2]*td[au3, audl)/2 +
(td[au3, au4]l*tp3[9, aul, au2l)/2 - tp4laul, au2, au3, aud]/
24))

We extract the coefficients for u, v from the density function f(u,v|v0).

foo39 = Collect[CoefficientList[foo38 /. {ru[al ] »u}, {v, u}l,
{o, v0}, tsimpp[CanAll[# /. {aul » aua, au2 -» aub, au3 - auc, au4 -» aud,
au5 -» aue, all -» ala, al2 » alb, al3 » alc, al4 -» ald, al5 - ale}]] &];

Dimensions[foo39]

{5, 5}
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foo40 = fo039;

u -coefficients

VOMO
£0040[[1, 1]]
v0? 1 .. 1 3 999
-3 75dlmLOg[27(]7§OVO (@3 ) +
o7 (5 (63°%9)7 + 2 (93%%) (83°°%') + 3 (835 ) (93°qP") +
£ (B3pigie) (93T - 1 (4999%) - T v0* (9499°%) - L (64°%.7) - T (ddpig P
Vl MO
£0040[[2, 11]
p' 1 999 1 2 999 1 9 p' 1 - 3 9999
V0 +0 (2 (i) + 5 (#3°°%) + 5 VO? (63°%%) - S (#3%pF") | + 2 O VO? (94777)
v2u0
£0040[[3, 1]]
S 2 07 (-2 (AT (AgP) - 3 (63%%9)7 - 2 (63%%) (43°%%) 4
2 (Ap %) (93°%:F) - o (#3%:%) (83°qP') + 5 ($4°°°%) + I (94%%.7")
V3 uo
£0040[[4, 1]]
1 999
-2 0 (43°°%)
V41/l0
£0040[[5, 11]
1 2 9999
~22 ° (P4 )
u' -coefficients
VOMI
£f0040[[1, 2]]
1 ! 1 Lan 1 :
o 5\,02 <¢399a ) + 5 <¢3plp a )|+ Eo2 V03 (¢4999a )
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foo040[[2, 2]]

—% ov0 (¢3°°%") +0?

6

—

epi'®) 5 (QP'A) (3%%1) + (dpP') (93%9%') - 3 (93°%%) (93°9') + I (93°°%) ($3%:P) -

| w

(63°%") ($3%5:2") + 02 ((@'2') (93%%:) - 5 (63°%°) (93°%%") -

NI

(63°%F") (3%5:%") | -

—

dp'al> <¢3q'plq'> + %—‘ <¢39p'ay> (¢3q'plq') -2 <dp'ql> <¢3q'p'ay> +

L (63%.5) (0307 %) + 2 (0459500 - L (gas o)

v ul

foo40[[3, 2]]

0
V3 ul

foo40[[4, 2]]

02 _(dp'a') (¢399p') + % (¢3999) (¢399a') + % (¢399p') (¢39pla') _ % (¢4999a')
V41/l1

foo40[[5, 2]]

0

u? -coefficients

VOMZ
£0040[[1, 3]]
7% —ov0 (8P «
0% (2 (dp®') (P'2') - S w0? (A'D) ($3°°%) - = (@'P') (@3%pP") -2 (') (93%.%) -
T (B3pig ™) (#3'TP) 4 2 (g4, P12
Vl Z/lz
£0040[[2, 3]1]
o-(a®y + L (43%= b')) + 02 vo (-2 (dp®') (dP'2') +
S (@) (9395%) ¢ o (9379%) (937%) 4 o (#3550 (93%'%) - T (44%%2)
V2M2

£fo040[[3, 3]]
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£0040[[4, 3]1]

foo40[[5, 3]]

0

13 -coefficients

V0M3
£0040[[1, 4]]
—0?v0 (e*'P'e'y - % o (¢p33'P'ehy
Vl u3
foo40[[2, 4]]
o -2 (e*'®'e) - % (@) (¢3°7%") - % (¢3°°°") (¢3°%'®") +
(dpi') ($39°3'") = 2 (93%:°") ($39'3'D") + I (ga%2'P'e) )
V2 1/[3
£0040[[3, 4]]
0
V3 M3
£0040[[4, 4]]
0
V41/l3

foo40[[5, 4]]

0

u* -coefficients

V0M4
foo40[[1, 5]]
2 7& a'b!’ c'd’ 1-7 c'dr 9a'b!’ 7i
o [-5 (@'P) (@) + 5 (@) (9370 -
V1M4

£0040[[2, 5]]

0

(¢4a'b'c'd')
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V2 M4
£f0040[[3, 5]]
0

V3 M4
fo040[[4, 5]]
0

V41/l4

£0040[[5, 5]]

0

m z.-formula

We modify the signed distance v to obtain a modified signed distance specified by

w=v+ Y2, cbr[r]V +uy Y2, brla', ¥]V'. The density function of w and its cumulants are obtained up to O(n™!)
terms. The distribution function of w is calculated by applying the Cornish-Fisher expansion to the cumulants of w. We
would also take account of the scaling by the factor tau as well as the local coordinates at the projection in the below.

= modified signed distance w

The inverse series of the modified signed distance specifies v=w— Y2 crlr]w —u, Yoy brla', ] w". We have
assumed that cbr[0] and cbr[2] are O(n~'/?) and cbr[1], cbr[3], and all br[a',r] are O(n~'). The other coefficients are
cbi[r] = O(n=3/?) for r=4. Then the same order applies to cr[r]'s. The modified signed distance w is characterized by the
coefficient vector c=(cr[0],cr[1],cr[2],cr[3]) up to O(n~") terms, since we can ignore the linear term in u as explained
later. The change of variable is given in "rulevinuw" for v expressed in terms of u and w. The Jacobian is given in
logjvw=log % . The joint density of (u,w) is obtained by f(u,w|v0)=f(u,v(w,u)|v0)J , and log f(u,w|v0) is stored in
"logdensityuw". We then calculate log f(w|v0) = log f f(u, w| v0) du as an application of "logeexppoly" to logden-
sityuw, and stored in "logdensityw". In fact, the linear term in u, namely u, >,2, br[a', ] w" does not contribute to the
argument for deriving the distribution function of w as seen in logdensityw. By using "logeexppoly" again, we obtain
the cumulants of w as shown in "cumulantw".

m define the modified signed distance as a series of v.

Define w = foo45 as a function of v below.

foo44 = {0, 0%, o, 0%};
foo45 =v + Sum[foo44[[1i +1]] cbr[i] vi, {i, 0, 3} 1]

v+ocbr[0] +o?vcbr[l] +ov2cbr[2] +0%v? cbr[3]

Then consider the inversion v=f0046 as a function of w below.
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foo46 =w- Sum[foo44[[i+1]] cr[i]lw!, {i, 0, 3}]

w-ocr[0] -o?wcr[l] —ow? cr[2] -o? w? cr[3]
The relations between the two sets of the coefficients are given below.

func47[cbs ] :=
Table[gets2[cbs[[1i+1]] -Sum[(i-j+1) cbs[[i-j+1+1]]cbs[[j+1]11, {3, 0, i}11,
{i, 0, Length[cbs] - 2}]

foo47 = func47[{ ocbr[0] , o?cbr[1l], ocbr[2], o?cbr[3], 0}] / foo44
{cbr[0], cbr[1l] -2cbr[0] cbr[2], cbr[2], -2 cbr[2]?+cbr[3]}
rule47 = Table[cr[i] » foo47[[i+1]], {i, 0, 3}]

{cr[0] »cbr[0], cr[l] »cbr[1l] -2cbr[0] cbr[2],
cr[2] » cbr[2], cr[3] » -2cbr[2]% +cbr[3]}

The relation is actually obtained by solving the following coefficients==0.

Simplify[CoefficientList[gets2[foo45 /. {v > foo46}], w]]

{o (cbr[0] -cr[0]), 1+0% (cbr[1] -2cbr[2] cr[0] -cr[1]),
o (cbr[2] -cr[2]), o (cbr[3] -2 cbr[2] cr[2] -cr[3])}

Checking if the relation is correct by seeing the identity.

gets2[foo45 /. {v > foo46} /. ruled7]

W

Consider the following O(n~") term.

func48[v ] = ru[ala] o2 Zbr[aua, r] v*

r=0

02 (ua) Z br[®', r]v*®

r=0

Since v =w+ O(n~'?), func48[v] = func48[w] + O(n*?), and we can ignore the difference between func48[v] and
func48[w]. So, if we redefine w = foo45+func48[v], and v=foo46-func48[w], the inversion relation still holds. We call
"v" as the signed distance, and "w" as a modified signed distance characterized by the coefficients cr[r] and br[r].

Jacobian J = 3—: of the transformation from v to w is given below. Here D[func48[w],w] is denoted as 02 u, dbr® .

DefineTensor[tdbr, "dbr", {{1}, 1}]

PermWeight::def : Object dbr defined

foo49 = D[foo46, w] - o® ru[ala] tdbr[aua]

1-0?cr[l] -20owcr[2] -30%w?cr[3] -0? (ua) (dbr?')

We need the log of the Jacobian for later use. logjvw=log % .
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1
logjvw = geto2[ (f0049 - 1) - £y (f0049 - 1)?]
—2owcr[2] +0% (-cr[1] -2w?cr[2]?-3w?cr[3] - (ua') (dbrd'))
Similarly, we write func48[w] as 0 uy br"',and vinuw is v expressed by u and w.

DefineTensor[tbr, "br", {{1}, 1}]

PermWeight::def : Object br defined
vinuw = CanAll[foo46 - o? ru[ala] tbr[aua]]

w-ocr[0] -ofwer[l] —ow’ cr[2] -o?w’ cr[3] - o? (up) (brP')

RuleUnique[rulevinuw, v, vinuw]

m density function of w

First, we obtain the joint density of (u,w) i.e., f(u,w|v0)=f(u,v(w,u)|v0)J from the joint density of (u,v), the transforma-

tion v=v(w,u), and the Jacobian.

foo50 = tsimpp[tgeto2 [ApplyRules[logdensityuv, rulevinuw] + logjvw]];

This is the log of the density. logdensityuw = log f(u,w|v0).
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logdensityuw = Collect[foo50, {ru[all] ru[al2] ru[al3] ru[al4],
ruf[all] ru[al2] ru[al3], ru[all] ru[al2], ru[all], o, w, vO0}]

02 21,
+VvOw- WT - EdlmLog[27r] +

o (—VO cr[0] -vOow?cr[2] +w’ [cr[2] - S ($39°°) ) - %VOB ($3°°9) +

1

w (cr[o] ~2cr(2] +2 (dgP) + % ($379) + 5 vO? ($3°%7) - % ($3%:2) )] +

(upr) (—% (W) +o0 (% v0? (¢3°%P") - %VOW (¢3°99P") 4 % (¢3q.P'Q')) .

o? (— (dbrP') + % vOow? cr[2] (¢3°°P') +vO0 (- (brP') + % cr[0] (¢3°°"") ) +

)
3 (_/3p'q 99 1 999 99p’ 1 99q" 9 pry 1 999p"
W (- (@) (93%g) ¢ (93777) ($37F) 4 = ($377T) (93°%q ) - = ($477F) ) 4

% v0? (¢4°%°P') +w [brP' +6 (eqP'?) +5 (AT (¢3°%,) +

(dg:d') ($3°%0") - >

2 (93%%) (93°%%") - 2

z
V0% [(@P'9') (37%:) - 7 (937°7) (937%F) - 3 (937°9) (63%:7) ) +

($3%°9") (¢3°4:P") +

2
T (03P) (63°09") —2 (dg™) (93P'T) + S (93%.T') (43,P'T) -
) 0571 3 @50 @07+ L 0 - E 100
(Upe) (Ug) (up) (g 0 (B3P'9F) 407 (-v0 (24" ) vw (-2 (2'3'F) - 2 (a¥'F') (93°%") - +
(63°°7') ($3%P'T') + (dor™') (9FP'T'S') - 2 (93%. %) (930X ) 4 T (a%P'a T | )] 4
o? —% cr[0]? -cr[1l] ~vOw’ cr[3] -2cr[0] (dpP') - % crio] ($3°°9)
2 V0P er[o] (63°%) « £ (63°°%)% 4
2 (63%%) (63°°F") + = cr[0] (93%:°") +
7 (03%:7) (83%7)) + ¢ (D3pigz) (93797 +
wh (7% cr(2]? +cr(3] + 3 cr[2] (93°%%) - o (645%9)) -
% (94999 - % v0o* (¢4°°°%) +w (-vOcr[1] + %vo3 ($49%%) ) &
w (er(1] -er[0] er(2] -2¢er(2)® -3 er(3] -2cxr(2] (dp:®') -2 (dp:?) (dg:®') +

]
> or[0] (93°%%) - = cr[2] ($3°°%) - S vO?cr[2] ($3°°%) - T (93°%)° -

1 ! 1

)
2 (63%%5) (63°°%) + 2 cr[2] (83%:°") +2 (dpd') (3% P') -
2 - (987 ) - (9P ) 4

(93%:') (3% F') + ¢ (#299%) + T (44°%5.P)

1

(Upr) (Ug:) (o (-vo (@' 4w (—(dp"f) + = (¢39P'Q'))) .

02 [cr(o] (') +2 (an®) (@P'F') - S v0? (') (93°°%) -2 (A7) ($3%F') -
(') (93°7') - 5 cr[0] (#3°%'F) +w? [er(2] ('9) - 2 cr[2] (43T -

(935 aP') (9377'") +vOw (-2 (4, %) (®'F) + 5

NSRS

(a'9") (¢3°°%) +

2 (83%0) ($3%°%') ¢ S (93°.%) (#3%F'F) - T (9a%F'T) | 4 T (64, P' T |)

0% (upr) (ug) (Up) (ugr) (-3 (@P'T) (@) 4 2 (&F'8") (43%0'9) - o (pa0' @'’

This is the log of the standard multivariate normal density in dim-1 dimension.
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dim -
foo51 = -

Log[2 Pi] - —2— ruf[ala] rulaua]
1 . 1 o
7 (1-dim) Log[2 7] - = (uar) (u*)

Get the coefficients of the polynomials of u, from log f(u, w|v0) — foo51.

foo52 = Collect[CoefficientList[ (logdensityuw- foo51) /. {ru[al ] -»u}, u], o,
tsimpp[CanAll[# /. {aul » aua, au2 -» aub, au3 -» auc, au4 - aud, au5 - aue,

all » ala, al2 » alb, al3 » alc, al4 -» ald, al5 - ale}]] &]:
Dimensions[foo52]

{5}
constant term in terms of u

foo52[[1]]

2 2
1
+V0W—WT—EL09[27T] +

o(—vOch]+wch}—2wcrp}—vazcrp]+w3crp]+2w(dpp)—

%voz ($3999) + %w ($3999) + %vozw ($3999) —%w3 ($3%99) - %w (3°%,:2") | +
o? (—5 cr[0]2 -cr[1] -vOowcr[l] +w?cr[l] -w? cr[0] cr[2] -2 w? cr[2]2 -

- %w‘* cr[2]?
[3] -vOow? cr[3] +w*cr[3] + (-2 cr[0] -2w? cr[2]) (dp®') -2 w? (dp:?") (dg:®') -

S er[0] (93%%%) - 2 0% cr[0] (93°%%) + 2w cr([0] (#3°°°) - 3w’ cr[2] (93°%7) -
%fvozvﬂ or(2] ($3°°%) + 3wt cr[2] <¢3999)+A%f<¢3999)27A%7w2<¢3999)2+
(2 -2) 0325 (030 + (ZLOL L Lz er(a)) (63%%) v 2w? (@) (93%°) +
(2 - 200) (03%F) (63%7) + & (B3prgie) (639'FF) o (64%°%%) — T vo* (92°9%%)
L0t (94%07%) 4 T w? (647%%) - ot (047090 4 (-2 0 M) (00%%,8) - T (0809
coefficient of u,
£0052[[2]]
(‘%2 - TSR (03757 S (93,2 | 4 O

((—v0+w) (br®') —dbr® + 6w (e ®'®") + (Bw+v0Pw-w?) (dP'®") (¢3°%,:) +w (dpP') (63°7%") +

1 1 3 1 1 )
(5 v0cr[0] + = vO0 w? cr[2] - Z v ($3°°9) - ZVO2W ($39°°) + T wS (93°°9) ) (¢3°9%") +
1

= w (¢3°°%") (¢3%:P") +

3w v0lw 3
4

R W?] (637%") ($3%:%") -

w (dp'al> <¢3q'p'q'> + % w (¢39p'a'> <¢3q'p'q') -2w (dp'ql) (¢3q'p'a'> +

3 3
%w (¢3%5.9") (§342'2") + {Vg . g - w?) ($49993"y _ %w <¢49p‘p,a.>)

coefficient of u, uy
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f0052[[3]]

o [(-vo-w) (@) + > w (43%2) ) 4
o? ((2 -2vO0w) (dp®') (@°'2") + (a*'P") (cr[O] +w?er[2] - % v02 (3999 % vOw ($3°°°) ) +
2 v0w (#39%) (93%%%") - 2 (ATP') ($3%P") -2 (@'P) (93%:%") 4
5 vow (93%:2) (¢3%0 %)+ (- ELL L 2w erpa) (g3ver) -
‘%’<¢3p'q'a'> (p3P'a'P") ——%—vo w (¢a®%3'®") +4%,<¢4plp'a'b'>)

coefficient of u, uy u,

foo52[[4]]

—é% o (¢330 4+
0% [(-v0 - 2w) (€3PS} = Zw (d'S) (9379') - T w (#379F') (43P ) ww (dpi) (93P -

% w (¢39plc') (¢3P'a'b') + % w (¢49a'b'c')

coefficient of u, uy uy ug

foo52[[5]]

02 (7% (da'b') (dc'd') + % (dc'd') (¢39a‘b'> _ % <¢4a'b‘c'd')

We now calculate log f(w|v0) = log f f(u, w|v0)du as an application of "logeexppoly" to foo52. It is denoted by
logdensityw.

foo53 = Collect[foo52/ {1, o, o, o, 0%}, ol;

RuleUnique[rule53u0, ta0, foo53[[1]]]

RuleUnique[rule53ul, tal[aua ], foo53[[2]]]

RuleUnique[rule53u2, ta2[aua , aub ], tsimp[Symmetrize[foo53[[3]], {aua, aub}]]]

RuleUnique[rule53u3, ta3[aua , aub , auc ],
tsimp[Symmetrize[foo53[[4]], {aua, aub, auc}]]]

RuleUnique[rule53u4, ta4[aua , aub , auc_, aud ],
tsimp[Symmetrize[foo53[[5]], {aua, aub, auc, aud}]]]

foo54 = tgeto2[ApplyRules[logeexppoly /.
{11 » all, ul » aul, 12 » al2, u2 » au2, 13 » al3, u3 » au3, 14 » al4, u4 » au4} /.
{sb[la ] » 0}, {rule53u0, rule53ul, rule53u2, rule53u3, rule53u4}]];

This is log f(w| vO0).
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logdensityw = Collect[foo54, {w, o, v0}, tsimpp]

2
—vg - % Log[2 7] +w® (-0?2vO0cr[3] +o (cr[2] - % (¢3999))) +
o (vo (—cr[0] —dpP') - %v03 (¢3%99) ) +
v 3 erf2] (63°%°) - o (94%9%%) ) +

o? wt (—% cr[2]? +cr[3] 5
w (v0+o (cr[O] —2cr[2] +dg P % ($372%) + — v0? <¢3999)) N

o? (vo3 (7% ($3%%,.) ($3°%°") +% <¢49999)) +vO (—cr[l} s (dpP') (93%%%) +

2 (83%%0) (93%F) - (@'T) (93%iq) + 5 (9377 (93%:7') - T (82°% 2 ]) ] +
w? (—% -ov0cr[2] +o? (cr[l} -cr[0] cr[2] -2cr[2]?-3cr[3] -cr[2] (dp?') -
(d:®') (dqr®') + 5 cr[0] (63°°%) - = cr(2] (93°%%) - T (93°%%)°

S (63%%) (83°°%") 4 v0? (- 2 cr([2] (#3°°%) + 5 (93%%) (#3°F)) +

2
(P'9') (63%1q) - 5 (63°%:9) (93%:P) + 3 (94%9%%) + 3 (94%%:2) )] +
o? 7§ cr[0]®-cr[1l] -cr[0] (dp®') + (dp¥") (dg'®') - % (dp'®") (dg?") - % cr[0] (¢3°9%) +
S (GpP') (63°°%) )

(#3°%9)% +v0? ((dprg) (@'9") - 3 cx[0] (93°°7) -
(93%%:) (63%%F) = (P'T') (#3%q) + 5 (83 %) (63%7') -

(93p:q:%) (B30P'F') + = (@3pg®') ($3097) +

g ok N[k ok
~

5 (83%%) (83°°0) - T (64°99%) ) - S (9a%%%%) - T (945 P)
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logdensityw // InputForm

-v0*2/2 - Log[2*Pil/2 + w’™3* (- (0"2*v0*cr([3]) +
o* (cr[2] - tp3[9, 9, 91/6)) +
o* (vO* (-cr[0] - td[all, aull) - (vO0™3*tp3([9, 9, 91)/3) +
o*2*w™a* (-cr[2]172/2 + cr3] + (cr[2]*tp3[9, 9, 91)/2 -
tp4[9, 9, 9, 91/24) +
w* (vO + o*(cr[0] - 2*cr[2] + tdl[all, aull + tp3[9, 9, 91/2 +
(vO*2*tp3[9, 9, 91)/2) +
o0™2* (v0™3* (- (tp3[9, 9, alll*tp3[9, 9, aull)/4 +
tpa[9, 9, 9, 91/6) +
vO* (-cr[1] + (td[all, aull*tp3[9, 9, 91)/2 +
(3*tp3[9, 9, alll*tp3[9, 9, aull)/8 -
td[aul, au2] *tp3[9, all, al2] +
(tp3[9, all, au2l*tp3[9, al2, aull)/2 - tp4[9, 9, all, aull/
4))) + wh2*(-1/2 - o*vO0*cr[2] +
o*2* (cr[1] - cr[0]l*cr[2] - 2*cr[2]”2 - 3*cr[3] -
cr[2]*td[all, aul] - td[all, au2]*td[al2, aul] +
(cr[0]*tp3[9, 9, 9]1)/2 - (cr[2]*tp3([9, 9, 91)/2 -
tp3[9, 9, 91%2/4 - (tp3[9, 9, alll*tp3[9, 9, aull)/2 +
v0™2* (- (cr[2]*tp3[9, 9, 9])/2 +
(tp31[9, 9, alll*tp3[9, 9, aull)/8) +
tdlaul, au2] *tp3[9, all, al2] -
(tp3[9, all, au2l*tp3[9, al2, aull)/2 + tp4l[9, 9, 9, 91/4 +
tp4 (9, 9, all, aull/4)) +
o*2* (-cr[0]172/2 - cr[1l] - cr[0]l*td[all, aull +

td[all, au2]l*td[al2, aull - (td[all, aull*td[al2, au2])/2 -
(cr[01*tp3[9, 9, 91)/2 + tp3[9, 9, 9172/6 +
v0*2+* (td[all, al2]*td[aul, au2] - (cr([0]*tp3[9, 9, 9])/2 -

(td[all, aull*tp3[9, 9, 91)/2) +
(tp3[9, 9, alll*tp3[9, 9, aull)/2 -
td[aul, au2]*tp3[9, all, al2] +
(tp3[9, all, au2l*tp3[9, al2, aull)/2 -
(tp3[all, al2, au2l*tp3[al3, aul, au3l)/8 +
(tp3[all, al2, aull*tp3[al3, au2, au3l)/8 +
v0™4* ((tp3[9, 9, alll*tp3[9, 9, aull)/8 - tp4l[9, 9, 9, 91/8) -
tp4[9, 9, 9, 91/8 - tp4l9, 9, all, aull/4)

The coefficients of w'in log f(w | vO)are shown below.
foo55 = Collect[CoefficientList[logdensityw, w], {o, v0}, tsimpp];
Coefficient of w°.

foo55[[1]]

- v§2 - % Log[2 n] + o (vo (—cr[0] -dp®') - %v03 (¢3°99) ) +
o? *%‘ cr[0]? -cr[1] -cr[0] (dpP') + (dp'?") (dg'®') - %
£ (63°%)% 1 v0? ((dpigr) (®'T) - 3 er[0] (63°%%) - 3 (Api®') (937°%) ) +
% (03%%p1) (93%°P") — (') (¢3%p1q) + % (63%,:9") ($3%:P") - % (03p ™) (93P ') %
(93p ') (930 5'7') +v0! (2 (9395 (939F) - £ (62°°%%) ] - £ (94°%%%)

Coefficient of w!.
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£0055[[2]]

v0 + 0 (cr[O} -2cr[2] +dp. P + % ($3°°°) + % v0? (¢3999)) +
% (vo3 (—{% ($3%%,) ($3%9P') + %; (¢49999)) %0 (—cnr[l} + %; (dg®') ($3°99) +
> (63%%50) (93%%F") - ('Y (93%iq) + 5 (63%: %) (#3°¢") - T (94%%p") )]

K}
Coefficient of w2.

foo55[[3]]

1

-5 -ovocr[2] +02 (cr[l] —cr[0] er[2] -2cr[2]?-3cr[3] -
1

) (agP') + 3 or[0] (93°%%) - S er(2] (63°%%) - 7 (63°°%)7 -

2
3 or(2] (839%%) + 3 (93%%) (93°%") )+

cr(2] (dp®') - (4
3 (63%%) ($3°%%") + v0? (-
(®'9') (§3%1q) — 5 (63°%:F) (93°0P') + T (64%9%%) + T (92%%5P)]

Coefficient of w”.

£0o55[[4]]

-0?v0cr[3] +o (cr[2] - % ($3°°°)

Coefficient of w*.

£f0055[[5]]

o? --l»cr[212+-cr[3] +-%—cr[2] (¢3999>"E%I (p4°°°°)

= cumulants of w

Consider the normal density with mean vO+t and variance 1 for w. The log of the density is foo60.

-1 1
f0060 = 7;—Log[2Pi]—-E (w- (V0 +t))32;

Then,we define foo61 by ! f(w|v0) = e exp(foo61). This foo61 is a polynomial function of w.
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foo6l = Collect[wt + logdensityw - foo60, {w, o}, Simplify]

%t(t+2v0)+w3 _o®v0ecr[3] +o cr[2]—% (@3999)))7

% ov0 (3cr[0] +3 (dpP') +v0? (¢37%9)) +
02 w (,%L cr[2]%+cr[3] + % cri2] (¢3°9°) - = <¢49999)) N
%1'02 <712 CI[OJZ - 24 cr[l} + 24 (dp.Q') (dqlp') +24V02 (dp'q') (dp'q'> ~_12 CI[OJ <¢3999) _

12 (¢3%%50) (¢3°°P") +3v0* (¢3°%0) (¢3°°P") - 24 (AP'T") (¢3%p.q0) +12 (¢3°p7") (¢3°q.7") -

12v02 cr[0] ($3°%%) +4 ($3°°%)% - 12 (dp®') (2cr[0] +dgq @ +v0? (¢3°%%)) +
)
3(03pq®) (032P7F) +3 ($3pq®") (93097 =3 (¢4°°°%) -3 v0* (94°7°%) -6 (947 P) ) +

w2 [—ov0cr[2] + % o? (8 cr[1] -8cr[0] cr[2] -16cr[2]?-24cr[3] -
8cr[2] (dp®') -8 (dp:?") (dg:®') +4cr[0] (¢3°%°) -4 cr[2] (¢3°°7) -
4v0?cr[2] (63°°%) -2 (63%9°)% - 4 (93%%1) (939%F") +v0? (§37%) ($3°°F') +
8 (dP'") (¢3°piq) -4 (3°5: %) (037 P") +2 (¢47°°7) + 2 (¢499p-p'>)) +
w (o (dp,P' . % (2cr[0] - 4cr(2] + (1+v0?) (#3°°%))
2L 2o (24 cr[1] - 12 (dpP') (3°°%) +3 (-3 +2v0?%) (¢3°%,.) (¢3°°P") +

24
24 (dP'9") (¢3°piqr) - 12 (¢3°: %) (93¢ P") -4 v0? (¢4°°°°%) + 6 <¢4”pvp'>>)

Get the coefficients of w''s for f0061, and store them in foo62 below.
foo62 = Collect[CoefficientList[foo61l, w], {o, v0}, tsimpp];

Length[foo062]

5

foo62[[1]]

%;-+tvo+-o(vo(—cr[01 ~d, P - %—v03(¢3999) .

02 (—é; cr[0]%-cr[1] —cr[0] (dp®') + (dp ') (dq.P')-é; (dp'®") (dq,q')-éé cr[0] ($3°°9) +
£ (#39°°)7 1 w02 ((dprgr) (AP'9') - S cr[0] (93%%%) - 2 (dpi®') (63°°%) ] +
S (#3%%) (83%%0') - (@'T) ($3%iq)) + 5 (#3%:9) (63%.P) - o ($3prq¥) (63.P'F) 4 2

Y
(93p ') (93 5'F) +v0t (5 (93%%0) (93°9P') - = (94%°%%) ) - T (64°%%%) - T (64°%.7")

foo62[[2]]

o (cr[O} —2cr[2] +dg P+ % (03°°9) + % v02 (¢3999>) N

1

07 [v0® (- (83%%p) (83%P') + £ (#4°°°%)) 4 v0 (-cr(1] + 5 (G ®') (93°°) +

2 (03%%) (83°°F) - (') ($3%piq)) + 5 (83%:7) (63%F) - 5 (64°%P) )
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£0062[[3]]
~ov0cr[2] +0? [cr[1] -cr[0] cr[2] -2cr[2]®° -3 cr[3] -cr[2] (dpP') -

1

999 1 999, 2
Ecr[2] (¢3 >_Z (¢3°77) " -

(dp:®') (dgr®') + 5 crfo] (63°°°) -

S (#3%%) (83°°%') 4 v0? (- 2 ox([2] (#3°°%) + 5 (93%%) (93°%)) +

(B'9') (§3%p1q) - 5 (63%:F) (3°0P') + 5 (64°°%%) + T (94%P)]
£0062[[4]]

-0?v0cr[3] +o [cr[2] - % (3799)

£f0062[[5]]

o? (-5 erl2]? rer(3] + 5 crf2] ($3°°°) - o ($4°°%%) )

Apply "logeexppoly” to foo62. We get foo64=log [ O:oe‘” fw|v0)dw = log [ o; el exp( foo61) dw.
foo63 = Simplify[foo62/ {1, o, o, o, 0%}];
RuleUnique[rule63ul, tal, foo63[[1]]]
RuleUnique[ruleé63ul, tal[aua ], foo63[[2]]]
RuleUnique[rule63u2, ta2[aua , aub ], foo63[[3]]]
RuleUnique[rule63u3, ta3[aua , aub , auc ], foo63[[4]]]
RuleUnique[rule63u4, ta4[aua , aub , auc_, aud ], foo63[[5]]]

foo64 = tgeto2[ApplyRules[logeexppoly /. {sb[la ] »v0 + t},
{rule63u0, rule63ul, rule63u2, rule63u3, rule63ud}]]:;

Get the coefficients of #,i =0, 1, 2, 3, 4, and multiply i! so that we get «;.

foo65 = Collect[CoefficientList[foo64, t] * {1, 1, 2, 6, 24}, {o, v0}, tsimpp];

Length[foo065]

5

ko should be zero.

foo65[[1]]

2 1

0 (-5 (93prq®) (8307 + S (93pg®') (63297)

foo65[[1]] = CanAll[% /. {all » alc, aul -» auc, al2 -» alb, au2 -» aub}]

0

K1
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£0065[[2]]

v0+o (cr[0] +cr[2] +v0%cr[2] +dpP) +

o? [v0® (2cr[2]?+cr[3]) +vO0 [cr[l] +2cr[0] cr[2] +6 cr[2]?+

3cr[3] -2 (dp?) (dg®') + (dp'®) (2 cr[2] - %; ($3999) ) —cr[2] (¢3°°°) -
2 (03%%) (83°°F') 4 (@'T) ($3%iqr) - 5 (83%:9) (63%F) + o (64°%P) )
K2
foo65[[3]]
1+0v0 (4cr[2] -¢379°%) +
02(2cr[1]+4cr[0}cr[2]+14cr[2]2+6cr[3}—2(dpq')(dwp')+(dpp')(4cr[2]—¢3”9)—
2cr2] (¢3°°%) - ($3%%5,) (¢3°°P") +2 (AP'Y) (¢3%piqr) - (03°p:T") (03°P") +
v0? (16 cr(2]2+6cr[3] - 4cr2] (¢3°9%) + (¢3999)2+,é§ (93%%,.) (63°%") = = (9a®9°%)) 4
%’ <¢499p'p'>)
K3
foo65[[4]]
o (6cr[2] -¢3°??) +0® v0 (60 cr[2]® + 18 cr[3] - 18 cr[2] ($3°°%) + 3 (¢3999>2-¢49999)
Ky

£f0065[[5]]

o® (96 cr[2]” + 24 cr[3] - 24 cr[2] (¢3°%7) +3 (¢3999)247¢49999)

cumulantw = Drop[foo65, 1];

cumulantw // InputForm

{vo + o*(cr[0] + crl2] + v0™2*cr[2] + td[all, aull) +
0™2* (v0"3* (2*cr[2]172 + crl3]) + vO*(cr[l] + 2*cr[0]*cr[2] +
6*cr[2]72 + 3*cr[3] - 2*td[all, au2]*td[al2, aull +
tdlall, aull*(2*cr([2] - tp3[9, 9, 91/2) -
cr[2]1*tp3[9, 9, 9] - (5*tp3[9, 9, alll*tp3I[9, 9, aull)/8 +
td[aul, au2]*tp3[9, all, al2] -
(tp3[9, all, au2]*tp3[9, al2, aull)/2 + tp4l9, 9, all, aull/
4)), 1 + o*vO0* (4*cr[2] - tp3[9, 9, 9]) +
o®2* (2*cr[1] + 4*cr[0]*cr[2] + 1l4*cr[2]72 + 6*cr([3] -
2*td[all, au2]*td[al2, aul] + td[all, aul]*
(4*cr[2] - tp3[9, 9, 91) - 2*cr[2]*tp3[9, 9, 9] -
tp3([9, 9, alll*tp3[9, 9, aull + 2*td[aul, au2]*
tp3[9, all, al2] - tp3[9, all, au2]*tp3[9, al2, aull +
v0*2* (16*cr[2] 72 + 6*cr[3] - 4*cr[2]*tp3[9, 9, 9] +
tp3[9, 9, 9172 + (tp3[9, 9, alll*tp3[9, 9, aull)/4 -
tp4l[9, 9, 9, 91/2) + tp4l9, 9, all, aull/2),
o* (6*xcr[2] - tp3[9, 9, 9]) + o"2*v0*(60*cr[2]"2 + 18+*cr([3] -
18*cr[2]*tp3[9, 9, 9] + 3*tp3[9, 9, 9172 - tp4[9, 9, 9, 9]),
o"2* (96*cr[2]172 + 24*cr[3] - 24*cr[2]*tp3[9, 9, 9] +
3*tp3[9, 9, 9172 - tpa[9, 9, 9, 91)}
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m distribution function of w

The Cornish-Fisher expansion for the standardized random variable is taken from Johnson and Kotz (1994) as shown
in "cfexpx" below. We first obtain the same expansion for nonstandardized variable as shown in "cfexpw", and apply it
to the cumulants of w. This gives the distribution function of w, and we obtain zformula = ®~!(Pr {/ < w|v0}), where
®~! is the quantile function of the standard normal distribution. The same expression, but without MathTensor nota-
tion, is also given in "zform". Finally, the scaling by the factor "tau" is applied to these results, and zc-formula is stored
in "zformulatau" as well as in "zformtau".

m Cornish-Fisher expansion (p.66 of Johnson and Kotz 1994).

cfexpx = U(X,) in p.66 of JK94 is for the standardized distribution. We assume the cumulants are
kx1 =0, kx2 =1, kx3 = O(n'?), kx4 = O(n™"), kx5, kx6, ... = O(n~>?). The following expression is defined by
Pr{X < x} = ®(cfexpx), or cfexpx = &~ !(Pr {X < x}).

1 1 1 )
cfexpx =x - < (x? - 1) kx[3] - vy (x3 -3 x) kx[4] + T (4 x3-7x) kx[3]%;

For w, the cumulants are kwl = O(1), kw2 = 1 + O(n~1/?), kw3 = O(n~1?), kw4 = O(n~!). We first standardize w and
apply cfexpx to the standardized w to get cfexpw = ®~1(Pr (W < w}).

w-kw[1l]

rule70 = {x » —————1};
Sqgrt[kw[2]]

kw[3] kw[4]
rule71l = {kx[l] -0, kx[2] » 1, kx[3] » ———, kx[4] -»
kw[2]3/2 kw[2]2

}i
rule72 = {kw[l] » awl, kw[2] » 1+ oaw2, kw[3] » oaw3, kw[4] » o? aw4d};
rule73 = Simplify[Solve[(x /. rule70) ==x, w] [[1]]]

{w—>kw[1] +X\/m}

cfexpw = gets2[cfexpx /. Join[rule70, rule71l] /. rule72]

1
—awl + EO (aw3 (1 - (awl-w)?) +3 aw2 (awl -w)) +w+

1
- 0% (27 aw2? (-awl +w) + 6 aw2aw3 (-3 +5awl? - 10awlw+5w?) +

3awd ((awl-w)> +3 (—awl+w)) +2aw3? (7 (awl -w) +4 (—awl +w)?>))

m Cornish-Fisher expansion of w

We apply cfexpw to cumulantw.
aw = Simplify[ (cumulantw- {0, 1, 0, 0}) / {1, o, o, o%}];
RuleUnique[rulecumawl, awl, aw[[1]]]
RuleUnique[rulecumaw2, aw2, aw[[2]]]
RuleUnique[rulecumaw3, aw3, aw[[3]]]

RuleUnique[rulecumaw4, aw4, aw[[4]]]
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func75[exp , rule ] := tgeto2[ApplyRules[exp, rule]]

foo75 = func75][
func75[func75[func75[cfexpw, rulecumawl], rulecumaw2], rulecumaw3], rulecumaw4];

The following zformula is defined as zformula = ®~!(Pr {IW < w}).

zformula = Collect[£foo75, {o, w, v0}, tsimpp]

VO + W+
o (—cr[O] Cdp P (—cr[Z] . %; ($3%99) ) - %; ($3%99) 4—%;‘v02 ($3%99) + %;-vo w (63999 ) +
02 (v0? (5 (63%9)7 + £ (63%%5) (#3°%%") - L (0479°%) ) 4

VO ((dp¥') (dgP') - £ cT[0] (93%%%) - T (dpi®') (93°%) + > (93°%°)7 + 2 (93%%1)
(9397") - o (949°%) | +vow? (- T crl2] (#3°°%) - o (63°99)7 + o (94°°%) ) +
Ww(-er(3) - 3 er(2) (93°°%) - = (63%9)7 + o (98%°%) ) +
W (-er(1] + (dp¥') (dgP') - 5 cr[0] ($3°°%) + = (dp®') ($3°°) +
22 (937°)7 4 2 (3%%) (937F') - (P'T) (93%1g) + 5 (93°5:) (93%°") +

1

V0P (-2 (83%%) (83°°F') ¢ o (08%%°%) ) - T (4°%%%) - T (94°%.7") )

zformula // InputForm

-v0 + w + o*(-cr[0] - td[all, aull] +
wh2* (-cr[2] + tp3[9, 9, 91/6) - tp3[9, 9, 91/6 -
(v0*2*tp3[9, 9, 9])/3 + (vO*w*tp3[9, 9, 9])/6) +
o"2* (v0"3* (tp3[9, 9, 9172/18 + (tp3[9, 9, alll*tp3[9, 9, aull)/8 -
tp4[9, 9, 9, 91/8) + v0*(td[all, au2]*td[al2, aul] -
(cr[0]l*tp3[9, 9, 91)/6 - (td[all, aull*tp3[9, 9, 9]1)/6 +
(5*tp3[9, 9, 9172)/72 + (tp3[9, 9, alll*tp3[9, 9, aull)/8 -
tp4[9, 9, 9, 91/24) + vO*w"2* (- (cr[2]*tp3[9, 9, 9]1)/6 -
tp3[9, 9, 91%2/24 + tp4l[9, 9, 9, 91/24) +
w*3* (-cr[3] - (cr[2]*tp3[9, 9, 91)/3 - tp3[9, 9, 9172/72 +
tp4 (9, 9, 9, 91/24) + w*(-cr[1l] + td[all, au2]*td[al2, aul] -
(cr[0]1*tp3[9, 9, 91)/3 + (tdlall, aull*tp3[9, 9, 91)/6 +
(13*tp3[9, 9, 9172)/72 + (tp3[9, 9, alll*tp3[9, 9, aull)/2 -
tdlaul, au2]*tp3[9, all, al2] +
(tp31[9, all, au2]*tp3[9, al2, aull)/2 +
v0©2* (- (tp3[9, 9, alll*tp3[9, 9, aull)/8 +
tpa[9, 9, 9, 91/24) - tp4l9, 9, 9, 91/8 -
tp4[9, 9, all, aull/4))

Get the coefficients of w' v0/ for zformula.

foo76 = Collect[CoefficientList[zformula, {w, v0}], o, tsimpp];

Dimensions[fo076]

{4, 4}
w0 v0?
foo76[[1, 11]

o —cr[O]A—dpvp'Aréi ($3°°9)
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w0 vo!

w v0?

wv03

wl vo?

w! vo!

w! v0?

wlv03

w2 v0°

w2 v0!

f0o76[[1, 2]]

1

1407 ((ap %) (dg®) - ¢ er[0] (937) -
S (GpP') (63%%%) + = (83°°%)7 1 S (93%%) (63°°F') - oo (94°°%)

foo76[[1, 3]]

1 999

-5 0 (93%%)

£0076([[1, 4]1]
1 1 | 1

o (g (037974 g (83°%0) (83°%%") - & (92°°%)

f0076[[2, 11]

1+0? [-cr[1] + (dp:?') (dg®') - % cr[0] (63°°°) + % (A ®') (3°9°) + % ($3°9°)% +
S (#3%%) (83°°0) - (@'T) ($3%q)) + 3 (83%:9) (93%q.P) - o ($4°%%7) - T (4%%.')

£0076[[2, 2]1]

% o (®3999>

foo76[[2, 3]]

1 ! 1
O (-5 (#3%%) ($3°%P") + = (94°°°)

£0076[[2, 4]1]

0

foo76[[3, 1]]

1

E (¢3999>

o |-cr[2] +
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£0076[[3, 2]]

2 1

o? -2 crl2] (#39%%) - o (93%99)7 4 oo (94°°%%)
w2 v0?

£0076[[3, 3]]

0
w? v0?

foo76[[3, 4]]

0
w? v0°

foo76[[4, 1]]

o? [~er(3] - 3 erl2] ($3°%°) - o0 (93%%)° + o (62°°%%)
w? v0!

foo76[[4, 2]]

0
w? v0?

foo76[[4, 3]]

0
w? v0?

foo76[[4, 4]]

0

m zc-formula using a simplified notation

In the below, the tensor symbols are replaced by regular symbols.

RuleUnique[rule80a, td[all , aul ], Daa, PairaQ[all, aul]]

RuleUnique[rule80b, td[all , au2 ] td[al2 , aul ],

Dab2, PairaQ[{all,
RuleUnique[rule80c,

RuleUnique[rule80d,

al2}, {aul, au2}]]

tp3[9, 9, 91, P999]

tp4[9, 9, 9, 9], P9999]

RuleUnique[rule80e, tp3[9, 9, all ] tp3[9, 9, aul ], P99a2, PairaQ[all, aul]]

RuleUnique[rule80f, td[aul , au2 ] tp3[9, all , al2 ],
DabP9ab, PairaQ[{all, al2}, {aul, au2}]]
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RuleUnique[rule80g, tp3[9, all , au2 ] tp3[9, al2 , aul ],
P9ab2, PairaQ[{all, al2}, {aul, au2}]]

RuleUnique[rule80h, tp4[9, 9, all , aul ], P99%aa, PairaQ[all, aul]]

rule8l = {cr[0] » c0, cr[1l] »cl, cr[2] »c2, cr[3] » c3};

The following expression of "zform" is equivalent to "zformula", but without the tensor symbols so that we can use it
without MathTensor.

zform = Collect[ApplyRules[zformula, {rule80a, rule80b, rule80c,
rule80d, rule80e, rule80f, rule80g, rule80h}] /. rule8l, {o, w, v0}]

-v0+w+o0

P999 P999 v0? P999vOw P999 5
-c0 - Daa - c - 3 + c +(—c2+ c )w +

c0P999 Daa P999 5 P999? P9999  P99a2
Dab2 - - + - +
6 6 72 24 8

(P9992 P9999  P99a2

o2

v0 +

+
18 8 8

c0 P999 Daa P999
+ +
3 6
13 P9992 P9999 P99a2 P99%aa P9ab2 ( P9999 P99a2 ) Voz) _—

v0® + |-cl + Dab2 - DabP9ab -

+ +
72 8 2 4 2

24 8

c2 P999 P999? P9999) 2
- - + vO we +

—c3 - -
6 24 24

+
3 72 24

c2 P999  P999? P9999 ] w3)

zform // InputForm

-v0 + W + o*(-c0 - Daa - P999/6 - (P999*v0™2)/3 + (P999*v0*w)/6 +
(-c2 + P999/6)*w™2) +
o™2* ((Dab2 - (c0*P999)/6 - (Daa*P999)/6 + (5*P99972)/72 -
P9999/24 + P99a2/8)*v0 + (P99972/18 - P9999/8 + P99a2/8)*
v0™3 + (-cl + Dab2 - DabP9ab - (c0*P999)/3 + (Daa*P999)/6 +
(13*P999™2) /72 - P9999/8 + P99a2/2 - P99aa/4 + P9ab2/2 +
(P9999/24 - P99a2/8)*v0™2) *w +
(-(c2*P999) /6 - P99972/24 + P9999/24) *v0*w™2 +
(-c3 - (c2*P999) /3 - P999™2/72 + P9999/24) *w™3)

m scaling by the factor "tau".

When scaling the problem by the factor 7, the expression of the z-formula changes. First, the O(1) term such as w and
v0 are multiplied by 7!. On the other hand, O(n~'/?) terms such as ¢'*and 4% are multiplied by 7, O(n~")terms such
as ¢X'and e®*°are by 72 The cr{r] coefficient for modified signed distance is multiplied by 7"~'.

rule85a = {w->w/tau, v0O »v0/ tau};

rule85b
{tp3[ala , alb , alc ] -» tautp3[ala, alb, alc], td[ala , alb ] -» tautd[ala, alb]};

rule85c = {tp4[ala , alb , alc , ald ] ~» tau? tp4[ala, alb, alc, ald],
te[ala , alb , alc_ ] - tau? te[ala, alb, alc]};

rule85d = {cr[r ] » cr[r] tau'};

rule85 = Join[rule85a, rule85b, rule85c, rule85d];
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67

zformulatau = Collect[zformula /. rule85, {tau, o, w, v0}]

1
tau

2 1

(—v0+w+o (—cr[O] +w? (—er[2]+ = (¢3999)) - %VOZ ($3°°°) + %VOW (¢3999)) +

02 (—éé-vo cr[0] (93°9°) +
w (—cr[l] - %; cr[0] ($3°°%) +v0? (-ég ($3°%1) <¢399p|)+’E%I (¢49999>)) N
vo3 (Tlg <¢3999)2+% ($3%9,) (3°9P') - % (¢49999>) +

vO0 w2 (,% cr[2] (q53999> B i_ <¢3999)2 N i (®49999> .
w? (—cr[.ﬂ - %" cr[2] (¢3°°%) - % ((153999)2 . % (¢49999))) .
tau (o (—(dpvp') - % (@3999)) + 02 (VO ((dp,q') (dq,P‘) _ % (dp-p') (¢3999) +
5 2 1 \ 1
EP (¢399%)° + + ($3%%,) ($3%9P") - = (¢49999>) N
w ((d 3 (dge ) + % (dp®") (¢3°77) + % (93°%%)% + % (¢3°%5.) (¢3°°P") -

(@'F) ($3%q) + 5 (63°%: %) (63°%:7") - 5 (64%%%°) - T (64%%:2) ] )]

zformulatau // InputForm

(-v0 + w + o*(-cr[0] + w'2*(-cr[2] + tp3[9, 9, 91/6) -
(vo*2*tp3[9, 9, 91)/3 + (vOo*w*tp3[9, 9, 9]1)/6) +
o™2* (- (vO*cr[0] *tp3[9, 9, 91)/6 +
w* (-cr[1] - (cr[o]l*tp3[9, 9, 91)/3 +
v0*2* (- (tp3[9, 9, alll*tp3[9, 9, aull)/8 +
tpa[9, 9, 9, 91/24)) + vO0™3*(tp3[9, 9, 9172/18 +
(tp31[9, 9, alll*tp3[9, 9, aull)/8 - tp4l[9, 9, 9, 91/8) +
vO*w 2% (- (cr[2]*tp3[9, 9, 91)/6 - tp3[9, 9, 9172/24 +
tp4a[9, 9, 9, 91/24) + w'3*(-cr([3] - (cr[2]*tp3[9, 9, 91)/3 -
tp3[9, 9, 917%2/72 + tp4l9, 9, 9, 91/24)))/tau +
tau* (o* (-td[all, aull - tp3[9, 9, 91/6) +
o*2* (v0o* (td[all, au2]*td[al2, aul] - (tdlall, aull*tp3([9, 9, 91)/
6 + (5*tp3[9, 9, 9172)/72 + (tp3[9, 9, alll*tp3[9, 9, aull)/
8 - tp4l9, 9, 9, 91/24) + w*(tdl[all, au2]*td[al2, aul] +
(tdlall, aull*tp3[9, 9, 91)/6 + (13*tp3[9, 9, 9172)/72 +
(tp31[9, 9, alll+*tp3[9, 9, aull)/2 - tdlaul, au2]*
tp3[9, all, al2] + (tp3[9, all, au2]*tp3[9, al2, aull)/2 -
tp4a[9, 9, 9, 91/8 - tp4l[9, 9, all, aull/4)))

zformtau =
Collect[ApplyRules[zformulatau, {rule80a, rule80b, rule80c, rule80d, rule80e,
rule80f, rule80g, rule80h}] /. rule8l, {tau, o, w, v0}]

2
au O(fDaaf P999) o [[papy . D@ P999  5P9997 P9999  P99a2 | ..
6 72 24 8
2
Dab2 - Dabpoab » D22 P999 13 P999? P9999  P99%a2  P99%aa  P9ab2) |,
6 72 8 2 4 2
2

—— |-vO+w+o0 |[-cO - P99 v0 + P99 V0w | (—c2+ P999)w2 + 02 _ 1 c0 P999 vO +
tau 3 6 6

P999°  P9999 , P99a2 VO3+»(—cl— c0 P999 (P9999 - P99a2) Voz)‘ﬂ+

18 8 8 3 24 8
~ c2P999  P999? , P9999) o o ( .3 C2P999 P9992 , P9999)
6 24 24 3 72 24
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zformtau // InputForm

tau* (o* (-Daa - P999/6) +
o™2* ((Dab2 - (Daa*P999)/6 + (5*P999°2)/72 - P9999/24 + P99a2/8)*
v0 + (Dab2 - DabP9ab + (Daa*P999)/6 + (13*P9997°2)/72 -
P9999/8 + P99a2/2 - P99aa/4 + P9ab2/2)*w)) +

(-v0 + w + o*(-c0 - (P999*v0™2)/3 + (P999*v0*w) /6 +
-c2 + P999/6)*w™2) + o072* (- (c0*P999*v0) /6 +
P999%2/18 - P9999/8 + P99a2/8)*v0™3 +
-cl - (c0*P999)/3 + (P9999/24 - P99a2/8)*v072)*w +
-(c2*P999) /6 - P99972/24 + P9999/24)*v0*w 2 +

(
(
(
(
(-c3 - (c2*P999) /3 - P99972/72 + P9999/24)*w"3)) /tau

m Jocal coordinates at the projection

We consider a local coordinate An around a point 7(u0,0) on the surface, where u0 indicates any specified value of u.
This will be used for u0 specifying the projection of y onto the surface. The change of variable n—An is specified by
Mg = 1,(u0, 0) + B,b(u0) An, for each u0. The expression for 7, is given in "rule93", and that for 79 is in "rule94".
The surface is expressed as Ang,, =—d A, An, — & e An, An,, An,., where the coefficients are shown in foo101

and foo102. Next, the expression for )] n=n0y+BAy By (u0) qu (u0) is obtained and stored in fool14[ua,ub]. This
q

Y

. .. aab  .abc 1 C . ~ab  aabc ~abed . .

is equated with ¢ +¢  An.+ 5 ¢ An,An,, and the coefficients ¢ ,¢ ,and ¢ are obtained in fool21. The
n aa'b ~1 T

inverse of the metric=¢, ,, = (¢a ) is inrulel31, which is used for fool32 =¢,,d . These conversion rules are

summarized in "rulesproj". zc-formula evaluated at 7(u0,0) is shown in zformulau0, and that for scaling tau is in

zformulatauu0.

m the expression for the surface in the local coordinates

We use u0, for the u, -coordinate of the projection.

DefineTensor[ru0, "uO", {{1}, 1}]

PermWeight::def : Object u0 defined
Define local coordinates at the projection, and denote Az, . The local coordinate A, is in the B“ direction.

DefineTensor[re, "An", {{1}, 1}]

PermWeight::def : Object An defined

First, separate the type-a and 9 indices in the local parametrization at the projection. 7, in foo90 indicates the projec-
tion point, whereas f0090 itself indicates the 7, -coordinates for a general point.

se[la] + tB[la, ub] re[lb]
Na+ (A7p) (Ba®)

£0090 = CanAll[sepa[se[la] + tB[la, ub] re[lb], 1b]]
Na+ (ANs) (Ba®) + (Anp:) (Ba®')

f0091 is f0090 for a=a'.
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foo91 = ApplyRules[f0090 /. {la » ala}, rulel]

(Kdeltaa:®') (up') + (A7) (Bar?) + (Anp:) (Bar®')
f0092 is f0090 for a=9.
£f0092 = ApplyRules[£0090 /. {la > -9}, rule2]
(8135) (Bo”) + (AMpr) (BsP') —0 (upr) (ugr) (@°'%) -0 (upr) (ugqr) (upr) (eP'4'F)

Then, B? is expanded by its expression. u, is now substituted by u0, to change the origin to the projection. Here we
obtain f0093 = 1, and f0094 =79

foo93 = ApplyRules[fo091, {rule3, rule4, rulel5, rulel6}] /. ru- rul

(Kdeltas ®') (Anp:) + (Kdeltas:®') (ulp:) +20 (Ang) (ulp:) (da®') +
307 (Ans) (ulpr) (U0qr) (ea®'?') +0% (Ang) (ulpr) (ulgr) (@'%") (¢3%%a1) +
0% (Ang) (ulp) (ulg ) (dar®') (¢3°°P") -0 (Ang) (ulpr) ($3°..°") +

%02 (8n9) (u0pr) (u0gr) (¢3°°9") (¢3%.P") —20% (Ans) (U0p:) (U0g) (dr'®') (¢3a:P'F) +

0% (Ans) (ulpi) (ulq ) (¢3°: %) (¢3a.°'F") —%oz (Ang) (ulpr) (ulqr) (4%, 2'9")

RuleUnique[rule93, se[ala_ ], foo93, IndexaQ[ala]]

foo94 = ApplyRules[fo092, {rule3, rule4, rulel5, rulel6}] /. ru- rul

ANy —20 (Anp) (u0gr) (d°'?") -0 (ulp ) (ulq ) (d'?") -
20% (A1) (W0pr) (W0qr) (A ®') (dP'F') =3 0% (Anp:) (ulqr) (ulyr) (eP'd'*') -

o]

2 (0p:) (W0q)) (0z) (€P'4'F') + 2 0% (Ans) (u0p:) (W0g:) (@P'%') (9399%) -
o (819) (ulpr) (93°7%") +§o2 (Ans) (u0pr) (ulg:) (¢3°7P") ($3°9") +

0% (8ns) (U0p) (ulgr) (¢3% %) (¢3°P'F") — = 0% (Ans) (Ulp) (ulgr) (P4°°P'%")

INJEENNT

(u
S
4

RuleUnique[rule94, se[-9], foo94]

We will equate f0093 with f0095, and f0o094 with f0096 below to derive the expression of the surface in the local
coordinates. 0095 and f0096 define the surface with the origin at 0. First we consider 1, direction.

foo95 = tsimpp[ApplyRules[se[ala], rulel]]

Ug:
Thus, u,= fo093 as a function of Ar,,. We make it rule95.
RuleUnique[ruleS5, ru[ala ], foo93]
Consider 79 direction.

foo96 = ApplyRules[se[-9], rule2]

-0 (U-p') (uq'> (dp'qy> - o? (up') (uq'> (Ur+) (eplqlr')

Using the rule95, we get an expression of f0096 in terms of An,,'s.
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foo97 = tgeto2[ApplyRules[fo096, rule95]]

O (= (Anp) (Angr) (@°'%") =2 (Anp) (ulgr) (@°'%") = (ulp:) (ulq ) (dP'")) +
0% (-4 (Ans) (Anp) (ul0g) (A ®') (AP'F') -4 (Ans) (ulp) (ulq) (dp®') (&'F') -
(Anpr) (Angr) (Angr) (€P'T'F') =3 (Ang ) (Ang ) (ulp) (eP''*') -
3 (ANp) (u0gr) (u0pr) (€P'3'F') - (u0p) (ulgr) (u0p ) (eP'3'F') +
2 (Ang) (ANpr) (u0qr) (Q°'F') (¢3°p: ") +2 (Ang) (Ulpr) (Ul ) (AP'F') (¢3°,.9"))

Equate f0094==f0097 to solve the expression of A7, in terms of An,, .

foo98 = CoefficientList[tsimpp[foo94 - fo097], re[-9]]:

Length[foo098]

2

foo98[[1]]
O (8Np) (Ang:) (88'F") +0° (ANp:) (ANg:) (Anp) (€2 F'F') +307 (Anp:) (AnNg:) (u0y:) (eP'¥'F)
foo98[[2]]

14407 (M) (W0g) (G ) (@'F) +207 (W0p:) (W0g:) (dn®') (%) +
5 0% (W0p) (U0g:) (dP'9') (63°%%) - 2 0 (u0p) (#3%°P') + 2 07 (u0p:) (u0g) (§37%) (93°°%') -
207 (&7p:) (W0g) (BP'F') (§3%:9") ~20% (U0p) (W0g) (GP'F') ($3% %) +

S 0% (u0p) (U0g)) (93%.%') (#3°F'F') - T 0% (W0p)) (W0g:) ($4°%'F")
The following foo99 gives an expression of Az, in terms of Az,

foo99 = Collect[tgets2[-x/y, x, £foo098[[1]], vy, £o098[[2]]1].,
{re[all] re[al2] re[al3], re[all] re[al2], rulO[al3]}]

702 <Ar)p') (Ar]q') (Ar]r'> (ep'q'r') +

(M) (Ang) (-0 (@P'9') + (u0g) (-3 0% (ep'a's’y - 1

5 0% (&®'T) (93777 )
get the coefficients of Ay, Ay, and An, An, An,. for An,.

fo0l00 = Collect[CoefficientList[fo099 /. re[ala ] -» x, x] /. {aul -» aua, au2 - aub,
au3 -» auc, au4 - aud, all -» ala, al2 » alb, al3 -» alc, al4 » ald}, o, tsimpp]

{0, 0, 0 (@) +0® [-3 (ubp) (eP'®'®") -

NI

(u0p:) (A*'P") (¢3°°%") ), -o® (e*'®'¢")}

A . . . Aa' b'
This is d*”" at the projection. We denote it ¢ =fool01.

f001l01l = Collect[Simplify[-£f001l00[[3]] /o], {ruO[all], o}, tsimp]

d®'P' + o (ulp:) (3 (eP'@'P') + S (d2'®"y (¢3°9P")

RuleUnique[rulel0l, td[aua, aub], fool01l]
This is e”?'¢' at the projection. We denote it &* ' = f00102.

00102 = Simplify[-£00100[[4]] / o?]

ea'b'c'
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71

~d' b o
Now the surface is expressed in the local coordinates as Ay = — a’ An, Any, — & be An, An, An,.

= the expressions for the potential derivatives

the metric

DefineTensor[tp2, "¢2", {{2, 1}, 1}]

PermWeight::sym : Symmetries of ¢2 assigned

PermWeight::def : Object ¢2 defined

the inverse of the metric

DefineTensor[tr2, "i¢2", {{2, 1}, 1}]

PermWeight::sym : Symmetries of i¢2 assigned

PermWeight::def : Object i¢2 defined

2
phi2eta= ;fg’;[ is derived earlier.

phi2eta
Kdelta®™ + o (1) (93°%°) + = 07 () (nq) ($4P%P)

fool10=phi2eta but 1, is separated into 7,, and 79 in the summation.

fooll0 = CanAll[sepa[sepa[phi2eta, 11], 12]]

Kdelta®® + o (n9) (¢3°%°) +0 (npr) ($p3P'3P) +

3 0% (719)? (98°°%) + 0% (15) (mpr) (94°F'%%) + 3 0% (1pr) (1)) (8472

fooll1=fool10 but 5,» and 79 are substituted by their expressions in the local coordinates.

foolll = tgeto2[ApplyRules[fo0l1l0, {rule93, rule94}]]

Kdelta®® +o ((Ans) (¢3°%°) + (Anp:) (¢3°'3°) + (u0p ) ($3P'2°)) +

o (-2 (Anp) (u0g ) (d'9") (¢3%3%) — (u0p:) (ulq:) (d°'9") (¢3°27) -

N -

(8715) (u0p1) (§3°%P') (§3°%°) +2 () (u0p:) (dgr®') ($3%'P) = (B7) (WOp:) (63%P')
(635'0) + 2 (ans)2 ($4°°22) + (M) (ANpr) ($4°P'P) 4 (Ang) (uOp.) (94%P'%P) +
3 (ANpr) (g ) (#4P'T'R) 4 (Ang.) (u0g.) ($4P'S'%P) + 2 (u0p.) (u0q)) (44P'9'2P)

32
fool 12=2 80 |, 0)ipay Ba®(u0) By?(u0)
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fooll2 = foolll tB[la, uc] tB[1lb, ud]
(Ba%) (Byd) (Kdelta™+ o ((ans) (63°%2) + (Brp:) (93°'%) + (u0p) ($37'%0)) 4

02 (-2 (Anp) (u0g) (@'T') (63°%2) - (u0p.) (u0g) (') (§39°) - = (ans) (u0p)
(¢39°P") ($3°%P) + 2 (Ang) (u0p:) (dg'P') (#3%'32) — (Ang) (u0p: ) (¢3°4:P') (4373 +
(An9)? (#47°%°) + (Ans) (Anpr) ($47P'2°) + (Ans) (ulp:) (¢4°P'2P) +

(Anpe) (Angr) (#4°''3%) & (Ang.) (u0gr) (94°'9'%) + = (u0p:) (u0g)) (¢4F'9'*) )]

INITSENI

Separate the regular indices a and b for the summation into type-a indexes and 9's.

fooll3 = CanAll[sepa[sepa[fooll2, la], 1b]l];
n=nu0)+BAy Bp*(u0) qu (u0) is the same as fool12, but the subscripts are changed. In the below,

IR0
fool14[ua,ub]= Wgﬂ?
we substitute B*'s by their expressions at the projection.



asymptotic analysis of the bootstrap methods 20030721.nb

73

fooll4[ua , ub ] = fooll3 /. {uc » ua, ud -» ub}

(Bo®) (Bo®) + (Kdelta®®') (Bg®) (Bp:?) + (Kdelta’®') (Bs?) (Bp:®) + (KdeltaP'?') (By:?) (Bg:®) +
o (Ans) (Bs?) (B b) (¢3%99) - 2 02 (Afpr) (u0qr) (Bo?) (ng) (dP'a') (43999 -

0% (u0p) (ulqr) (Bo?) (Bo®) (A®'T") (¢3°°%) +0 (Anp ) (Bo®) (Bo®) (¢3°9%") +

O (u0pr) (Bs®) (Bo®) (¢3°°P") +0 (Ang) (Bs®) (Bp'?) (¢3°°P) +0 (Ano) (Bo®) (Bp:®) (¢3°°P") -

0? (Ang) (ulp:) (Bs?) (Bo®) ($3°9%) (¢3°°P') +2 0% (Ans) (ulp:) (Bs?) (Bo®) (dgP') (¢3°°%") -

1
P
S 0% (87s) (u0p) (BsP) (Bq?) (93°%%") ($39%%") -
1
2

0% (Ans) (ulp) (Bs®) (Bgq:®) (¢3°P") (¢3°°9") -
2

5 07 (89) (U0p1) (Bg:®) (Bri®) (93°%%') (43°%'%) -

o2 (An9) (quv> (B9b) (qua> ((153915'?') (¢39q'r'> _

O (ANs) (U0pr) (Bs®) (Bq®) (93%,.P') (¢3°9'%") -

20° (Anp) (U.qu) (Brva) (Bs.b) (dp"Z'> <¢39r's') _

02 (U0p:) (U0q:) (By:?) (BsiP) (AR'9') ($3°T'S') +0 (Anp:) (Bg'®) (Bp®) (¢3°'9'F') +
0 (u0p:) (Bg®) (Bp®) (¢3P'4'T') 4202 (Ans) (Ulp:) (Bg:?) (Ber®) (dg'®') (¢3%'F'8")
0% (8ns) (W0p1) (Bq?) (Bp:®) ($3%4:P") (¢3%'F'%") +

%02 (Ans)? (Bs?) (Bs®) (¢4°°9%) + 02 (Ans) (Ampr) (Be®) (Bo®) ($4°%R") +

o (Ans) (u0p) (Bs®) (Bo®) (94°°P") + %02 (ANs)? (Bo®) (Bpi?) (¢p4°9%P") +

3 0% (4n9)7 (Be®) (Bp®) (9477%%) + 2 02 (ampr) (Ang) (Bo*) (Bo®) (04%%F'%) 4

(0]
)

0% (ulp:) (u0q) (Bo?) (Bo®) (¢4%9'") +

(Ans) (u0p ) (Bo®) (Bg:?) (¢4°%P'2")
(Ans) (u0p ) (Bo®) (Bg:®) (¢4°%P'?")

02 (AN ) (ANg') (Bs®) (Bei?) (4P Ty 4

(ANp) (uOgr) (Bs?) (Bs®) (¢4°°P'd") +

(Ans) (Anpr) (Bo®) (Bgi?) (¢4°9P'2")
(ANs) (ANp:) (Be?) (Bg:P) (¢4°°P'%) +

o (8ns)% (Bp:?) (Bq:®) (94°°P'9") +

[N

+
SN

o]

+
+

NI 8
N

[N

(8np:) (u0gr) (Bs®) (Brr?) (#4%F'9'') + 2 0% (0p) (u0gr) (Bs®) (Br®) (047%'4%')

o]

O (Ap) (Ang) (Bs?) (Br®) (#4°P''F') + 0% (Anp) (W0gq) (Bs®) (Br®) (44%P'%'F')

o? (ulp) (u0q:) (Bo?) (By:®) (94°P'¢'T") + 0% (Ang) (AN ) (Bq:®) (BpP®) (¢4%2'9'*") 4

INTFSNTES

o
)

(Ans) (u0p) (Bg®) (Br:®) (94°P'9'F") +%02 (BNpr) (ANgr) (Bpi?) (Bei®) (¢aP'@'*'s") ¢

0% (AMpr) (ulgr) (By:®) (Bs:®) (¢4P'%'F'3") +%02 (W0p+) (u0qr) (Br:?) (Bg:®) (¢4aP'd'*'s")

fool15=fool14[aua,aub]

20° (Anp) (u0qr) (Bs®) (Br?) <dP ) (¢3°°F) -

o2 (ulp:) (ulgq) (Bo®) (Bp:?) (dP'T') (¢3°°F') - 202 (Anpr) (U0gr) (Be?) (Bp®) (dP'2") (¢3°9%") -
0% (ulp:) (ulqr) (Bs?) (B®) (@P'T") (¢3°°%") - 0° (Ans) (ulp) (Bo?) (Bo®) (¢3%°9") (¢3°:P") +
o (Anp) (Bs®) (Bg?) (¢3°P'%") +0 (ulp) (Bo®) (Bgi?) (¢3°P'9") +

o (AMpr) (Bs?) (Bg:®) (¢3°P'9") 40 (ulbp) (Bs?) (Bqr b) <¢v39p )+

0 (Ans) (Bp'?) (Bq:®) (¢3°P'9") +20° (Ans) (ulp) (Bo®) (Bqi®) (dp®') (03°4'F") +

20% (Ans) (ulp) (Bo?) (Bq:®) (dr®') (¢3°4'F") -
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fooll5 =

tgeto2[ApplyRules[fooll4[aua, aub], {rule3, rule4, rulel5, rulel6}] /. ru- ru0]
Kdelta®® +o ((Any) (§3°%'°") + (Anp) ($37'2'®") + (u0pr) (§37'2'°")) +

0?2 (4 (u0p:) (u0q ) (dP'3") (a3'® Ans) (u0p ) (dP'®') (¢3993') -

) =2 (
2 (ANg) (ulpr) (AP'2") (¢3°7°") —2 (Anp:) (udqr) (AT'P") ($3°P'2") -
2 (ANp) (ulgr) (AT'2") (¢3°P'P") =2 (ulp) (ulq ) (dP'P") (3°%'2") -
2 (U0p ) (u0qr) (AP'2') (¢3°9'2') —2 (Anp:) (u0g ) (dP'd') (¢3°3'°")

(W0p:) (U0g:) (dP'S') (#3°'>') = 2 (ans) (u0p:) (#3°P') (93°2'%') +
2 (8ns) (u0p ) (dg:P') (@3%'2'P") — (Ans) (U0pr) (¢3°g:P') (¢37'2'P") 4

3 (8719)7 (94790 4 (ams) (Ampe) ($470'2'P') 4 (B7s) (uOpr) (94°F'P") 4
1
Pl

(DNp) (Angr) (4P T'3™°") 4 (Angr) (u0gr) (¢4P 322" + % (U0p) (ulqr) (P4P'T'2'2")
check if fool15 is consistent with ph2bu obtained earlier.

tsimpp[tsimp[fooll5 /. {re[la_] - 0, rul -» ru}] - phi2bu]

0

fooll6=fool14[9,aua]

fooll6 = tgeto2[ApplyRules[fo0l1l4[9, aua], {rule3, rule4, rulel5, rulel6}] /. ru- rul]
o ((8ng) (#3°°%") + (Anp:) (¢3°P'2")) +
0% (-2 (4ns) (u0pr) (GF'%) (93°°%) -2 (Anpr) (W0g) (AT'2') ($37%F) +

2 (ulpr) (ulqr) (d¥'2") (¢3°°P") -2 (ulp) (ulq:) (dP'2") (¢3°°7") -
2 (BMpr) (U0gr) (A2'9") (93°9%") - (Ans) (ubp:) (¢3°°F") (¢3°7%") -

o (Anpr) (u0qr) ($3°%%") (¢3%7'%") +§ (U0pr) (uOqr) ($3°9°9") (¢3°P'2") +

Bs) (u0p) (dgr®') (93°%'2') = 2 (u0p) (u0q) (§3°%F') (93°9'%') -

(

(BNs) (W0pr) ($3°P") (63°T'2") +2 (Anpr) (U0gr) (dp¥') (§3P'F'2") -
(W0p) (0g:) (de®') (932 ') — (Arfp1) (u0g:) ($3°:: %) ($3P'*'2") +
uop') (uoq'> (®39r'ql) (¢3p‘r‘a'> +2 (UOp') (uoq'> (dr'p'> <¢3qlrla‘> -

(u0p+) (ulgr) (@3°%,.P") (@3%'7'2") 4 % (Ang)? (¢4°°93") + (Ang) (Anp:) (¢4°°P'23") +

(BNs) (ulpr) (§4°°P'2") +% (Anpr) (Angr) (04%'T'2") & (Ang) (uOq:) (¢4°P'9'a")

fool17=foo114[9,9]

fooll7 = tgeto2[ApplyRules[fo0l1l4[9, 9], {rule3, rule4, rulel5, rulel6}] /. ru- rul]

1+0 ((Ang) (¢3°°7) + (ANp1) (63°9P")) +

O2 ~-2 (Ar]pv) (uoq'> (dP'Q'> (d)3999> 7% (Ar]g) (uop'> (¢3999> <¢399p‘) +
(AUEJ) (uop') (dq'p') (¢399q'> - (A]’]pv) (qu,) <¢399P') (¢399q'> B

(4ns) (u0p:) <¢399‘I'> (3%q:P") =2 (u0p1) (U0qr) (A'F') ($372:7") +
(87p1) (W0q) (dei®') (#3%'F') ~2 (u0p) (W0g:) (dei¥') (#3%'F') -
(anp1) (u0g:) <<z>3 2 ) ($3%P'F) 42 (u0pr) (W0gr) (#3% %) ($3%'F)
(ua P') (§3%9'F') -2 (ulp:) (U0gr) ($3%:P") (93%94'F") +

(8ns)? <<z>49999> + (Ang) (Anp:) (¢4°°9P") + (Ang) (ulp:) ($4°%%P") +

(ANp ) (Angr) (04°°P'9") + (Anpr) (u0qr) (¢4°°P' ")
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Now obtain the coefficients in terms of A, for fool15,fool16,fool17.

gooll8 = {{1, 1/0, 2/0%}, {1/0, 1/0%, 2/0}, {2/0%, 2/0%, 4/0*}};

gooll8 // MatrixForm

1 2
1 5 =
i 1 2
o 02 o3
2 2 4
02 o3 ot
fooll8 =

Collect[CoefficientList[fooll5 /. {re[-9] » D9, re[ala ] - DA}, {DA, D9}] * goolls8,
o, tsimpp[CanAll[# /. {aul -» auc, au2 -» aud, au3 -» aue, au4 - auf,
au5 - aug, all -» alc, al2 » ald, al3 -» ale, al4 » alf, al5 -» alg}]] &];

Symmetries may be inconsistent.

fooll9 =
Collect[CoefficientList[fooll6 /. {re[-9] » D9, re[ala ] - DA}, {DA, D9}] *goolls,
o, tsimpp[CanAll[# /. {aul » auc, au2 -» aud, au3 - aue, au4 -» auf,
au5 - aug, all -» alc, al2 » ald, al3 -» ale, al4 » alf, al5-» alg}]] &];

foo0l20 =
Collect[CoefficientList[fooll7 /. {re[-9] » D9, re[ala_ ] -» DA}, {DA, D9}] xgoolls,
o, tsimpp[CanAll[# /. {aul -» auc, au2 -» aud, au3 -» aue, au4 - auf,
au5 - aug, all -» alc, al2 » ald, al3 -» ale, al4 » alf, al5 -» alg}]] &];

Dimensions[foo0l18]

{3, 3}

Dimensions[foo0ll9]

{3, 3}

Dimensions[fo00120]

{3, 3}

fool2l = {fo01l1l8, foo0ll9, foo0l20};

= Geometric quantities at the projection

~a'b'
fool21[[1, 1, 1]1]
Kdelta®'®' +o (u0p ) (¢3P'2'®") 4
0% (4 (u0p) (u0g ) (@°'") (d%'P") -2 (ulpr) (ulqr) (dP'P") (¢3°9'2") -2 (ulp) (ulq)
(dP'®") (¢3°9"") - (u0pr) (ulq) (&%) ($3°2'°") + % (U0pr) (ulqr) (@4aP'a'a™™")
RuleUnique[rulel2lPab, tp2[aua , aub_], fool2l1l[[1, 1, 1]]]
~9d'
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fool21[[2, 1, 1]]

0

RuleUnique[rulel2lPY9a, tp2[9, aua ], fool2l[[2, 1, 1]]]

~99
fool21[[3, 1, 1]1]
1
RuleUnique[rulel21P99, tp2[9, 9], fool21[[3, 1, 1]]]
~a'b'c
fool21[[1, 2, 1]]
$32'P'¢" 40 (-2 (uOpr) (dP'S') (¢3°2'°") -
2 (u0p) (AP'P) (¢372°°7) — 2 (ulp) (A%'2") (#3°°'") + (u0pr) (¢4P'*'P'¢"))
RuleUnique[rulel2lPabc, tp3[aua , aub , auc_ ], fool2l[[1, 2, 1]]]
~9a'b
fool21[[1, 1, 2]]
$372'" v 0 (-2 (u0p) (AP ($3°7%") -2 (u0pr) (&F'%)) (¢37°°7) - % (u0p) (@3°7F") ($3°27°") +
2 (u0p) (dg:®') (#3T'2°°") - (u0pr) (3% P") (937°2'P") + (u0p) (¢4°P'2'°")
(fool21[[2, 2, 1]] /. auc -» aub) - fool21[[1, 1, 2]]
0
RuleUnique[rulel2lP9ab, tp3[9, aua , aub ], fool2l[[1l, 1, 2]]]
~99a'
fool21[[2, 1, 2]]
$3°°" +0 (-2 (u0p) (AB'%") (93°7°) - (u0p:) ($3°°F") (93°°%') +
4 (u0p) (dg'P') (¢3°%'3") =2 (u0pr) (¢3°P") (93°4'27) + (u0p:) (94°°P'2"))
(fool21[[3, 2, 1]] /. auc » aua) - fool21[[2, 1, 2]]
0
RuleUnique[rulel21P99a, tp3[9, 9, aua ], fool21[[2, 1, 2]]]
~999

fool2l[[3, 1, 2]]

3
2
6 (ulp) (dq.P') <¢399q'> -3 (ulp) (¢399q'> <¢39qlp') + (u0p:) (¢4999p'>

$3°%% + o [- = (u0p ) (¢3°9%) (¢3°9P") +

RuleUnique[rulel21P999, tp3[9, 9, 9], fool21[[3, 1, 2]]]
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~d'b'cd

~9d'b' ¢

~994a'b

~9994a'

~9999

fool21[[1, 3, 1]]

<Z)4a'b'c'(‘1‘

RuleUnique[rulel2lPabcd, tp4[aua , aub , auc_, aud ], fool21[[1, 3, 1]]]

fool21[[1, 2, 2]]

¢49a'b'c'

fool21[[2, 3, 1]] /. {auc -» aub, aud -» auc}

¢49a'b'c‘

RuleUnique[rulel2lP9abec, tp4[9, aua , aub , auc_ ], fool2l[[1, 2, 2]]]

fool21[[1, 1, 3]]

¢499a'b'

fool21[[2, 2, 2]] /. {auc -» aub}

<Z)499a'b'

fool21[[3, 3, 1]] /. {auc -» aua, aud -» aub}

¢499a'b'

RuleUnique[rulel2lPabcd, tp4[9, 9, aua , aub ], fool21[[1, 1, 3]]]

fool21[[2, 1, 3]]

¢4999a'

fool21[[3, 2, 2]] /. auc -» aua

®4999a'

RuleUnique[rulel21P999a, tp4[9, 9, 9, aua_], fool21[[2, 1, 3]]]

fool21[[3, 1, 3]]

¢49999

RuleUnique[rulel21P9999, tp4[9, 9, 9, 9], fool21[[3, 1, 3]1]]

zero terms
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{foo121[[1, 3, 2]], fool21[[1, 2, 3]], fool21[[1, 3, 3]1}

{o, o, 0}

{fool21[[2, 3, 2]], fool21[[2, 2, 3]], fool21[[2, 3, 3]]}

{o, o, 0}

{fool21[[3, 3, 2]], fool21[[3, 2, 3]], fool21[[3, 3, 3]]}

{OI OI O}
~d'b' B

A= -5
DefineTensor[t1l25, "A", {{2, 1}, 1}]
PermWeight::sym : Symmetries of A assigned
PermWeight::def : Object A defined
fool25 = ApplyRules[tp2[aua, aub], rulel2lPab] - Kdelta[aua, aub]
4 0% (u0p) (ulgr) (dP'2") (d¥'P') — 202 (u0p:) (ulq:) (dP'®') (¢3°%'23") -
2 0% (U0p) (ulgr) (AP'3") ($3°9'°") — 02 (u0p ) (uldg:) (dP'T") ($3°2'°") +
O (u0p:) (#3P'2'P') + = 0 (u0p) (u0g)) (§4°'T''P)
RuleUnique[rulel25, tl25[aua , aub ], fool25]

fo0130=42

foo0l30 = tgeto2[ApplyRules[tl25[aua, auc] Kdelta[alc, ald] t1l25[aud, aub], rulel25]] /.

{aua » ala, aub -» alb}

o? (qu') (qu-) (¢3r'a'p') (¢3b'qlr')

) b -1
fool31=(I + A)~' = I — A + A?=the inverse of the metric=¢, , = (¢a )

fool3l
Collect[Kdelta[ala, alb] - ApplyRules[tl25[ala, alb], rulel25] + fool30, o, tsimpp]

Symmetries may be inconsistent.

Kdeltaspr -0 (Ulp:) (P35 2" ) +
o* (-4 (ul0pr) (udq) (da®') (dp¥) + (ulpr) (udq') (&) (¢3%a1p) +
2 (ulpr) (udq) (dp'®') (¢3°2:7") +2 (u0pr) (uodq) (da'P') (¢3%: ") +
1

(W0p1) (u0gr) (93r1a®) ($3p:%'%) = = (U0p:) (WOG!) (Bdarp®' )

RuleUnique[rulel3l, tr2[ala , alb ], fool31l]

~a'b' " . .
fool32 =i¢2,,d  substitutes 6, d* " at the projection.

tr2[ala, alb] td[aua, aub]

(@*'®") (1¢2ap1)
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fool32 =
tsimpp[tgeto2[ApplyRules[o tr2[ala, alb] td[aua, aub], {rulell0l, rulel3l}]] /o]

dp P +30 (U0p:) (eq®'?) + % 0 (U0p ) (dg:d') (63°9P") o (u0p:) (A%'T') ($3qiy ")
RuleUnique[rulel32, td[ala , aua ], fool32, PairaQ[ala, aua]]

Here we summarize the substitution rules for the projection for the derivatives. Here only discuss O(n~"/?)terms. This
includes ¢°°, 49

rulesproj = {rulel21P999, rulel32};

m zc-formula

zformulau0l = Collect[tgeto2[ApplyRules[zformula, rulesproj]], {o, ru0[all], w, vO0}]

-v0 +w+

o (—cr[O] ~dp P v w? (-cr[2] + % <¢3999)) S = (43999 - %vo2 (¢3°°9) + % vOw (¢3°°%) ) +

®| R o

0? (V0> [ (#399%)7 + £ (63%%) (939%) - T (94%9°%) ) +
VO [(dpe®') (dgP') - £ cr[0] ($3°°%) - = (dpiP') (63°°%) + 5 (93°9°) + T (43°%.)
(9379%') - = (94°°%%) | s vow? (-2 cx[2] (93°°%) - o (937°%) 7+ S (94°°%%) ) +

w(-er[3] - 3 or[2] (83°°%) - o (93%°%)7 4 o (94°%°%) )

(W0p:) (-3 (eqrP'®') = 2 (dg:T') (3°%%") + I (939%%) (43°%%") -
(dgr®') (3%°9") + 2 (93%9%) (93%q.P') + (AF'') (3qw®') +
V02 (S (9395%) (63%9%") ~ 2 (dg:®') (63%99') + (93%9F') (93%:7") - 3 ($4%%%F") ) 4
vOw (- (63°°%) (93°%') ¢ (dgrP') (9379 - S (93%99') (3% P') + 2 (94°°%F") ) 4
WP (- (9399%) (83%°') + (dgiP') (3°°9') - I (93%99') (93%.7") + T (44°°%P") ) -
£ (64%%%") | sw (—er (1] + (@ ¥) (dgP') - F cT[0] (837°%) + £ (dpiP') (63°%) +
T2 (930075 2 (93%%) (937°) - (F'F) (63%iq) + 5 (63%:%) (3%:") +
V0 (-2 (63%%) (937') + o (947°%) ) - £ (64%9%%) - T (64%%.7") )
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zformulatauu0 =
Collect[tgeto2[ApplyRules[zformulatau, rulesproj]], {tau, o, ru0O[all], w, v0}]

?;LL_J (—v0+w+o (—cr[o] +w? [-cr[2] + % (¢3999)) _ %VOZ ($3°99) + %VOW <¢3999)) N
0? (7% v0 cr[0] (¢3°9%) +
w (—cr[l] - % cr[0] (¢3°°%) +vo0? (_% (639%,0) (63°9%") + % (¢49999))) +
vo3 (% (¢3999)2 + % <¢399p|) ($399P") — % (¢49999)) N
vO0 w2 (—% cr[2] (¢3°9°) - i (¢3999)2 . i (¢49999>) .
w3 (7cr[3} - % cr[2] (¢3°99) - 715 ($3%99)2 & %{ <¢49999)) N
(W0p:) (v0? (5 (9399%) ($3°%%') —2 (dg:P') ($3°°%') + (3°°F') (3% P') - 5 (#4°°%%") ) +
VoW (- (63%%%) (83%°F') 4+ (dgP') (#37°%) - I (937) ($3%:P') + T (64%9%F) ) +
(- (83°%%) (93°°F') + (dgP') (937°%) - T (937%) (63%F) + T (94%9%) )] ])
tau (o (—(dpvp') - % (¢3999)) + 02 (vo ((dp,q') (dq,P'> _ % (dp.P') ($3°°%) +
% (<Z>3999>2 + % ($3%%,0) ($3°9P") - = (¢49999>) .
(u0p) (’3 (eq®'T) - % (dg' ") (¢3°°%") + % ($399%) ($3°%P") = (dgP') (43°°9") +
3 (83%°5) ($3%P') + (AF) (93q:nP') - ¢ (64°°%%) ) 4
w ((dpvq'> (dg:®') + % (dp'P") (¢3°77%) + % (¢3°°9)° + % ($3%%50) (¢3°°P") -
(@'9) (63%q) + 5 (637 (63%") - & (047%%) - 3 (047%:%') ) )
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InputForm[zformulatauu0]

(-vO + w + o*(-cr[0] + w'2*(-cr[2] + tp3[9, 9, 91/6) -
(v0™2*tp3[9, 9, 91)/3 + (vO*w*tp3[9, 9, 91)/6) +
o™2*% (- (vO*cr[0]*tp3[9, 9, 91)/6 +
w* (-cr[1] - (cr[0l*tp3[9, 9, 91)/3 +
VOAZ*(—(tp3[9, 9, alll*tp3[9, 9, aull)/8 +
tp4[9, 9, 9, 91/24)) + v0™3*(tp3[9, 9, 9172/18 +
(tp31[9, 9, alll*tp3[9, 9, aull)/8 - tp4l[9, 9, 9, 91/8) +
vO*w 2% (- (cr[2]*tp3[9, 9, 91)/6 - tp3[9, 9, 9172/24 +
tp4[9, 9, 9, 91/24) + w'3*(-cr[3] - (crl[2]*tp3[9, 9, 91)/3 -
tp3[9, 9, 91%2/72 + tp4l[9, 9, 9, 91/24) +
rul [all]l * (v0O™2* ((tp3[9, 9, 9]1*tp3[9, 9, aull)/2 -
2*td[al2, aull *tp3[9, 9, au2] + tp3[9, 9, au2l*
tp3[9, al2, aull - tp4l[9, 9, 9, aull/3) +
vO*w* (- (tp3[9, 9, 91*tp3[9, 9, aull)/4 +
tdlal2, aul]l*tp3[9, 9, au2] -
(tp31[9, 9, au2l*tp3[9, al2, aull)/2 + tp4I[9, 9, 9, aull/
6) + w'2*(-(tp3[9, 9, 91*tp3[9, 9, aull)/4 +
tdlal2, aul]l*tp3[9, 9, au2] -
(tp31[9, 9, au2l*tp3[9, al2, aull)/2 + tp4I[9, 9, 9, aull/
6))))/tau + tau* (o*(-td[all, aul] - tp3[9, 9, 91/6) +
o®2* (v0* (td[all, au2]l*td[al2, aull - (td[all, aull *tp3[9, 9, 9]
6 + (5*tp3([9, 9, 9172)/72 + (tp3[9, 9, alll*tp3[9, 9, aull
8 - tp4l9, 9, 9, 91/24) + ruoOl[all]l*(-3*te[al2, aul, au2] -
(td[al2, au2]l*tp3[9, 9, aull)/2 +
(tp31[9, 9, 91*tp3[9, 9, aull)/4 - td[al2, aull*
tp3[9, 9, au2] + (tp3[9, 9, au2l*tp3[9, al2, aull)/2 +
td[au2, au3]*tp3[al2, al3, aul]l - tp4[9, 9, 9, aull/6) +
w* (td[all, au2]*td[al2, aul] + (td[all, aull *tp3[9, 9, 9])/6 +
(13*tp3[9, 9, 917%2)/72 + (tp3[9, 9, alll*tp3[9, 9, aull)/2 -
td[aul, au2] *tp3[9, all, al2] +
(tp3[9, all, au2l*tp3[9, al2, aull)/2 - tp4l[9, 9, 9, 91/8 -
tp4[9, 9, all, aull/4)))

)/
)/

We confirm that zformula depends on u0, only linearly, and the term is only O(n~").
Collect[Coefficient[zformulatauul, ru0O[all]], {o, tau}]

o? (tau.(—3 (eq®'?") - %; (dg ') (3°°P") + é% ($399%) (¢39%%')

1

(dgr®') (63%99") + :

(03%°%") (¢3°q:P") + (AT'T) (¢3¢ ®") - = (9477°P) | +

6

o (5 V0% (93%%%) (93%%F') - T vOw ($3°°%) (93°F') - WP (43°°°) (93°F') -
2 v0? (dq,P') (¢3%°9') 1 vOw (dq,p'> ($39%9") 1 w? (dq'pv> ($3%99") +

v0? (¢3%°%") (¢3¢ P - %VOW ($3%99') ($3%94:P') - = w? (¢3°97") ($3%4.P') -

S
2
1 2 999p" 1 999p" 1 > 999p"
3 v0© (¢4 ) + 5 vOow (¢4 ) + 5 w® (P4 )

Bootstrap Methods

In this part, the asymptotic accuracies of several bootstrap methods are discussed. We use the zc-formula obtained in
the previous part.

m Startup

This section initializes the Mathematica session.
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m packages

<< Statistics ContinuousDistributions”

B error messages

Off [General: :spelll]

m distribution functions

gammadist[x , m , a_] := PDF[GammaDistribution[m, a], x]

Gammadist[x , m , a_] := CDF[GammaDistribution[m, a], x]

f[x ] := PDF[NormalDistribution[0, 1], x]

F[x ] := CDF[NormalDistribution[0, 1], x]

Q[x_] :=Quantile[NormalDistribution[0, 1], x]

Chidist[x , {di , nc_}] := CDF[NoncentralChiSquareDistribution[di, nc], x]

m Asymptotic Analysis of Bootstrap Methods

This section calculates the distribution functions of several bootstrap methods for showing their asymptotic accuracies
in terms of the unbiasedness of hypothesis testing of the region R. The calculations are based on the zc-formula
obtained in the previous part. We first define a pivot statistic and shows its third-order accuracy. The bootstrap probabil -
ity is first-order accurate, the double bootstrap is second-order accurate, and the two-level bootstrap is second-order
accurate.

m preliminary

The zc-formula is given in zc[w,cc,v0,tau]=zformtau=z.(w; v0, tau) = O Pr{W < w; v0, tau}], where
cc={c0,cl,c2,c3} specifies the modified signed distance w. The signed distance v is expressed in terms of w by
v=w-— 2,3:0 ¢, W', or in the inverse series w=v — Zfzo cb, V. We write the coefficients cby = c¢b0, cb; = cbl, or
co =0, ¢; =cl, etc. The rule to calculate {c0,c1,c2,c3} in terms of {cb0,cbl,cb2,cb3} is given in "rulecc2cb" or in
cb2cc function. The function zq2cc[exp] calculates the {c0,c1,c2,c3} from the polynomial of w in terms of v.

= simplification functions

Ignore O(n=>/?) terms for scalar

geto2[exp ] := Sum[Simplify[Coefficient[exp, o, i]] o, {i, -1, 2}]
Series expansion for scalar ignoring O(n~%/?) terms.

gets2[exp ] :=geto2[Series[exp, {o, 0, 2}]]

geto[exp , n ] := Sum[Simplify[Coefficient[exp, o, i]] o, {i, -1, n}]

gets[exp , n_] :=geto[Series[exp, {o, 0, n}], n]
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m zc-formula

zc[w,cc,v0,tau]=zformtau is z.(w; v0, tau) = ®~'[Pr {W < w; v0, tau}], where u0,is assumed zero. The coefficients
cc={c0,cl,c2,c3} specify the modified signed distance w. We do not need to use the more general zformulatauu0 in
which u0, # 0, because the u0 terms contribute only O(n~>?) in our calculation below.

zc[w , {c0 ,cl ,c2 ,c3 },v0 , tau ] =
taux (o* (-Daa-P999/6) +0”" 2 ((Dab2 - (Daa*P999) /6 + (5%xP999°2) /72 -
P9999 /24 + P99a2/8) »v0 + (Dab2 - DabP9ab + (Daa * P999) /6 +
(13 %P99972) /72 -P9999/8 +P99a2/2 -P99%aa/4 +P9%ab2/2) xw)) +
(-vO+w+o0* (-c0 - (P999%v0"2) /3 + (P999xvO0*xw) /6 + (-c2+P999/6) xw’2) +
0"2% (-(cO*P999xv0) /6 + (P99972 /18 -P9999/8 +P99a2/8) »v0"3 +

(-cl- (cO%xP999) /3 + (P9999 /24 -P99a2/8) *v0"2) +w+

(-(c2%*P999) /6 -P99972/24 +P9999/24) *v0+w 2 +

(-c3 - (c2%xP999) /3 -P99972 /72 +P9999/24) xw"3)) / tau

2
tau lo (—Daa B P999 ) ;o2 Dab2 - Daa P999 . 5 P999 B P9999 . P99a2 VO +
6 72 24 8
2
Dab2 - DabP9ab + Daa P999 . 13 P999 B P9999 N P99a2 _ P9%aa . P9ab2 w .
6 72 8 2 4 2
1 P 02 P 0 P 1
1 [ vo+w+o |-co- B22IVOT  PIIOV W+(—c2+ 999)w2 +0?% |-= cO0P999VvO +
tau 3 6 6 6
P999°  P9999  P99a2)| .5 (7c17 c0 P999 (P9999 ~ P99a2 ) VOQ) W
18 8 8 3 24 8
c2 P999 P9992 P9999 2 c2 P999 P999? P9999 3
- - + vOowe + |-c3 - - + VY
6 24 24 3 72 24

= modified signed distance

{c0,cl,c2,c3} are represented by {cb0,cbl,cb2,cb3}

rulecc2cb = {c0 » cb0, cl » cbl-2cb0 cb2, c2 »>cb2, c3 > -2 cb2? + cb3};
coef2cb[coef ] := Expand[Simplify[ (coef - {0, 1, 0, 0}) / {o, o%, o, 0%}]]

cb2cc[{cb0_, cbl , cb2 , cb3 }] :=
Expand[Simplify[{cb0, cbl - 2 cb0 cb2, cb2, -2 cb2? +cb3}]];

zg2cc[exp ] :=cb2cc[coef2cb[PadRight[CoefficientList[exp, v], 4]1]]

= the pivot and some existing bootstrap methods

The pivot is defined as z8[v]=2,,(0, v) = oI (Pr{V =v;v0 = 0))=zc[v,{0,0,0,0},0,1]. cb,'s and ¢,'s are in cbz8§ and
ccz8 respectively for z8[v]. We define zq[v]=Z,(0, v)=z8[v] + q0 + q1 v + q2 v?+ q3 v, where the coefficients
qq={q0,q1,92,q3} specify the zq[v]. zq2qq calculates qq from any z-value. cb,'s and ¢, 's are in cbzq and cczq respec-
tively for zq[v]. The distribution function of zq is obtained as

Pr{zq[V] = w; v0, tau}=®{zfzq[w,{q0,q1,92,93},v0,tau]}. We observe that zfzq[w,{0,0,0,0},0,1]=w, and thus the
distribution function of z8 under v0=0 is Pr{Z8<w;0,1)=®(w).

The bootstrap probability is &;(0, v, taul) = Pr{} < 0; v0 = v, taul} for y=n(0,v), and the corresponding z-value is
zI[v,taul]=2,(0, v, taul) = —®~1(&, (0, v, taul))=-zc[0,{0,0,0,0},v,taul]. For taul=1, we define 2y =z0[v]=z1[v,1],
which can be regarded as another w. For general taul, wl=taul z1[v,taul] is regarded as another w with cb,'s being
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cbwl and ¢,'s being ccwl1, and the distribution function is expressed as Pr{W1 < w; vO0, tau} = &(zfwl). For tau=1 and
taul=1, we have Pr {Zo <w; v0, tau = 1} = @ {zfz0[w, v0]}, which becomes zfz0[w, 0] = w + O(n~'/2) under v0=0,
showing the first-order accuracy of z0[v].

The z-value of the double bootstrap probability is zd[v] = —<I>‘1[Pr {Zo < 20(v); vO = 0}], and we observe that
z8[v]=zd[v], showing the double bootstrap asymptotically equivalent to the third-order accurate pivot statistic up to
O(n™") terms.

The ABC formula is given in abcformula[v,ac]. The z-value of the two-level bootstrap method is calculated in za[v]. Its
gi's are in qqza. The distribution function of za[v] under tau=1 is Pr{za[V]=w;v0,1}=®[zfzq[w,qqza,v0,1]]. This
becomes w + O(n~") for v0=0, showing the second-order accuracy of the two-level bootstrap.

= pivot statistic

We define & (0, v) = Pr{V = v; v0 = 0), and the corresponding z-value 2,,(0, v) = —®~' (& (0, v)). We denote this z-
value as z8[v]=zc[v,{0,0,0,0},0,1].

z8[v_] = Collect[zc[v, {0, 0, 0, 0}, O, 1], {o, v}]

P999 P999v2)
+ +
6 6

{ Daa P999 13 P9992 P9999 P99a2 P99%9aa P9ab2

vV + 0 (—Daa—

2

Dab2 - DabP - -
ab abP9ab + ¢ + =3 8 + > 2 + 5

_P999°  P9999 )
72 24

cbz8 = coef2cb[CoefficientList[z8[v], Vv]]

2
P999 . Dab2 - DabP9ab + Daa P999 . 13 P999° P9999 . P99a2  P99aa . P9ab2 )

{7Daa7 6 72 8 2 4 2

P999  P999° P9999}
6 ' 72 24

ccz8 = cb2cc[cbz8]

2
P999 . Dab2 - DabP9ab + Daa§999 . 17 127’299 _ P9Z99 . P92a2 B P9Zaa N P9§b2 )

{—Daa—

pPggg 5 P999? . P9999 }
6 ' 72 24

We slightly alter z8[v] and denoted zq[v]=2,(0, v) below.
zg[v_, {@0_, gl , g2 , g3 }] =28[v] + 0oqg0+ o®’qglv +oqg2Vv? + o> g3 Vv’;
Here we define a function to collect g;'s for later use

zq2qq[zz_] :=
Expand[Simplify[PadRight[CoefficientList[zz - z8[v], v], 4]/ {0, 0%, o, 0%}]]

check if this is correct.

zq2qq[zq[v, {40, g1, g2, g3}]]

{g0, a1, g2, g3}

Now we continue to calculate the distribution function of zq[v]
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cbzqg = coef2cb[CoefficientList[zg[v, {q0, gql, g2, g3}], v]]

P999

-Daa - 0,
{ e *d
2
Dab2 - Dabp9ab + 222 P999 13 P999 P9999  P99a2  P99%aa  P9ab2 a1,
6 72 8 2 4 2
P999 ., P999? . P9999 | 3}
Rk 72 24 q
cczq = cb2cc[cbzq]
P Daa P 17 P9992 P
[-Daa - 999 . 40, Dab2 - DabP9ab + aa2999 N 7299 - 9299 +
P99a2 P P9ab2 P P 2
99a2 P99%aa . 9ab2  P999 g0 +ql+2Daaq2+ 999 g ~2q0q2,
2 4 2 3 3
P999 5P999% P9999 2P999q2 >
A2, et - 3 -2q2® +q3}

The distribution function of zq is obtained here. Pr {zq[V] < w; v0, tau}=®{zfzq[w,{q0,q1,92,93},v0,tau]}.

zfzg[w , {g0_, gl , g2 , g3 }, v0 , tau ] =
Collect[zc[w, cczq, v0, tau], {o, w, v0}, Expand]

vO0 \ Daa P999 g0 P999 tau P999 v0? P999vOw g2 w?
- + + 0 + - - Daa tau - - + -
tau tau tau 6 tau tau 6 3 tau 6 tau tau
2
2 Daa P999 . P999°  P999 g0 + Dab2 tau - Daa P999 tau
6 tau 36 tau 6 tau 6

5P9992 tau P9999 tau P99%a2 tau

+
72 24 8

3
18 tau 8 tau - 8 tau voT +

0 ( P9992 P9999 P99%az2

(_ Dab2 . DabP9ab Daa P999 13 P9992 P9999 P99%a2 P99%aa P9ab2 qgl

tau tau N 6 tau T 72tau " 8tau 2 tau 4tau 2tau tau
2
2Daag2 P999qg2 N 2g0qgz2 + Dab2 tau - DabP9ab tau + Daa P999 tau N 13 P999° tau
tau 3 tau tau 6 72
P9999 tau . PS99%a2 tau B P99%aa tau . P9ab2 tau ( P9999 _ P99%az2 ) v0?| w+
8 2 4 2 24 tau 8 tau

72 tau 24 tau 6 tau

_5P999?  P9999  P999q2
3 tau tau tau

0w2+{P999q2 ) 2 g2? a3

w3 }
For tau=1, zfzq becomes

zfzq[w, {q0, g1, g2, g3}, v0, 1]

2
vO+w+o|-qo- P999 v0° P999v0w_q2w2J+
3 6
7 P9992 P9999 P99%a2 P999 g0 P9992 P9999 P99%a2
2 - _ _ 3
o Dab2 + 75 s " 8 C ) vO + ( 18 8 + 8 v0© +
(,ql,zDaaqz,w+2qoq2+ (%,%) VQZ) W+
3 24 8
5P999%  P9999  P999 g2 , [ P999q2 ) 5
(— = t o2 3 )va +(——~3 +2Q92 —q3)w
When v0=0, tau=1, zfzq becomes
zfzq[w, {q0, q1, g2, g3}, 0, 1]
P999 g2

W+O(—q0—q2w2)+02((—q1—2Daaq2_ (P999q2

3 +2q0q2)w+ +2q22—q3)w3)

In particular, the distribution function of z8 under v0=0 is Pr{Z8<w;0,1)=®(w).
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zfzq[w, {0, 0, 0O, 0}, 0, 1]

w

= bootstrap probability

We define @;(0, v, taul) = Pr{V < 0; vO = v, taul}. This is the bootstrap probability for y=n(0,v). The z-value is
71(0, v, taul) = —®~1(@,(0, v, taul)). This becomes z1[v,taul]=-z¢c[0,{0,0,0,0},v,taul]. For a general y=n(u,v) with

u#0, the expression changes only by the linear term in u and the difference is only O(n™").

zl[v_, taul ] =Collect[-zc[O, {O, O, O, O}, v, taul], {taul, o, v}, Expand]

2
taul lo (Daa+ P999 ) + 02 | -pab2 + Daa P999  5P999 . P9999  P99a2 vl +
6 72 24 8
1 2 2 P9992 P9999 P99a2 3
v+ 3 0oP999vZ+o0 (— st e~ )v
taul
The following wl=taul zl[v,taul] is regarded as another w.
wl[v_, taul ] = Collect[taul z1[v, taul], {o, v, taul}]
2
v+o ((Daa+ P999 ) taul? + %
Daa P999 5 P999? P9999 P99%az2 P9992 P9999 P99%az2
2 | [_ _ _ 2 _ _
o { Dab2 + c =5 *—=22 5 taul® v+ ( 18 8 8

Here we obtain the coefficients cc for wl. The scale taul is specified instead of tau.

cbwl = coef2cb[CoefficientList[wl[v, taul], v]]

’

2

{Daa taul? + ;@99;’&11 ,
2 2 2 2
_Dab2 taul? + ]6. Daa P999 taul? — 5 P99972taul N P999z;:aul B P99a2 taul

, +
3 18 8 8

Po9gs P999? P9999 P99%a2 }

ccwl = cb2cc[cbwl]

P taul?
{Daatau12+999Tau,

1 13 P999%2 taul? P taul? P99a2 taul?
~Dab2 taul” - - Daa P999 taul’ - 99792 au’ | 99924‘“ _ P9%a2tau

P999 5 P999? P9999 P99%a2 }

, +
3 18 8 8

The distribution function of w1 under v0 and scale tau is Pr{W1 < w; vO0, tau} = ®&(zfwl).

.
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zfwl[w , taul , v0O_, tau ] = Collect[zc[w, ccwl, v0, tau], {o, w, taul, v0, tau}, Expand]
VO W P999 (-Daa - £222) taul®  p999v0? P999vOw  P999 w?
-+ —— +0 (—Daa— )tau+ - -
tau tau tau 3 tau 6 tau 6 tau
Daa P999 5 P9992 P9999 P99a2
2 — —
o {Dab2 5 + 75 24 + 8 tauvo +
Daa P999 P999? 2 P999? P9999 P99a2 3
(_ 6 T 36 taul” v0 . < 18~ 8 T s ) VO .
tau tau
2
Dab2 - DabP9ab + Daa P999 13 P999 _ P9999 . P99%a2 B P99%aa . P9ab2 tau +
6 72 8 2 4 2
D. P999 P9992 P9999 P99%a2 2 P9999 P99a2 2
(Dab2 + D2af 29 _ BS99, B3%a2) taul LB o) vo |
tau tau
7 P999? P9999 2 11 P999? P9999 P99a2 3
(7 72 v T >VOW ( 72 12t 8a>w
tau tau
We can use the function zq2cc to obtain ccwl directly from wl[v].
zg2cc[wl[v, taul]] - cewl
{0, 0, 0, 0}
We can do the same as above in another way though zq
qgqgwl = zg2gqq[wl[v, taul]]
P999 taul? Daa P999
{Daa + +Daa taul? + % , -Dab2 + DabP9ab - aaT -
13 P9992 P9999 P99a2 P99 P9ab2 1
e - 2a + 4aa - 2 - Dab2 taul® + - Daa P999 taul” -
5P999° taul® P9999 taul® P99a2taul® P999  P999’ , P9999 P99a2}
24 8 ! 6 ! 24 12 8

72
Collect[zfzg[w, gqgwl, v0, tau], {o, w, taul, v0, tau}, Expand] - zfwl[w, taul, v0, tau]

0
The usual bootstrap probability is defined from &;(0, v, tau) with tau=1. We denote it as &y(0, v) = &(0, v, 1). The

corresponding z-value is denoted by 2y(0, v).

z0[v_] =zl[v, 1]
Daa P999 5 P999? . P9999  P99a2
72 24 8

-Dab2
a + G

p999) ,
+V + O

o |Daa +
B P9992 P9999 P99%a2 ¥

18 -

8 8

% 0 P999 v? + 02

The distribution function of Z(u, v) is denoted by Pr {20 < w; v0, tau = l} = O {zfz0[w, v0]}.
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zfz0[w_, vO_] = Collect[zfwl[w, 1, vO, 1], {o, w, vO0}]

2
-v0O+w+0 |-2Daa - P939 P999 v0

. P999vOw  P999 w?
3 3 6 6
2
o? [[papy . D2aP999  P999 P9999  P99a2 | .
3 24 24 8
P999%2  P9999  P99a2 3 Daa P999 11 P9992
( 18 8 + 8 v0~ + |2 Dab2 - DabP9ab + 3 + 36 -
P9999 5P99a2 P99%9aa  P9ab2 (P9999 P99a2) 2
+ + vO0 W+
6 8 4 2 24 8
_7P999° P9999) . o (11P999° P9999  P99a2)
72 24 72 12 8
Under v0=0, zfz0 becomes
z£fz0[w, 0]
2
w+o(72Daa7 P999 P999w )
3 6
2
o2 [ 2 paba - Dabpoab » P22 P999  11P999%° P9999  5P99a2  P99aa P9ab2
3 36 6 8 4 2
11 P9992  P9999 , P99a2)
72 12 8
= double bootstrap
The z-value of the double bootstrap probability is zd[v] = —®~! [Pr {ZO < Zo(v); vO = 0}]
zd[v_] = Collect[geto2[z£z0[z0([v], 0]], {o, v}]
P999  P999 v?
vV + 0 (—Daa— + )
6 6
Daa P999 13 P999%° P9999 P99a2 P99%9aa P9ab2
2 — — —
o {Dab2 DabP9ab + 5 75 8 + > 2 + >
_P999%  P9999)
72 24

This is equivalent to the pivot z8[v]
z8[v] - zd[Vv]

0

= two-level bootstrap

The ABC conversion formula of Efron (1987) and DiCiccio and Efron (1992) is

z0[v] -z0[0]
abcformula[v , ac_] =

-z0[0];
1-ac (z0[v] -2z0[0])

The acceleration constant "ac" is
1
ac = - —6- o P999;

The z-value of the bootstrap probability around the projection is
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z0[0]

o |Daa +

P999 )

Thus the ABC formula, denoted za[v] here, becomes
za[v_] = gets2[abcformulalv, ac]]

vo 2 2y
72
(72 Dab2 - 12 Daa P999 + 5 P999%2 — 3 P9999 + 9 P99a2 + 10 P999%2 v2 - 9 P9999 v2 + 9 P99a2 V2) +

% o (-6 Daa +P999 (-1 +v?))

The coefficients g;'s are obtained by

qaqza = zq2qq[za[v]]

P999? P9999 5 P99%a2 P99%aa P9ab2

{0, -2 Dab2 + DabP9ab - T e - 5 e et
P999%2  P9999 P99a2
0, - + - }
8 12 8

The distribution function of za[v] under tau=1 is Pr{za[V]<w;v0,1}=®[zfzq[w,qqza,v0,1]]

Collect[zfzg[w, ggza, v0, 1], {o, w, v0}, Expand]

P999v0?  P999 va)
-vO+w+o0 |- + +
3 6
7P999% P9999  P99a2 P9992  P9999  P99a2
2 _ _ 3
o {Dab2 + 75 s " 8 0 ( 18 8 + 8 vO0’ +
P999% P9999 5P99a2 P99%aa  P9ab2 P9999  P99a2 2
2 Dab2 - DabP9ab + 2 - 5 + A - y + > ( oV - 5 ) vO0 ]
5P999%°  P9999 5 P999%  P9999 P99a2 )| -
- + vO0 + - + w
72 24 8 12 8

Under v0=0, tau=1, it becomes

Collect[zfzg[w, ggza, 0, 1], {o, w}, Expand]

2
{2 Dab2 - DabP9ab + P999"  P9999 . 5P99%a2 P99%aa P9ab2

2
W+ O +
4 6 8 4 2

g

P9992  P9999 , P99a2
8 12 8

= multistep-multiscale bootstrap method
Here we calculate the asymptotic accuracy of the three-step multiscale bootstrap method.

The pivot z8[v] is generalized to define Z.,(0, v, v0, tau) = z8[v, v0, tau] = zc[v, {0, 0, 0, 0}, v0, tau], which reduces to
z8[v,0,1]=z8[v]. We standardize z8[v,vO,tau] by w&[v,v0,tau]=z8[v,v0,tau]*isz8 + v0, where

isz8 = tau — % P999 tau v0 + % P9992 tau v0?, so that w8[v, v0, tau] = v+ O(n~"/2). The distribution function is
Pr{W8 < w; v0, tau} = ® {zfz&8[w, v0, tau]}. We show

Pr{z8[V, v0, tau] < w; v0, tau} = Pr{W8 =< wisz8 + vO0; v0, tau} = ® {zfw8[wisz8 + v0]} = ®(w).

We obtain the inverse function of z8[v,v0,tau]=z in terms of v so that v8[z,v0,tau]=v is defined.
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Let func[z]=(az+b) + rem[z], where rem[z]=Y 1, c[[i + 1]] Z'is of order O(n~"/?). We would like to calculate
intfz=Q[ f_ O;F [func[z]] f[z] dz], where f, F, and Q are, respectively, the density, the distribution, and quantile functions
of the standard normal distribution. Let us define intxfg[a, b, n] = -2 _ J_Ozoxn flax+Db] f[x] dx.

2]
Then we will show that
P _ b Zmtl intxfglabil | 1 b Zmal intxfelabl |
intfz=ddintfa,b,d,z]= == +Zi=0 i+ 1]] 2l o b (Zi:O dlfi + 1]] 25fap] ) where

d=func2dd[a,b,rem,z] calculates the coefficients of the expansion rem[z] — % (az+b)rem[z]? = z,?;g“ dlli +1]1Z.

Using ddint function defined above, we will calculate z2[v0, taul, tau2] = ®~![ f_ O;<I>(zl[v, tau2]) fTv, v0, taul] dv]
=p~1[ f_ 0:oq)(zl [v8[z, v0, taul], tau2]) f[z] dz]. This is the z-value of the twostep-multiscale bootstrap probability.

Similarly we will calculate the z-value of the threestep-multiscale bootstrap probability defined by
z3[v0, taul, tau2, tau3] = <I>‘1[f:o<l>(z2[v, tau2, tau3]) fTv, v0, taul] dv]
=07 [ &(z2[v8[z, v0, taul], tau2, tau3]) f[z] dz].

The six geometric quantities yj, ..., ¥ are denoted by Gl1,...,G6 here. The scaling parameter s, ..., 54 are denoted by
S1,...,S4 here. We define Z3G and Z8G in terms of G1,...,G6, S1,...,S4, and will show that Z3G=z3[v,taul,tau2,tau3]
and Z8G=z8[Vv].

= a generalization of the pivot

We define a generalization of the pivot by Z.,(0, v, v0, tau) = z8[v, v0, tau] = zc[v, {0, 0, 0, 0}, vO, tau]. We use z8 in
the analysis of the multistep bootstrap.

z8[v_, v0O_, tau ] =Collect[zc[v, {0, O, O, 0}, vO, tau], {tau, v, o, v0}]

tau {o (—Daa— P959
6
2
o? [Dab2 - Dappoab » D22 P999 13 P9997 P9999  P99a2  P99aa P9ab2
6 72 8 2 4 2
Daa P999 5P9992 P9999 P99a2
2 _ _
o“ |Dab2 e + 75 24 + 8 v0)+
1 5 P9992  P9999 ) , 1 o 5 (P999% P9999  P99a2 3

Tau - + 22 ]v —VO—§0P999VO + 0O ) - A + 8 vO0~ +

. ([ 0P999 5 ( P999% P9999 0 P999vO0 , [ P9999  P99a2 2

v + 0 - + vO +v(1+7+o ( - )VO)

6 24 24 6 24 8

This reduces to the pivot when v0=0, tau=1.

Simplify[z8([v, 0, 1] - z8[Vv]]

0

We standardize z8[v,v0,tau] so that it can be regarded as w with proper coefficients. First, we find the rescaling factor.

1 P999
scz8 = —— (1 +0 VO]
tau

o P999v0
1+ =

tau
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isz8 = gets2[1/ scz8]

tau - % 0 P999 tauvo + % 0°? P9992 tau v0?

The standardization of z8[v,v0,tau] up to O(n~"/?) term is denoted w8[v,v0,tau]=z8[v,v0,tau]*isz8 + v0.

w8[v , vO , tau ] = Collect[geto2[z8[v, v0, tau] isz8 +v0], {o, v, tau, v0}]

P999 5, P999v? P999v0?
vV + 0 (—Daa— )tau + -
6 6
2 2
2 [(_P999%  P9999) , (., . 7P999% P9999 P9%a2) . _ .o ..
72 24 72 24 8
5P999%2 P9999 ) , P9992  P9999  P99a2 3
- + vevO0 + - + v0~ +
72 24 12 8 8
2
v [ [Dab2 - pappoap s+ P22 P999 13 P999" P9999  P99a2 P99aa  P9ab2 | .,
6 72 8 2 4 2
( P9999  P99a2 ) 02
24 8

ggw8 = Collect[zg2gg[w8[v, v0O, tau]], o, Simplify]

1
{E (-6 Daa (-1 +tau®) - P999 (-1 + tau® + v0?)) +

1
=5 ovo (72 Dab2 tau? - 3 P9999 tau? + 9 P99a2 tau? -

9 P9999 v0? + 9 P99a2 v0? + P9992 (7 tau? + 6 v0?)),

1

=5 (-12DaaP999 -13 P9992 + 9 P9999 - 36 P99a2 + 18 P99aa - 36 P9ab2 + 12 Daa P999 tau? +
13 P9992 tau? - 9 P9999 tau® + 36 P99a2 tau? - 18 P99aa tau® + 36 P9ab2 tau? +

72 Dab2 (-1 + tau?) - 72 DabP9ab (-1 + tau?) + 3 P9999 v0? - 9 P99a2 v0?),

1 .
=5 © (~5P999°v0 + 3 P9999VO), o}

Then the distribution function of W8=w8[V,v0,tau] is Pr {W8 < w; v0, tau} = & {zfz8[w, v0, tau]}.

zfw8[w , vO , tau ] = Simplify[geto2[zfzqg[w, ggqw8, vO0, tau]]]

(6 +0P999v0) (V0 -w)
6 tau

Then, Pr{z8[V, v0, tau] < w; v0, tau} = Pr{W8 =< wisz8 + v0; v0, tau} = ® {zfw8[wisz8 + v0]}. The following
equation implies that Pr{z8[V, v0, tau] < w; v0, tau} = ®(w).

geto2[zfw8[wisz8 + v0, v0, tau]]

W

We obtain the inverse function of z8[v,v0,tau]=z in terms of v so that v8[z,v0,tau]=v by applying the inversion formula
of the modified signed distance to w8. We use v8-function in the following section.

ccw8 = Collect[zg2cc[w8[v, v0, tau]], o, Simplify];

ccw8o = ccw8 * {o, o?, o, o%};
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v8[z , v0O , tau ] =geto2[(w-geto2[Sum[ccw8o[[i]] wil, (i, 4}1]1) /. w> zisz8 +v0]

V0 +tauz - —— o? tau
72

(36 Daa P999 tauvO0 + 24 P9992 tauv0 - 12 P9999 tauv0 + 45 P99a2 tauv0 - 18 P99aa tau v0 +
36 P9ab2 tau v0 + 36 Daa P999 tau® z + 17 P9992 tau? z - 9 P9999 tau? z + 36 P99a2 tau® z -
18 P99aa tau? z + 36 P9ab2 tau? z - 27 P9992 v0? z + 18 P9999 v0? z —

9 P99a2v0? z - 24 P9992 tauv0 z? + 12 P9999 tauvo z? - 5 P9992 tau? z> +
3 P9999 tau? z3 - 72 DabP9ab tau (v0 + tau z) + 72 Dab2 tau (2v0 + tauz)) +

1
< otau (6 Daatau+ P999 (tau-3v0 z - tauz?))

Check if z8[v8[z]]=z and v§[z8[v]]=v

geto2[z8[v8[z, v0, tau], v0, tau]]

Z

geto2([v8[z8[v, v0, tau], v0, tau]]

v

= some useful formula for normal integration

The normal distribution function ®[x], the quantile function ®~'[p], and the normal density function ¢[x].
{F[x], o[p]l, £[x]}

X

{%{1+Erf[\5}],\/EInverseErf[O, -1+2p], € }

First, we will calculate the following intxfp[a,b]

intxfp[a , b ] = Fullsimplify[j Flax +b] £[x] dx, acReals A b € Reals]|

ﬁ;e’% (1 +Erf[%]) dx

227

Mathematica does not calculate intxfp, so we consider change of variables. First rewrite intxfp as follows.

a x1l+b
Fullsimplify[rJ. £[x1] £[x2] dx2dx1, acReals A b € Reals]|

f:oe’%z‘ (1+ Erf[b*j‘-ile” dx1

2271

Then, {x1,x2} is transformed to {y1,y2}.

-yl+ay2 -ayl-y2
- - 2 5 -

r X —— O 1

V1+a? V1+a2

fool = {xl - -

The range of the integration is now expressed as

foo2 = FullSimplify[x2 < axl+b /. fool, aeReals A b € Reals]

V1i+az2 y2<b
Y
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Now we get the integration intxfp[a, b]

J Flax+b] £[x] dx
b
intxfpla , b_] =F|

V1+a2

The following intx2f[n] = J x?" f[x] dx gives

7

(2n) !
(2nn!) °

intx2f[n ] = FullSimplify[j x?" f[x]dx, n20Ane Integers]

1
2" Gamma [ 5 +n]

N
Table[intxf[n], {n, 10}]

{intxf[1], intxf[2], intxf[3], intxf[4],
intxf[5], intxf[6], intxf[7], intxf[8], intxf[9], intxf[10]}
The following intxfgla, b, n]

V1+a?

5 J x"flax+b] £[x] dxwill be used repeatedly. This
fl2s] o

may be obtained by using the integration by parts and intx2f |
but Mathematica does it automatically.

nj,
V1+a2

———J x" f[ax +Db] £[x] dx;
£[ =2 -»
V1l+a?

foo5 =

1

intxfg[a , b , n ] =Simplify[foo5, n> 0A n € IntegersA a € Reals A b € Reals]
= (2% (-34m) (1 4g2)% (70
e

(2 (-1+ (-1)") abGamma[1+ n

. 1
5 ] HypergeometriclF1l [

EE O L e
2 2" 2" —2-2a2
1
V2 (1+ (-1)™) V1 + a2 Gamma[ tn

. 1 2 b?
}Hypergeometrlchl[ n a’b

33 moaal))
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Simplify[Table[intx£fg[a, b, n], {n, 0, 10}]]

{1 __ab 1+a* (1+b*) ab (3+a* (3+Db%))
tol+a?’ (1+a2)? ' (1+a2)> '
3+6a® (1+b%) +a* (3+6b%+b*)  ab (15+10a% (3+Db?) +a* (15+10Db? +b?))
(1+a2)* ' (1+a2)° '
15+45a% (1+Db?) +15a% (3+6b% +b*) +a® (15+45Db? + 15b* + b®)
(1+a2)® '
—ﬁ;(ab(105+105a2 (3+b?) +21a* (15+10b% +Db*) +a® (105+105b% +21b* +Db®))),
1l+a
;8(105+420a2(1+b2)+210a4(3+6b2+b4)+
(1 +a2)
28a® (15+45b%2 +15b* +b°) +a® (105+420b% +210b* + 28 b° +b®)),
—%(ab(945+1260a2 (3+b?) +378a* (15+10b2 +b*) +
(1+a2?)

36a° (105 +105b% +21Db* +Db®) +a® (945 +1260b2 +378Db* +36Db° +b%))),

1 (945 (1+a2)°+47252a2 (1+a2) b?+3150a% (1+a2) bt
( 2)10
1+a

630a° (1+a%) b®+45a° (1+a%) b®+a'®b*?)}
Finally we consider some asymptotic expansions.

F[x+oy] - F[x]
f[x] ]

foo7 = getsZ[

1
oy - Eozxy2

Thus, F[x+oy] = F[x] + flx] (0 y - + o? x y?)=F[x] + f[x] * expandF[x+0y,x], where x=Coefficient[x+0y,0,0].

1
expandF[exp , x ] :=gets2 [ (exp - x) - Py (exp - x)? x]
Next, note that

Simplify[getsZ[F[x+oy + —;-.—ozxy2]] - (F[x] + £[x] oy)]
0

Thus, Q[F[x]+H{[x]oy]=x+0y + % 0? x y?=expandQ[x,y].

1
expandQ[x , y ] := getsz[x+ Y+ xyz]

Combining these asymptotic expansions, we obtain the following integration. Let func[z]=(az+b) + rem[z], where
rem[z]=Y", c[[i + 1]] Z'is of order O(n~"?) . We would like to calculate intfz=Q[ f_ O;F [func[z]] flz]dz.

The integrand F[func[z]]f[z] is expandF[func[z],az+b]f]z] =
Flaz+b) flz] + flaz +b] flz] (rem(z] - + (az + b) rem[z]?) ) We denote

rem[z] — % (az+ byrem[z]* = X2 d[[i + 1]] 2. The coefficients d's are obtained from a,b, and c's.

func2dd[a , b , rem , z ] :=

Collect[CoefficientList[gets2 [rem - % (az+Db) remz] ’ z] , Oy Simplify]
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Now the integration is intfz=Q[ [  (Flaz+b]l+ flaz+b] X6 dlli+1112) flz]1dz.  Since
[T Flaz+b] f[z]dz:F[ﬁ], aznd lf_";z" flaz+b] f[z]dz:f[ﬁ] %we obtain
m+ . -
intfz = Q[F[ \/1{:7 ] +f[ \/11;7 ]Z'—o dlli+1]] %]. Using  expandQ, this  becomes
b 2m+l intxfglabdl | 1 b 2mtl intxfg[a,b,i] 2
V1+a? + Zi:O d[[l + 1]] vV 1+a? + 2 V1+a? (Zi:O d[[l + 1]] V1+a? ) :

dd2int[a_, b_, dd_, z_] := Module[{intg},

intfz=

Length[dd]
. . intxfgla, b, i -1] b 1 R .
intg = dd[[i]] ; gets2[ —— (1+? intg ) +intg] |
i=1 V1+a? V1+a?

Now, the integration function may be written as intfz=dd2int[a,b,func2dd[a,b,rem,z],z];

m two-step multiscale bootstrap

In the below, we will calculate z2[v0, taul, tau2] = ®°![ f_ o;<I>(zl[v, tau2]) fv, v0, taul] dv]
=<I>‘1[f_°;<l>(zl[v8[z, v0, taul], tau2]) f[z] dz].

z1v8=z1[v8[z,v0,taul],tau2]. This is regarded as a polynomial of z, and then intfz will be applied to z1v8.

z1lv8 = geto2[zl1l[v8[z, v0, taul], tau2]]

v0o+taulz o (6Daa (taul? + tau2?) + P999 (tau2? + 2v0? + taul v0 z + taul? (1 +z?)))
tau2 6 tauz

+

1
o? (_ﬁ (72 Dab2 - 12 Daa P999 + 5 P999% - 3P9999 + 9 P99%a2) tau2 (v0 + taul z) -

1
72 tau2
taul (36 Daa P999 taul vO0 + 24 P999% taul v0 - 12 P9999 taul vO0 +
45 P99a2 taul v0 - 18 P99aa taul vO + 36 P9ab2 taul vO + 36 Daa P999 taul? z +
17 P9992 taul? z - 9 P9999 taul? z + 36 P99a2 taul? z - 18 P99aa taul? z +
36 P9ab2 taul? z - 27 P999% v0% z + 18 P9999v0?% z - 9 P99a2 v0? z -
24 P9992 taul v0 z? + 12 P9999 taul v0 z? - 5 P9992 taul? z* + 3 P9999 taul? z> -
72 DabP9ab taul (v0 + taul z) + 72 Dab2 taul (2v0 + taul z)) +

((4 P999% - 9 P9999 + 9 P99a2) (vO + taul z)> +

8 P999 taul (vO0 + taul z) (-6 Daataul + P999 (3v0 z + taul (-1+z2))))

fooll is the O(1) term

z1v800 = Coefficient[zlv8, o, 0]

v0 + taul z
tau2

zlv8ab = CoefficientList[z1lv800, z]

vO taul
{ tau2 ' tau2 }

We may make replacements b—z1v8ab[[1]], a»z1v8ab[[2]] later for the normal integration with intfxg[a,b,n], i.e.,
z1v8o0=az+b.

Get the dd coefficients and store them in z1v8dd
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z1lv8dd = Collect[func2dd[zlv8ab[[2]], zlv8ab[[1l]], z1lv8 - z1v800, z],
o, Simplify[#, taul > 0 A tau2 > 0] &]

6 tau2 72 tau2?
(0® v0 (36 Daa® (taul® + tau2?)” + 12 Daa P999 (taul? + tau2?) (taul? + 2 v0?) + 3 tau2?
(-24 DabP9ab taul? - 4 P9999 taul? + 15 P99a2 taul® - 6 P99aa taul? + 12 P9ab2 taul? -
P9999 tau2? + 3 P99a2 tau2? + 24 Dab2 (2 taul? + tau2?) - 3 P9999 v0?2 + 3 P99a2 v0?) +
P999% (taul® + 6 tau2* + 8 tau2® v0? + 4 v0* + 2 taul® (9 tau2® +2v0?)))),
o P999 taul vO 1

2 2 2 2,2
- o“ taul (36 Daa“ (taul” + tau2 +
6 tau2 72 tau2? < ( ( )

12 Daa P999 (taul? + tau2?) (taul? + 3 v0?) + 3 tau2?
(-24 DabP9ab taul? - 3 P9999 taul? + 12 P99a2 taul? - 6 P99aa taul? + 12 P9ab2 taul? -
P9999 tau2? + 3 P99a2 tau2? + 24 Dab2 (taul? + tau2?) - 3 P9999 v0? + 6 P99a2 v0?) +
P999% (taul® + 6 tau2® + 15 tau2” v0® + 8 v0* + taul® (11 tau2®+6v0?)))),

{ o (6 Daa (taul? + tau2?) + P999 (taul? + tau2?® + 2 v0?)) 1

= taul? 1
oP999 taul” (0% taul? v0 (3 (-5P9999 + 9 P99a2) tau2? +

6 tau2 72 tau2?
24 Daa P999 (taul? + tau2?) + P9992 (4 taul? + 24 tau2? + 9v0?))),

T tans® t]<:;1u23 (o® taul® (3 (-2 P9999 + 3 P99a2) tau2® + 12 Daa P999 (taul? + tau2?) +
P999% (2 taul® + 9 tau2® + 7v0?%))), - o P999° tau314 L. o* P999° ta;HS }
24 tau2 72 tau2
Length[z1lv8dd]
6

Now the integration is z2[v0, taul, tau2]=®~![ f_ o:ofl)(zlvié) flzldz]. .

z2[v0_, taul , tau2 ] =Collect]|
dd2int[zlv8ab[[2]], zlv8ab[[1]], z1lv8dd, z], o, FullSimplify[#, taul > 0 A tau2 > 0] &]

+

Vtaul? + tau2? 72 (taul? + tau2?) o/

(—72 Dab2 (taul? + tau2?)  vO0 + (taul? + tau2?) ((12Daa P999 - 5P999% + 3 P9999 - 9 P99a2)

vO0 1 (02

taul® + 3 (24 DabP9ab + 8 Daa P999 - 7 P9992 + 5 P9999 - 21 P99a2 + 6 P99aa - 12 P9ab2)
taul® tau2? + (144 DabP9ab + 24 Daa P999 - 73 P9992 +
42 P9999 - 135 P99a2 + 36 P9%aa - 72 P9ab2) taul? tau2? +
3 (24 DabP9ab + 8 (Daa - 2 P999) P999 + 11 P9999 + 6 (-5 P99a2 + P99aa - 2 P9ab2))
taul? tau2® + (12 Daa P999 - 5 P9992 + 3 P9999 - 9 P99a2) tau2®) vo -
((4 P9992 - 9 P9999 + 9 P99a2) taul® + 3 (7 P9992 - 11 P9999 + 9 P99a2) taul® tau2? +
(17 P9992 - 42 P9999 + 27 P99a2) taul? tau2* + 3 (4 P999% - 9 P9999 + 6 P99a2)
taul® tau2® + (4 P999° - 9 P9999 + 9 P99a2) tau2®) vO’)) +
1
6 (taul? + tau2?)
(taul® + 4 taul® tau2? + 4 taul? tau2* + tau2® + (2 taul® + 3 taul? tau2? + 2 tau2*) vo?) ) )

+5 (o (6Daa (taul® + tau2?)’ + P99Y
Check if z2 reduces to z1 when one of the scales is zero

Simplify[Limit[z2[v, taul, tau2], tau2 -» 0] - z1[v, taul], taul > 0]

0

Simplify[Limit[z2[v, taul, tau2], taul » 0] - zl[v, tau2], tau2 > 0]

0
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m three-step multiscale bootstrap

In the below, we will calculate z3[v0, taul, tau2, tau3] = &1 L O:O<I>(z2[v, tau2, tau3]) fTv, v0, taul] dv]
=0¢~! [f_°:0<1>(22[v8[z, v0, taul], tau2, tau3]) f[z] dz].

z2v8=72[v8[z,v0,taul],tau2,tau3]. This is regarded as a polynomial of z, and then intfz will be applied to z2v8.

z2v8 = geto2[z2[v8[z, v0, taul], tau2, tau3]]

v0 + taul z

N
Vtau2? + taus?

1
6 (tau2? + tau3?)

3
=5 (o (6 Daa (tau2® + tau3®)” + P999 (tau2® + 4 tau2* taus® +

4 tau2? tau3? + tau3® + (2 tau2* + 3 tau2? taus? + 2 taus?) (v0 + taul z)?) +

taul (tau2? + tau3?)’ (6 Daataul + P999 (taul - 3 v0 z - taul z2)) )) +
1

72 (tau2? + tau3?)

573 <02 (—72 Dab2 (tau2? + tau3?)  (vO0 + taul z) +

(tau2® + tau3®) (12 Daa P999 (tau2’ + tau3?)’ (tau2? + tausz?t) -
P9992 (5 tau2® + 21 tau2® tau3? + 73 tau2® tau3® + 48 tau2? tau3® + 5 taus?®) +
3 (tau2? + tau3?) (P9999 (tau2® + 4 tau2® tau3? + 10 tau2? tau3? + tau3®) -
3 (-2 (4 DabP9ab + P99aa - 2 P9ab2) tau2® tau3? (tau2? + tau3?) + P99a2
(tau2® + 6 tau2? taus? + 9 tau2? taus? + taus®))) ) (v0 + taul z) -
((4 P9992 - 9 P9999 + 9 P99a2) tau2® + 3 (7 P9992 - 11 P9999 + 9 P99a2) tau2® tau3? +
(17 P9992 — 42 P9999 + 27 P99a2) tau2? tau3? + 3 (4 P999% - 9 P9999 + 6 P99a2)
tau2? tau3® + (4 P9992 - 9 P9999 + 9 P99a2) tau3®) (v0+taulz)3 -
taul (tau2? + tau3?)® (36 Daa P999 taul v0 + 24 P9992 taul v0 - 12 P9999 taul vO +
45 P99a2 taul v0 - 18 P99aa taul v0 + 36 P9ab2 taul v0 + 36 Daa P999 taul? z +
17 P9992 taul® z - 9 P9999 taul? z + 36 P99a2 taul? z - 18 P99aa taul? z +
36 P9ab2 taul? z - 27 P999%2 v02% z + 18 P9999v0? z - 9 P99a2 v0? z -
24 P9992 taul v0 z2 + 12 P9999 taul v0 z2 - 5 P9992 taul? z3 + 3 P9999 taul? z> -
72 DabP9ab taul (vO0 + taul z) + 72 Dab2 taul (2 v0 + taul z)) +
4P999 taul (tau2? + taus?)’ (2 tau2* + 3 tau2? tau3? + 2 taus?)
(v0 + taul z) (6 Daa taul + P999 (taul - 3v0 z - taul z2)) ) )

fooll is the O(1) term

z2v800 = Coefficient[z2v8, o, 0]

v0 + taul z

Vtau2? + taus?

z2v8ab = CoefficientList[z2v800, z]

{ v0 taul }
Vtau2? + tauz?  Vtau2? + taus?

We may make replacements b—z2v8ab|[[1]], a—»z2v8ab[[2]] later for the normal integration with intfxg[a,b,n], i.e.,
z2v800=az+b.

Get the dd coefficients and store them in z2v8dd

z2v8dd = Collect[func2dd[z2v8ab[[2]], z2v8ab[[1]], z2V8 - z2v800, z],
o, FullSimplify[#, taul > 0 A tau2 > 0 A tau3 > 0] &]
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1

6 (tau2? + taus?)
P999 (tau2? + tau3?) (tau2? + 3 tau2? taus? + tausd® + taul? (tau2? + taus?)) +
P999 (2 tau2* + 3 tau2® tau3® + 2 taus*) vo?’)) -

=7 (o (6 Daa (tau2? + tau3?)’ (taul? + tau2? + taus?) +

(02 vO0 <36 Daa? (tau2? + tau3?)’ (taul? + tau2? + taus?)’ + 3 (tau2? + taus?)’

(24 Dab2 (tau2? + tau?;z)3 (2 taul? + tau2? + tau3?) - (tau2? + tau3?) ((24 DabP9ab +
4 P9999 - 15 P99a2 + 6 P99aa - 12 P9ab2) taul? tau2* + (P9999 - 3 P99a2)
tau2® + 2 tau2? ( (24 DabP9ab + 4 P9999 - 15 P99a2 + 6 P99aa - 12 P9ab2) taul? +
(12 DabP9ab + 2 P9999 - 9 P99a2 + 3 P99aa - 6 P9ab2) tau2?) taus? +
((24 DabP9ab + 4 P9999 - 15 P99a2 + 6 P99aa - 12 P9ab2) taul? +
(24 DabP9ab + 10 P9999 - 27 P99a2 + 6 P99aa - 12 P9ab2) tau2?) tau3? +
(P9999 - 3 P99a2) tau3®) - (3 (P9999 - P99a2) tau2® + 2 (4 P9999 - 3 P99a2)
tau2®* tau3? + 3 (2 P9999 - P99a2) tau2? tau3? + 3 (P9999 - P99a2) tau3l®) VOZ) +

P999° ((tau2® + taus?)” (6 tau2® + 27 tau2® taud?® + 84 tau2® taus’ +
54 tau2? tau3® + 6 tausd® + taul? (tau2? + taus?)’ +
6 taul? (tau2? + tau3?) (3 tau2* + 7 tau2? tau3? + 3 taus?) ) +

(tau2? + taus?) (8 tau2® + 39 tau2® tau3? + 43 tau2* tau3* + 30 tau2? taus® +
8 tau3® + 2 taul? (tau2? + tau3?) (2 tau2* + 3 tau2? taus? + 2 taus?)) vo? +

(2 tau2® + 3 tau2® taus® + 2 taus?)”’ vo*) + 12 Daa P999 (tau2® + taus?)”
(taul? + tau2? + tau3?) (taul2 (tau2? + taus?)” + 2 taus® vo? +

3 tau2? tau3? (taus? + v0?) + tau2? (3 tau3? + 2 v0?) ) ) > /

11/2) 0 P999 taul (tau2* + tau3?) vo

4 5/2

(72 (tau2® + taus?)
6 (tau2? + tau3s?)

£

taul

2
(36 Daa? (tau2? + tau3?)’ (taul? + tau2? + taus?)” +
2
12 Daa P999 (tau2? + tau3?)” (taul? + tau2? + taus?) (3 tau2? tau3? (tau2? + tau3?) +
taul? (tau2? + taus?)’ + 3 (tau2? + tau2? taus? + taus?) v02> +

3 (tau2? + taus?)’ (24 Dab2 (tau2’ + tau3?)’ (taul? + tau2? + taus?) - (tau2? + taus?)
(3 (8 DabP9ab + P9999 - 4 P99a2 + 2 P99aa - 4 P9ab2) taul? tau2* + (P9999 - 3 P99a2)
tau2® + 2 tau2? (3 (8 DabP9ab + P9999 - 4 P99a2 + 2 P99aa - 4 P9ab2) taul? +
(12 DabP9ab + 2 P9999 - 9 P99a2 + 3 P99aa - 6 P9ab2) tau2?) tau3? +
(3 (8 DabP9ab + P9999 - 4 P99a2 + 2 P99aa - 4 P9ab2) taul? +
(24 DabP9ab + 10 P9999 - 27 P99a2 + 6 P99aa - 12 P9ab2) tau2?) tau3? +
(P9999 - 3 P99a2) tau3®) -3 ((P9999 - 2 P99a2) tau2® +
(2 P9999 - 3 P99a2) tau2? tau3? + (P9999 - 2 P99a2) taul®) v02> +

P999° ( (tau2® + taus?)’ (6 tau2® + 27 tau2® taus® + 84 tau2* taus* +
54 tau2? tau3® + 6 taus® + taul? (tau2? + taus?)’ +
taul® (tau2® + tau3®) (11 tau2* +28 tau2’ tau3® + 11 tau3?)) +

3 (tau2? + tau3?) (5 tau2® + 21 tau2® taus? + 13 tau2® taus? + 12 tau2? taus® +
5 tau3® + 2 taul? (tau2® + 2 tau2* tau3? + 2 tau2? tau3® + tau3®)) vo? +

(8 tau2® + 18 tau2® tau3?® + 25 tau2® tau3* + 18 tau2® taus® + 8 taus®) vo*))) /

11/2) 0 P999 taul? (tau2* + tau2? tau3? + taus?)

4 5/2

(72 (tau2® + taus?)
6 (tau2? + tau3s?)

(o?

taul?
v0
(- (tau2? + tau3?) (4 P999 (6 Daa + P999) taul? tau2® +
3 (8 P999 (Daa+ P999) - 5P9999 + 9 P99a2) tau2® + 3 tau2*
(2 P999 (6 Daa + P999) taul? + (20 Daa P999 + 31 P999% - 17 P9999 + 27 P99a2) tau2?)
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tau3? + 3 tau2? (2 P999 (6 Daa + P999) taul? +
3 (8Daa P999 + 9 P9992 — 6 P9999 + 9 P99a2) tau2?) taus? +
(4 P999 (6 Daa + P999) taul? + 3 (20 Daa P999 + 22 P999% - 11 P9999 + 18 P99a2) tau2?)
tau3® + 3 (8 P999 (Daa + P999) - 5 P9999 + 9 P99a2) taul3®) -
P999? (9 tau2® + 16 tau2® tau3? + 24 tau2* tau3d* + 16 tau2? taus® + 9 taus®) vo?)) /

(72 (tau2?® + taus®)'?), (o?

taul?
(- (tau2? + taus?)
(12 Daa P999 (tau2? + tau3?) (taul® + tau2? + tau3s?)
(tau2? - tau2 tau3 + tau3?) (tau2? + tau2 tau3 + tau3?) -
3 (tau2? + tau3?) (P9999 (tau2? + 2 tau3?) (2 tau2* + tau2? taus? + taud®) -
3 P99a2 (tau2® + 2 tau2* tau3? + tau2? tau3® + taus®)) +
P9992 (9 tau2® + 37 tau2® tau3? + 37 tau2® tau3? + 28 tau2? tau3® +
9 tau3® + 2 taul? (tau2® + 2 tau2* tau3? + 2 tau2? tau3d? + tau3®))) -
P999% (7 tau2® + 12 tau2® tau3”® + 20 tau2* tau3* + 12 tau2® taus® + 7 taus®) vo?)) /

11/2> 2

(72 (tau2? + tau3?) , - (o
P9992
taul?

(3 tau2® + 4 tau2® tau3? + 7 tau2® taus® +

’

4 tau2® taus® + 3 taus®) vo) /(72 (tau2® + taus®)'’?)

0% P9992 taul® (tau2* + tau2? taus? + taus?)’
- 2 5. 1172 }
72 (tau2® + tau3d”®)

Length[z2v8dd]

6

Now the integration is z3[v0, taul, tau2, tau3]=®~![ L D;(I)(ZZVg) flzldz]. .
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z3[v0_, taul , tau2 , tau3 ] = Collect[dd2int[z2v8ab[[2]], z2v8ab[[1l]], z2v8dd, z],
o, FullSimplify[#, taul > 0 A tau2 > 0 A tau3 > 0] &]

v0
“Jtaui? + tau2? + taus?
(o ( (taul? + tau2? + tau3?) (6 Daa (taul? + tau2? + tau3?)’ + P999 (taul® +

+

tau2?® + 3 tau2? tau3? + tau3? + 3 taul? (tau2? + taus?)) ) +

P999 (2 taul? + 2 tau2? + 3 tau2? tau3? + 2 tau3* + 3 taul? (tau2? + tau3s?)) v02> ) /
(6 (taul? + tau2? + taus?)”’”) + (0 (-72Dab2 (taul® + tau2? + taus?)’ vo +

(taul® + tau2” + tau3d?) (12 Daa P999 (taul? + tau2® + taus?)’ (taul® + tau2® + tausz?) +
P9992 (-5 taul® - 21 taul® tau2? - 73 taul® tau2? - 48 taul? tau2® - 5 tau2® -
3 (7 taul® + 40 taul® tau2? + 49 taul? tau2* + 7 tau2®) taus? - (73 taul* + 174
taul? tau2? + 73 tau2?) tau3? - 48 (taul? + tau2?) tau3® - 5 taus®) +
3 (taul? + tau2? + taud?) (-3 P99a2 (taul® + 6 taul® tau2? + 9 taul? tau2? + tau2®) -
18 P99a2 (taul? + 3 taul? tau2? + tau2*) tau3s? -
27 P99a2 (taul? + tau2?) tau3® - 3 P99a2 tau3® + 6 (4 DabP9ab + P99aa - 2 P9ab2)
(taul? + tau2? + taud?) (taul? tau2? + (taul? + tau2?) taus?) +
P9999 (taul® + tau2® + 4 tau2* tau3? + 10 tau2? tau3? + tau3® + 4 taul?
(tau2? + taus?) + 2 taul? (5 tau2* + 9 tau2? tau3? + 5 taus?))) ) vO -
(P999? (4 taul® + 4 tau2® + 21 tau2® tau3® + 17 tau2® tau3® + 12 tau2’ taus® +
4 tau3® + 21 taul® (tau2? + taus?) + taul* (17 tau2? + 48 tau2? tau3? + 17 tau3?) +
3 taul? (4 tau2°® + 13 tau2? tau3? + 10 tau2? tau3? + 4 tau3®)) -
3 (taul? + tau2? + tau3?) (—3 P99a2 (taul® + 2 taul® tau2? + taul? tau2* + tau2®) -
6 P99a2 (taul? + taul? tau2? + tau2?) tau3s? -
3 P99a2 (taul? + tau2?) tau3® - 3 P99a2 tau3® +

P9999 (3 taul® + 3 tau2® + 8 tau2® tau3® + 6 tau2® taus® + 3 tau3® + 8 taul® (tau2® +

tau3?) + 6 taul? (tau2? + tau32)2) ) ) v03) ) / (72 (taul? + tau2? + tau32)9/2)

Check if z3 reduces to z2 when one of the scales is zero
Simplify[Limit[z3[v, taul, tau2, tau3], tau3 -» 0] - z2[v, taul, tau2], taul > 0 A tau2 > 0]
0
Simplify[Limit[z3[v, taul, tau2, tau3], tau2 -» 0] - z2[v, taul, tau3], taul > 0 A tau3 > 0]
0
Simplify[Limit[z3[v, taul, tau2, tau3], taul » 0] - z2[v, tau2, tau3], tau2 > 0 A tau3 > 0]

0
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z3[v, taul, tau2, tau3] // InputForm

v/Sgrt [taul®™2 + tau2”2 + tau3”2] +
(o* ((taul”™2 + tau2”2 + taul3”2)* (6*Daa* (taul™2 + tau2™2 + tau3®2)”*2 +
P999* (taul™4 + tau2™4 + 3*tau2”2*tau3”™2 + tau3’4 +
3*taul”™2* (tau2™2 + tau3®2))) +
P999* (2*taul®™4 + 2*tau2™4 + 3*tau2”2*tau3”2 + 2*taul3”4 +
3*taul”™2* (tau2™2 + tau3”2))*v”*2))/
(6* (taul™2 + tau2”™2 + tau3”™2)”*(5/2)) +
(0™2* (-72*Dab2* (taul”™2 + tau2”2 + tau3”™2)”5*v +
(taul™2 + tau2”™2 + tau3”™2)*(12*Daa*P999* (taul”™2 + tau2™2 + tau3”2)"2%*
(taul™4 + tau2™4 + tau3™4) + P999™2* (-5*taul”s
21*taul”6*tau2”2 - 73*taul”4*tau2”4 - 48*taul”2*tau2”6 -
5*tau2”™8 - 3*(7*taul”6 + 40*taul’™4*tau2”2 + 49*taul”2*tau2”4 +
7*tau2”6) *taul”®2 - (73*taul”4 + 174*taul”2*tau2”2 + 73*tau2”4)*
tau3®™4 - 48*(taul”2 + tau2”2)*tau3”™6 - 5*tau3”8) +
3* (taul™2 + tau2”2 + tau3”™2)* (-3*P99a2* (taul™6 + 6*taul”4*tau2”2 +
9*taul”2*tau2”4 + tau2”6) - 18*P99a2* (taul’™4 +
3*taul”™2*tau2”™2 + tau2”4)*tauld”™2 - 27*P99a2* (taul™2 + tau2”2)*
tau3®4 - 3*P99a2*tau3”™6 + 6* (4*DabP9ab + P99%aa - 2*P9ab2)*
(taul™2 + tau2”™2 + tau3’2)*(taul”™2*tau2”™2 + (taul”™2 + tau2”2)+*
tau3”®2) + P9999* (taul™6 + tau2”6 + 4*tau2”4*tauld”2 +
10*tau2”2*tau3™4 + tau3”™6 + 4*taul™4* (tau2”™2 + tau3’™2) +
2*taul”™2* (5*tau2™4 + 9*tau2”2*tau3”2 + 5*tau3’4))))*v -
(P999"2* (4*taul”™8 + 4*tau2™8 + 21*tau2”6*tau3d”™2 + 17*tau2”4*tau3™4 +
12*tau2”2*tau3”™6 + 4*tau3”™8 + 21*taul”6* (tau2”2 + tau3d’™2) +
taul®™4* (17*tau2™4 + 48*tau2”2*tau3”™2 + 17*tau3’™4) +
3*taul”™2* (4*tau2”™6 + 13*tau2™4*tau3”™2 + 10*tau2”2*tau3’™4 +
4*tau3”™6)) - 3*(taul™2 + tau2™2 + tau3’2)=*
(-3*P99a2* (taul”™6 + 2*taul™4*tau2™2 + taul”™2*tau2™4 + tau2”6) -
6*P99a2* (taul”™4 + taul”™2*tau2”™2 + tau2”4)*tau3”2 -
3*P99a2* (taul”™2 + tau2”2)*tau3”™4 - 3*P99%a2*taul3”6 +
P9999* (3*taul”™6 + 3*tau2™6 + 8*tau2”4*tau3”2 + 6*tau2”2*tau3’4 +
3*tau3”™6 + 8*taul’™4* (tau2”2 + tau3®2) +
6*taul”2* (tau2™2 + tau3®2)*2)))*v”*3))/
(72* (taul™2 + tau2”™2 + tau3®2)”(9/2))

= simplifying z3 and z8

We define six geometric quantities;

1 ., 5[ P999% P9999 P99a2 5
GG = {G1 > v0+ — 0P999v0? +0” |- + - vo?,
3 18 8 8

G2 -»o0 (—Daa -

Daa P999 P999° P9999 P99a2 )
+ v0“,
72 24 8

9 2
]v0+o Dab2 - 3 + -

1 , (P999% P9999  P99a2 )
G3 > -—o0P999v0+o0 - + vo<,
6 9 8 4

) DaaP999 2P999° P9999 P99a2 P99%aa  P9ab2 )
G4 » o“ |-DabP9ab + + - + - + v0“,
3 9 6 2 4 2
, ( P999° P9999  P99a2 ) , ( P999° P9999  P99a2 )
G5 -0 - + - v0“, G6 » 0 - + - v0 };
8 12 8 24

We also define four scale parameters (but there are only three degrees of freedom among them).
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1 taul? tau2? + taul? tau3? + tau2? tau3s?
ss={s1- , 82 , 83

v taul? + tau2? + tau3? (taul? + tau2? + tau3?) 2

taul? tau2? tau3? + tau2* tau3? + taul? (tau2? + tau3?) a4 taul? tau2? tau3?
I - ;

(taul? + tau2? + tau3?) : (taul? + tau2? + tau3?) 3

The pivot z8[v0,1] is denoted by Z8G

G2+G—232-+G4+G5

Z8G = T +G1l (1+G3+4G3%2+G6);

Simplify[gets2[z8G /. GG] - z8[v0]]

0

The three-step multiscale z-value z3[v0,taul,tau2,tau3] is denoted by Z3G

5 2 G2+G38S2+G452+7G32352%2+3G5853+3G6834
Z3G=GLlS1 (1+G382+4G3%2582%+G583+G6854) - el ;

Simplify[gets2[Z3G /. Join[GG, SS]] - z3[v0, taul, tau2, tau3]]

0



